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PREFACE. 


Les causes primordiales ne nous sont point connues; mais elles sont assujetties 
à des lois simples et constantes, que l’on peut découvrir par l'observation, et dont 
l'étude est l'objet de la philosophie naturelle.— FOURIER 


THE term Natural Philosophy was used by NEWTON, and is 
still used in British Universities, to denote the investigation of 
laws in the material world, and the deduction of results not 
directly observed. Observation, classification, and description 
of phenomena necessarily precede Natural Philosophy in every 
department of natural science. The earlier stage is, in some 
branches, commonly called Natural History ; and it might with 
equal propriety be so called in all others. 

Our object is twofold: to give a tolerably complete account 
of what is now known of Natural Philosophy, in language 
adapted to the non-mathematical reader; and to furnish, to 
those who have the privilege which high mathematical acquire- 
ments confer, a connected outline of the ‘analytical processes 
by which the greater part of that knowledge has been extended 
into regions as yet uncxplored by experiment. 

In the present volume, the mathematical development 
(printed in smaller type) necessarily occupies considerably 
more space than the experimental and descriptive portion. 

We commence with a chapter on Motion, a subject totally 
independent of the existence of Matter and Force. In this 
we are naturally led to the consideration of the curvature and 
tortuosity of curves, the curvature of surfaces, and various other 
purely geometrical subjects. 

The Laws of Motion, the Law of Gravitation and of Electric 
and Magnetic Attractions, Hookes Law, and other fundamental 
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principles derived directly from experiment, lead by mathe- 
matical processes to interesting and useful results, for the 
testing of which our most delicate experimental methods are 
as yet totally insufficient. A large part of our first volume 
is devoted to these deductions; which, though not immediately 
proved by experiment, are as certainly true as the elementary . 
laws from which mathematical analysis has evolved them. 

The analytical processes which we have employed are, as a 
rule, such as lead most directly to the results aimed at, and are 
therefore in great part unsuited to the general reader. A smaller 
book, embodying much of the non-mathematical portion of the 
present one, and so much of the developments as can be easily 
obtained by the help of elementary geometry and algebra, will 
speedily appear, a portion of it being already in type. 

We adopt the suggestion of AMPÈRE, and use the term 
Kinematics for the purely geometrical science of motion in 
the abstract. Keeping in view the proprieties of language, and 
following the example of the most logical writers, we employ 
the term Dynamics in its true sense as the science which treats 
of the action of force, whether it maintains relative rest, or pro- 
duces acceleration of relative motion. The two corresponding 
divisions of Dynamics are thus conveniently entitled Statics 
and Kinetics. f 

One object which we have constantly kept in view is the 
grand principle of the Conservation of Energy. According to 
modern experimental results, especially those of JOULE, Energy 
is as real and as indestructible as Matter. It is satisfactory 
to find that NEWTON anticipated, so far as the state of experi- 
mental science in his time permitted him, this magmificent 
modern generalization. 

We desire it to be remarked that in much of our work, 
where we may appear to have rashly and needlessly interfered 
with methods and systems of proof in the present day gener- 
ally accepted, we take the position of Restorers, and not of 
Innovators. 
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In our introductory chapter on Kinematics, the considera- 
tion of Harmonic Motion naturally leads us to Fourier’s 
Theorem, one of the most important of all analytical results 
as regards usefulness in physical science. In the Appendices 
to that chapter we have introduced an extension of Green's 
_ Theorem, and a short treatise on the remarkable functions 
known as Laplace’s Coefficients. There can be but one opinion 
as to the beauty and utility of this analysis of Laplace; but 
the manner in which it has been hitherto presented has seemed 
repulsive to the ablest mathematicians, and difficult to ordin- 
ary mathematical students. In the simplified and symmetrical 
form in which we give it, it will be found quite within the reach 
of readers moderately familiar with modern mathematical 
methods. 

In the second chapter we give NEwTon’s Laws of Motion in 
his own words, and with some of his own commentaries— every 
attempt that has yet been made to supersede them having 
ended in utter failure. Perhaps nothing so simple, and at 
the same time so comprehensive, has ever been given as the 
foundation of a system in any of the sciences. The dynamical 
use of the Generalized Coordinates of LAGRANGE, and the Vary- 
ing Action of HAMILTON, with kindred matter, complete the 
chapter. < 

The third chapter, “ Experience,” briefly treats of Observa- 
tion and Experiment as the basis of Natural Philosophy. 

The fourth chapter deals with the fundamental Units, and 
the chief Instruments used for the measurement of Time, Space, 
and Force. 

Thus closes the First Division of the work, which is strictly 
preliminary. 

The Second Division is devoted to Abstract Dynamics (com- 
monly of late years, but not well, called Mechanics). Its 
object is briefly explained in the introductory (fifth) chapter, 
and the rest of the present volume is devoted to Statics. 

Chapter vI., after a short notice of the Statics of a Particle, 
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enters into considerable detail on the important subject of 
Attraction. In Chapter vi. the Statics of Solids and Fluids 
is treated with special detail in various important branches ; 
such as the Deformation of Elastic Solids, the Statical Theory 
of the Tides, and the Figure and Rigidity of the Earth. 

In the next volume, Division 1. will be completed by 
chapters on the Kinetics of a Particle, and the Kinetics of 
Solids and Fluids. The Vibrations of Solids, and Wave-motion 
in general, will be fully treated. This volume will probably 
also contain Division IL, which is to deal with Properties of 
Matter. 

We believe that the mathematical reader will especially 
profit by a perusal of the large type portion of this volume; as 
he will thus be forced to think out for himself what he has 
been too often accustomed to reach by a mere mechanical 
application of analysis. Nothing can be more fatal to progress 
than a too confident reliance on mathematical symbols; for the 
student is only too apt to take the easier course, and consider 
the formula and not the fact as the physical reality. 

A great deal of apparently purposeless matter has been in- 
troduced into the present volume, but it will be found to have 
-@ direct bearing on portions of the remaining three. The 
necessity of thus anticipating the wants of future volumes has 
been one of the main reasons for the delay in the publication 
of the present instalment, the printing having gone on at 
irregular intervals since November 1862. 

The present volume has been printed by T. CONSTABLE, Esq., 
Printer to the Queen, and to the University of Edinburgh ; 
and, as a specimen of mathematical printing, can scarcely be 
surpassed. The volume was not far from completion when 
we were informed that the Delegates of the Clarendon Press 
were desirous of publishing the work as one of their educa- 
tional series, This gave us much pleasure, as it appeared likely 
to assist us in one of our main objects, the introduction into 
University study and examinations of something like a com- 
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plete course of Natural Philosophy. The three remaining 
volumes will, of course, be printed at Oxford. 

Those illustrations in which accuracy was considered essential 
have been photographed on the wood-block by E. W. DALLAS, 
Esq., F.RS.E., from large drawings carefully executed by our- 
selves, or by Mr. D. MACFARLANE, Assistant to the Professor 
of Natural Philosophy in the University of Glasgow; and all 
have been engraved by Mr..J. ADAM with a skill which leaves 
nothing to be desired. | 

W. THOMSON. 
P. G. TAIT. 
Z ATESTY pr ~ 


July 1867. 
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[The following are all we have noticed, but there can hardly fail to be a good many more. 
We shall be much obliged by being informed of any that may happen to be detected. J 


PAGE 
41, line 7, after tide, insert in the equilibrium theory (§ 811). 
,, line 8, for at open coast stations, read of this theory. 
115, line 5 from foot, for Chap. 11., read Vol. 11. 
131, upper marginal, for Freedon, read Freedom. 
143, line 7 from foot, for equations, read equation. 
,, line 2 from foot, for degrees, read orders. 
150, equation (40), in denominators, after (s-+1) and (s+2), insert .1 and .1.2. 


„ line 7 from foot, after = , tnsert , if i—e is odd. 


152, line 5 from foot, for valuation, read evaluation. 
159, end of line 2, for dn’, read d’; and end of line 11, for r, read r’. 
„ equation (60), same correction as for page 150, equation (40). 
» lines 10 and 11 from foot, for previous notation, read notation of (40). 


„ equation (61), in numerator and denominator of first factor, for (i — 4) and ;, 
read (r — $) and 8. 


160, equation (65), before 28 4 i— 8, insert (. 
212, line 3 from foot, afler momentum, insert as. 
„ last line, transpose comma from motion to than. 


X 

PAGE 
213, lines 10 and 25, for gravity, read inertia. 
228, line 1, for (c), read (e). 
236, equation (15), for {dy, read {dé. 

; » (16), for ġġ, read $6, 
237, in first member of equation (22), delete vincula. 

dt dz, 

238, line 23, for = dz,’ read —— a 

», last line, for %,dt, read m,z,dt. 
239, line after (26), for Y and ¢, read and ¢. 
240, in equation (31), for dT, read OT. 


243, line 3 from foot, after expression, insert , as distinguished from those ob- 
tainable by differentiation of (34), which are now denoted simply by 


286, second line of § 352, for rectineal, read rectilineal. 


304, 7th line of small type, for a, read the. 


323, line 12, after 720 r.c., insert : but ($ 830) an error has been found in this 
calculation, and the corrected result renders it probable that the time of 


the earth’s rotation is si by ; ar now than at that date. 


Va 


335, line 7 from foot, for q= , ctc., read Q= Ka 


2 
357, line 3, for ja » read a 
372, line 7 of case 1, for case, read cone. 
377, line 7, for to, read to be. 
401, line 8 from foot, for gravity, read inertia. 
413, line 6, for axes, read axis. 


582, line 2 from foot, for vanishes, read vanish. 


dé 
and for de,’ read 
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PRELIMINARY NOTIONS. 


CHAPTER I.— KINEMATICS. 


1. THERE are many properties of motion, displacement, and 
deformation, which may be considered altogether independently 
of such physical ideas as force, mass, elasticity, temperature, 
magnetism, electricity. The preliminary consideration of such 
properties in the abstract is of very great use for Natural Philo- 
sophy, and we devote to it, accordingly, the whole of this our 
first chapter; which will form, as it were, the Geometry of our 
subject, embracing what can be observed or concluded with 
regard to actual motions, as long as the cause is not sought. 

2. In this category we shall first take up the free motion of 
a point, then the motion of a point attached to an inextensible 
cord, then the motions and displacements of rigid systerns—and 
finally, the deformations of surfaces and of solid or fluid masses. 
Incidentally, we shall be led to introduce a good deal of ele- 
mentary geometrical matter connected with the curvature of 
lines and surfaces. 

3. When a point moves from one position to another it must Motion of a 
evidently describe a continuous line, which may be curved or ™°™" 
straight, or even made up of portions of curved and straight 
lines meeting each other at any angles, Ifthe motion be that 
of a material particle, however, there can be no such abrupt 
changes of direction, since (as we shall afterwards see) this 
would imply the action of an infinite force. It is useful to 
consider at the outset various theorems connected with the 
geometrical notion of the path described by a moving point, 
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Motion of a id a we hil now take up, deferring the consideration of 


Velocity to a future section, as being more closely connected 


with physica: ideas. 


4, The direction of motion of a moving point is at each in- 
start the tangent drawn to its path, if the path be a curve, 
or the path itself if a straight line. 

5. If the path be not straight the direction of motion changes 
from point to point, and the rate of this change, per unit of 
length of the curve, is called the curvature. To exemplify this, 
suppose two tangents drawn to a circle, and radii to the points 
of contact. The angle between the tangents is the change of 
direction required, and the rate of change is evidently to be 
measured by the relation between this angle and the length of 
the circular arc. Now, if @ be the angle, s the arc, and p the 
radius, we see at once that (as the angle between the radii is 
equal to the angle between the tangents) 


po = 3, 
and therefore 2 = > is the measure of the curvature. Hence 


the curvature of a circle is inversely as its radius, and is mea- 
sured, in terms of the proper unit of curvature, simply by the 
reciprocal of the radius. 

6. Any small portion of a curve may be approximately taken 
as a circular arc, the approximation being closer and closer to 
the truth, as the assumed arc is smaller. The curvature is then 
the reciprocal of the radius of this circle. 


If 56 be the angle between two tangents at points of a curve 
distant by an arc ds, the definition of curvature gives us at once 


its measure, the limit of = when ôs is diminished without limit ; 


or, according to the notation of the differential calculus, a But 
8 


we have ATA g=” l 
dx 


if, the curve being a plane curve, we refer it to two rectangular 
axes OX, OF, according to the Cartesian method, and if 0 denote 
the inclination of its tangent, at any point x, y, to 0X. Hence 


—1 dy 


0=tan 3 
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and, by differentiation with reference to any independent variable, Curvature 


t, we have te plane 

dy 

tnt ee) ae d'y —dy Bx 
dy \a . dx? + dy? i 
1+ (34) 
Also, ds = (dx? + dy*), 
Hence, if p denote the radius of curvature, so that = ae 
1 _ aed" —dyd' 

we conclude, = an ar 


Although i is generally convenient, in kinematical and kinetic 
formulæ, to regard time as the independent variable, and all the 
changing geometrical elements as functions of it, there are cases 
in which it is useful to regard the length of the arc or path de- 
scribed by a point as the independent variable. On this supposi- 
tion we have oe ra 


d(dst)=d (didy) =. or de 
Hence denoting by the suffix to the letter d, the independent 


variable understood in the differentiation, we have beraneé tf rs ; C 
diy Be Bytt (daeh e ga 
dx dys (dat pay? ?. paaie re 
Ao cS 
or 1%. (diz) (diy h -dy {3a 4 (d2y)* Fh Í 
diy’ (dP tdrh die (d Fda) 


Multiplying the first and second terms of the numerator of the 


expression for Ea just given, by the first and second terms of this 
p - 
* 


equality, we have 


1_{(diy)} +(diz) }i, 


P ds? . 
or, according to the usual short, although not quite complete, 
notation, 

1 d*y,# d'r,’ $ 

an + Ga} 


7. If all points of a curve lie in one plane, it is called a Tortuous 
plane curve, and in the same way we speak of a plane poly- oe 
gon or broken line. If various points of the line do not 
lie in one plane, we have in one case what is called a curve 


of double curvature, in the other a gauche polygon. The i 
term “curve of double curvature” is a very bad one, and, pe E 
though in very —_— use, is, we s hope not ineradicable —— “ "s 
“uw d A on T »" 
tT a Te Unite. tp eir reS orn R \ | 
ayer te et gee TTT Glog 38 = 
/ x : 
, = f / / t , 
/ > ~ >” 
~ t f j “ly : f me ae 


fe 


© Curve, 


4 ' 
qoor'y FOF » f 


Tortuous 


Curvature 
and tortu- 
usity. 
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a) 


The fact is, that there are not two curvatures, but only a cur- 


` vature (as above defined), of which the plane is continuously 


changing, or twisting, round the tangent line; thus exhibiting 
a torsion. The course of such a curve is, in common language, 
well called “ tortuous ;” and the measure of the corresponding 
property is conveniently called Tortuosity. x 

8. The nature of this will be best understood by considering 
the curve as a polygon whose sides are indefinitely small Any 
two consecutive sides, of course, lie in a plane—and in that 
plane the curvature is measured as above, but in a curve which 
is not plane the third side of the polygon will not be in the 
same plane with the first two, and, therefore, the new plane in 
which the curvature is to be measured is different from the old 
one. The plane of the curvature on each side of any point of 
a tortuous curve is sometimes called the Osewlating Plane of the 
curve at that point. As two successive positions of it contain 
the second side of the polygon above mentioned, it is evident 
that the osculating plane passes from one position to the next 
by revolving about the tangent to the curve. 

9. Thus, as we proceed along such a curve, the curvature in 
general varies ; and, at the same time, the plane in which the 
curvature lies 1s turning about the tangent to the curve. 
The rate of torsion, or the tortuosity, is therefore to be mea- 
sured by the rate at which the osculating plane turns about 
the tangent, per unit length of the curve. 


To express the radius of curvature, the direction cosines of the 
osculating plane, and the tortuosity, of a curve not in one plane, 
in terms of Cartesian triple co-ordinates, let, as before, 50 be the 
angle between the tangents at two points at a distance ds from 
one another along the curve, and let 5¢ be the angle between 
the osculating planes at these points. Thus, denoting by p the 
radius of curvature, and + the tortuosity, we have 


1 dé 

pds 
_ do 

T T ds’ 


; ; ET 86 
according to the regular notation for the limiting values of NA 


S 


= om m re 


ug 


la did F + [ded(&) decd FP + {drd()-dyd(Z)j y 
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and ae when ôs is diminished without limit. Now, if l, m, n, Curvature 
and tortu- 
l’, m’, n’, be the direction cosines of two lines, 50 the angle be- °- 
tween them, and A, u, y, the direction cosines of their plane, we 
have the elementary formule, 
sin 50= {(mn’—nm’)?+ le ene): \4 
mn’ —ninv’ 


Se ae Fae t 
sins ©” 


Now let l’ = /+<a8s, m’ = m+ Bòs, n’=n+y6s, where ôs is any 
quantity whatever, and we have mn’—nm’=(my—nf)6s, ete. 
Hence sind0= {(my—nB)?+(na—ly)? +(/B—ma)*}+ ês 


and EEEE O ees ete. 
{(Uny—nB)?+(na—ly)?+ (dB—ma)*}4 
In the limit, we bave “7S? _ 99 shore & is indefinitely small. 


ds Py k 


1 
The formula may be applied first, to give the valuc of a by 
taking 


Ge este 
dg as? "Tds 
d( 2 dy dz 
_ ae) a a. 4. a 
—_ -—_-——— 39 4 9 pears a | 
ds ds ds 


the suffix denoting, as before, the independent variable, in this 
case, ¢. Thus we find, 


, 


ds? 
and then wo have 
dzs a, 47 dy 
dydi) dzd(—-) 
aaa) Freecall 
We may simplify these expressions by actually differentiating the 


» etc. 


fractions T, ete. Thus we have 


dx, dsi®x—daxd's 


a= oer -3 ete, 
and thence 
dz dy, dyd®z:—~dzd?y 
dyd) ~ — did( ee 


Curvature 
and tortu- 
osity. 


Integral 


curvature, 
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We have therefore 
1 _i(dydtz—d — d-dt y) + (dz d'x—drd:} + (ded'y—c Saas yds) a 
pP ds? 


ja ey , ete. 
pods 


The expression for A may be modified algebraically to the fol- 
lowing :— 
1 (ds*[ (dtr)? + (dy)? + (dz) ]— (dedre + dydty + dzd'z)? }4 
po ds* 
1 _{ (dix) + (dty)* +(de2)§— (aes) 

ds? 


or 


which is useful as showing what the expression becomes when s 
is chosen as independent variable. 


To find the tortuosity, oe, we have only to apply the general 
d, A dy 


equation above, with A, p, v substituted for l, m, n, and 3 T ’ 
7 for a, B, y. Thus we have 
d, Va: r dÀ ti d, A, 
r= (le ay (EAA Oe (A Ci oe} }* 


where A, js, v denote the direction cosines of the osculating plane, 
given by the preceding formule. 


10. The integral curvature, or whole change of direction of an 
arc of a plane curve, is the angle through which the tangent 
has turned as we pass from one extremity to the other. The 
average curvature of any portion is its whole curvature divided 
by its length. Suppose a line, drawn from a fixed point, to 
move so as always to be parallel to the direction of motion of 
a point describing the curve, the angle through which this 
turns during the motion of the point exhibits what we have 
thus defined as the integral curvature. In estimating this, we 
must of course take the enlarged modern meaning of an angle, 
including angles greater than two right angles, and also nega- 
tive angles. Thus the integral curvature of any closed curve, 
whether everywhere concave to the interior or not, is four right 
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angles, provided it does not cut itself. That of a Lemniscate, 1 


or figure of &, is zero. That of the Epicycloid ©) is eight 
right angles; and so on. 

11. The definition in last section may evidently be extended 
to a plane polygon, and the integral change of direction, or the 
angle between the first and last sides, is then the sum of its 
exterior angles, all the sides being produced each in the direc- 
tion in which the moving point describes it while passing 
round the figure. This is true whether the polygon be closed 
or not. If closed, then, as long as it is not crossed, this sum is 
four right angles,—an extension of the result in Euclid, where 
all re-entrant polygons are excluded. In the case of the star- 


shaped figure ¥, it is ten right angles, wanting the sum of the 


five acute angles of the figure; and so on. . 

12. The integral curvature and the average curvature of a 
curve which is not plane, may be defined as follows :—Let suc- 
cessive lines be drawn from a fixed point, parallel to tangents 
at successive points of the curve. These lines will form a 
conical surface. Suppose this to be cut by a sphere of unit 
radius having its centre at the fixed point. The length of the 
curve of intersection measures the integral curvature of the 
given curve. The average curvature is, as in the case of a 
plane curve, the integral curvature divided by the length of the 
curve, 

18. Two consecutive tangents lie in the osculating plane. 
This plane is therefore parallel to the tangent plane to the cone 
described in the preceding section. Thus the tortuosity may 
be measured by the help of the same spherical curve we have 
just used for defining integral curvature. We cannot as yet 
complete the explanation, as it depends on the theory of curves 
on surfaces, which will be treated afterwards. But we shall 
see that if a plane roll on the sphere, so as always to touch it 
along the curve in question, and so that the instantaneous axis 
may always be at right angles to the curve, and tangential to 
the sphere, the integral curvature of the curve of contact or 
trace of the rolling on the plane, is a proper measure of the 
whole torsion, or integral of tortuosity. Farther, we shall see 
that the curvature of this plane curve at any point, or, which is 


ntegral 
ur ature. 
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Curvature the same, the projection of the curvature of the spherical curve 
and tortu- : , 
osity. ona tangent plane of the spherical surface, is equal to the tor- 


tuosity divided by the curvature of the given curve. 


1 ; ; 
Let — be the curvature and r the tortuosity of the given curve, 
p 


al 
and ds an element of its length. Then | : and i} tds, cach in- 


tegral extended over any stated length, /, of the curve, are re- 
spectively the integral curvature and the integral tortuosity. 
The mean curvature and the mean tortuosity are respectively 


1 (ds Ai 
ts and T tds. 


Infinite tortuosity will be easily understood, by considering a 
helix, of inclination a, described on a right circular cylinder 


f . : ; 1 
of radius r. The curvature in a circular section being m that 


cos?a 


ee | „Sina cosa 
of the helix is, of course, - — . The tortuosity is ; 
r 


or tana x curvature. Hence, if a = T the curvature and tor- 


tuosity are equal. 

Let the curvature be denoted by S so that costa = —. 
Let p remain finite, and let r diminish without limit. The sliep 
of the helix being 2artana = 2r Vpr (1 =n is, in the limit, 


2r spr, which is infinitely small. Thus the motion of a point in 
the curve, though infinitely nearly in a straight line (the path 
being always at the infinitely small distance r from the fixed 
straight line, the axis of the cylinder), will have finite curvature 
1 the tortuosity, being 1 tana or EA (1— Ty}, will in the 
P P spr P 
limit be a mean proportional between the curvature of the circu- 
lar section of the cylinder and the finite curvature of the curve. 
The acceleration (or force) required to produce such a motion 
of a point (or material particle) will be afterwards investigated. 


Fiexible 14. A chain, cord, or fine wire, or a fine fibre, filament, or 
line. . . 
hair, may suggest what is not to be found among natural or 
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artificial productions, a perfectly flexible and inextensible line. Fiexibie 
The elementary kinematics of this subject require no investiga- oe 
tion. The mathematical condition to be expressed in any case 

of it is simply that the distance measured along the line from 

any one point to any other, remains constant, however the line 

be bent. 

15. The use of a cord in mechanism presents us with many 
practical applications of this theory, which are in general ex- 
tremely simple; although curious, and not always very easy, 
geometrical problems occur in connexion with it. We shall 
say nothing here about such cases as knots, knitting, weaving, 
etc., as being excessively difficult in their general development, 
and too simple in the ordinary cases to require explanation. 

16. In the mechanical tracing of curves, a flexible and inex- 
tensible cord is often supposed. Thus, in drawing an ellipse, 
the focal property of the curve shows us that by fixing the 
ends of such a cord to the foci and keeping it stretched by a 
pencil, the latter will trace the curve. 

By a ruler moveable about one focus, and a string attached 
to a point in.the ruler and to the other focus, the hyperbola 
may be described by the help of its analogous focal property ; 
and so on. 

17. But the consideration of evolutes is of some importance Evolute. 
in Natural Philosophy, especially in certain optical questions, 
and we shall therefore devote a section or two to this applica- 
tion of kinematics. 

Def. If a flexible and inextensible string be fixed at one 
point of a plane curve, and stretched along the curve, and be 
then unwound in the plane of the curve, its extremity will de- 
scribe an Involute of the curve. The original curve, considered 
with reference to the other, is called the Evolute. 

18. It will be observed that we speak of an involute, and of 
the evolute, of a curve. In fact, as will be easily seen, a curve 
can have but one evolute, but it has an infinite number of in- 
volutes. For all that we have to do to vary an involute, is to 
change the point of the curve from which the tracing point 
starts, or consider the involute described by each point of the 
string, and these will, in general, be different curves. But the 
following section shows that there is but one evolute. 


Evolute. 


Velocity. 
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19. Let AB be any curve, PQ a portion of an involute, pP, 
qQ positions of the free part of the string. It will be seen at 
once that these must be tangents 
to the arc AB at pand q. Also (see 
a subsequent section), the string at 
any stage, as pP, ultimately revolves 
about p. Hence pP is normal to the 
curve PQ. And thus the evolute of PQ is a definite curve, viz., 
the envelope of the normals drawn at every point of PQ, or, 
which is the same thing, the locus of the centres of curvature of 
the curve PQ. And we may merely mention, as an obvious 
result of the mode of tracing, that the arc qp is equal to the 
difference of qQ and pP, or that the are pA is equal to pP. 

20. The rate of motion of a point is called its Velocity. It 
will evidently be greater or less as the space passed over in a 
given time is greater or less: and it may be uniform, i.e., the 
same at every instant; or it may be variable. 

Uniform velocity is measured by the space passed over in 
unit of time, and is, in general, expressed in feet per second ; 
if very great, as in the case of light, it may be measured in 
miles per second. It is to be observed, that time is here used 
in the abstract sense of a uniformly -increasing quantity—what 
in the differential calculus is called an independent variable. 
Its physical definition is given in the next chapter. 

21. Thus, if v be the velocity of a point moving uniformly, 
it describes a space of v feet each second, and therefore vt feet 
in ¢ seconds, ¢ being any number whatever. Putting s for 


the space described, we have 
s=vt. 


The unit of velocity is thus that of a point which describes 
unit of space in unit of time. 

22. It is well to observe here, that since, by our formula, we 
have generally oe : : | 
and since nothing has been said as to the magnitudes of s and 
t, we may take these as small as we choose. Thus we get the 
same result whether we derive v from the space described in a 
million seconds, or from that described in a millionth of a second. 
This idea is very useful, as it will give confidence in the result 
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of a subsequent section, where a variable velocity has to be velocity. 
measured, and where we find ourselves obliged to approximate 

to its value by considering the space described in an interval 

so short, that during its lapse the velocity does not sensibly 

alter in value. 

23. When the point does not move uniformly, the velocity 
is variable, or different at different successive instants ; but we 
define the average velocity during any time as the space de- 
scribed in that time, divided by the time. Or again, we 
define the exact velocity at any instant as the space which the 
point would have described in one second, if for such a period 
it kept its value unchanged. That there is at every instant a 
definite value of the velocity of any moving body, is evident to 
all, and is matter of everyday conversation. Thus, a railway 
train, after starting, gradually increases its speed, and we see no 
absurdity in saying that at a particular instant it moves at 
the rate of ten or of fifty miles an hour,—although, in the 
course of an hour, it may not have moved a mile altogether. 
Indeed, we may suppose that, at any instant during the motion, 
the steam is so adjusted as to keep the train running for some 
time at a perfectly uniform velocity. This would be the velo- 
city which the train had at the instant in question. Without 
supposing any such definite adjustment of the driving power 
to be made, we can evidently obtain an approximation to this 
instantaneous velocity by considering the motion for so short a 
time, that during it the actual variation of speed may be small 
enough to be neglected. 

24. In fact, if v be the velocity at either beginning or end, 
or at any instant of the interval, and s the space actually de- 


s Se je ‘ 8. 
scribed in time ¢, the equation v = 7 38 more and more nearly 


true, as the velocity is more nearly uniform during the interval 
t; so that if we take ¢ as yoth of a second, and find s, to be the 


° e 8 $ . e 
corresponding space described, T or 10s,, is an approximation 


to the velocity at any instant of t; if we take, for t, roth of a 
second, 8, being the corresponding space, —*- or 100s, is a 
closer approximation ; and so on. Hence the set of values— 


Velocity. 


Resolution 
of velocity. 
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Space described in one second, 

Ten times the space described in the first tenth of a second, 

A hundred P 5 z hundredth ,, 
and so on, give nearer and nearer approximations to the velocity 
at the beginning of the first second. The whole foundation of 
the differential calculus is, in fact, contained in this simple 
question, “ What is the rate at which this space described in- 
creases ?” če., What is the velocity of the moving point ? 


Let a point which has described a space s in time ¢ proceed 
to describe an additional space és in time ôt, and let v, be the 
greatest, and v, the least, velocity which it has during the interval 
ôt. Then, evidently, 

bs << vis, és > rd, 
; ôs ds 
Ley SM Ste 


But as ôt diminishes, the values of v, and v, become more and 
more nearly equal, and in the limit, each is equal to the velocity 
at time 4 Hence ds 

re dt 

20. The above definition of velocity is equally applicable 
whether the point move in a straight or curved line; but, since 
in the latter case the direction of motion continually changes, 
the mere amount of the velocity is not sufficient completely to 
describe the motion, and we must have in every such case 
additional data to remove the uncertainty. 

In such cases as this (we may explain once for all) the 
method commonly employed, whether we deal with velocities, 
or as we Shall do farther on with accelerations and forces, con- 
sists mainly in studying, not the velocity, acceleration, or force, 
directly, but its resolved parts parallel to any three assumed 
directions at nght angles to each other. Thus, for a train mov- 
ing up an incline in a NE direction, we may have given the 
whole velocity and the steepness of the incline, or we may express 
the same ideas thus—the train is moving simultaneously north- 
ward, eastward, and upward—and the motion as to amount and 
direction will be completely known if we know separately the 
northward, eastward, and upward velocities—these being called 
the components of the whole velocity in the three mutually per- 
pendicular directions N, E, and up. 
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In general the velocity of a point at x, y, z, is (as we have Resolution 


of velocity. 
seen) an or, which is the same, {( = j (Sty + (Sy! 


Now = vz (suppose) is the rate at which x increases, or the 
velocity parallel to the axis of x, and so of the othertwo. Hence 
if a, B, y be the angles which the direction of motion makes with 


the axes, dx 
dz dt, 
cos a= = et. 
ds ds V 
dt 


Hence v, =v cosa, and therefore 


26. A velocity in any direction may be resolved in, and per- 
pendicular to, any other direction. The first component is 
formed by multiplying the velocity by the cosine of the angle 
between the two directions—the second by using as factor the 
sine of the same angle. Or, it may be resolved into compon- 
ents in any three rectangular directions, each component 
being formed by multiplying the whole velocity by the cosine 
of the angle between its direction and that of the component. 


It is useful to remark that if the axes of x, y, z are not rectan- 


l l lz 
gular, L À =, ir will still be the velocities parallel to the axes, 
but we shall no a p 
= i 


We leave as an exercise for the at - determination of the 
correct expression for the whole velocity in terms of its com- 
ponents. 

If we resolve the velocity along a line whose inclinations to the 
axes are A, u, v, and which makes an angle @ with the direction 
of motion, we find the two expressions below (which must of course 
be equal) according as we resolve v directly or by its components, 
ta Vy, Ts) 

reos0=r,cosd +rycosu+-r,cosy. 
Substitute in this equation the values of vz, vy, vz already given, 
§ 25, and we have the well-known geometrical theorem for the 
angle between two straight lines which make given angles with 
the axes, 
: cos = cosacosA-+-cosBcosp.-+ cosycosv. 
From the above expression we see at once that 


Composi- 
tion of 


velocities. 
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27. The velocity resolved in any direction is the sum of the 
resolved parts (in that direction) of the three rectangular com- 
ponents of the whole velocity. And, if we consider motion in 
one plane, this is still true, only we have but two rectangular 
components. These propositions are virtually equivalent to the 
following obvious geometrical construction :— 

To compound any two velocities as OA, OB in the figure ; 

from A draw AC parallel and equal 
© to OB. Join OC :—then OC is the 
resultant velocity in magnitude and 
direction. 

OC is evidently the diagonal of 
the parallelogram two of whose sides 
are OA, OB. 

Hence the resultant of velocities represented by the sides of 
any closed polygon whatever, whether in one plane or not, taken 
all in the same order, is zero. 

Hence also the resultant of velocities represented by all the 
sides of a polygon but one, taken in order, is represented by 


O A 


_ that one taken in the opposite direction. 


When there are two velocities or three velocities in two or 
in three rectangular directions, the resultant is the square root 
of the sum of their squares—and the cosines of the inclination 
of its direction to the given directions are the ratios of the com- 
ponents to the resultant. 


It is easy to sce that as ôs in the limit may be resolved into ôr 
and rô, where r and @ are polar co-ordinates of a plane curve, 
A and r A are the resolved parts of the velocity along, and per- 
pendicular to, the radius vector. We may obtain the same result 


thus, x=rcos 0, y=r sin 6. 


Hence di AE E T LA Oy =F sind-+reos6 T . 


dt dt dt’ dt dt 
But by § 26 the whole velocity along r is @ i * cond + SY sin 6, 


0 


i.e., by the above values, A . Similarly the transverse velocity is 


dy cos — 27 sin, or r dð : 
dt dt dt 
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28. The velocity of a point is said to be accelerated or re- Acceleration. 
tarded according as it increases or diminishes, but the word 
acceleration is generally used in either sense, on the understand- 
ing that we may regard its quantity as cither positive or nega- 
tive. Acceleration of velocity may of course be either uniform 
or variable. It is said to be uniform when the point receives 
equal increments of velocity in equal times, and is then mea- 
sured by the actual increase of velocity per unit of time. If we 
choose as the unit of acceleration that which adds a unit of 
velocity per unit of time to the velocity of a point, an accelera- 
tion measured by a will add a units of velocity in unit of 
time—and, therefore, at units of velocity in ¢ units of time. 
Hence if V be the change in the velocity during the interval ¢, 

V=al. 

29. Acceleration is variable when the point’s velocity does 
not receive equal increments in successive equal periods of 
time. It is then measured by the increment of velocity, which 
would have been generated in a unit of time had the acceleration 
remained throughout that unit the same as at its commence- 
ment. The average acceleration during any time is the whole 
velocity gained during that time, divided by the time. 


Let v be the velocity at time ¢, ôv its change in the interval 6:, 
a, and a, the greatest and least values of the acceleration during 
the interval 5¢. Then, evidently, 

dv < a,ôt, dv > a, 64, 


As 5¢ is taken smaller and smaller, the values of a, and a, approxi- 
mate infinitely to each other, and to that of a the required ac- 


celeration at time £. Hence 
dv 


— = a, 
dt 
It is useful to observe that we may also write (by changing the 
independent variable) 


_dvds_ dr 
ds dt” ds 
2 


Since ont, we have ano’ , and it is evident from similar 


reasoning that the accclerations parallel to the axes are 
dx 
a=; 7, ete. 


di 


Acceleration. 


Resolution 


and composi- 


tion of uc- 
celerations, 
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But it is to be carefully observed that fe is not the complete re- 


sultant of az, ay, az; for we have not in general 
d's ,d@x.*  ,d*y,?—_.d*z\3 
) = (a) + C2) + Oe): 


Cae? = Sg) + Gis) + Cae 
The direction cosines of the tangent to the path at any point 
£T, Y, z are l dr 1 dy 1 dz 


v dt’ v d? v dt’ 
Those of the line of resultant acceleration are 
ldx 1 dy , 1 d: 
fde fde fde’ 
where, for brevity, we denote by f the resultant acceleration. 
Hence the direction cosines of the plane of these two lines are 
a dyd*z—d:d*y ù 
| (dyd?z—d:d?y)? + (ded? —dad?z)+(dxd?y—dyd?x)'4" 
These (§ 9) show that this plane is the osculating plane of the 
curve. Again, if 0 denote the angle between those two lines, we 
have a 
sep {(dydtz—dzdy)* + (dzd*x— dxd*z)* + (dxrdty —dyd@?x}4 33 


ema J 


te. 


fdt 
or, according to the expression for the curvature (§ 9), 
sind ae 
~ prfdt? Jp 
2 
Hence fsind=—. 
p 


: 1 dedx dydy ,dzd*z,_dsd?s__d*s 
Again, cosO= ACG ae Ta ae Tade! yde jde" 


Hence f cos" i, and therefore, 
di 


80. The whole acceleration in any direction is the sum of 


the components (in that direction) of the accelerations parallel 
to any three rectangular axes—each component acceleration 
being found by the same rule as component velocities, that is, 
by multiplying by the cosine of the angle between the direction 
of the acceleration and the line along which it is to be resolved. 


8l. When a point moves in a curve the whole acceleration 


may be resolved into two parts, one in the direction of the 
motion and equal to the acceleration of the velocity—the other 
towards the centre of curvature (perpendicular therefore to the 


KINEMATICS. 17 


direction of motion), whose magnitude is proportional to the Resolution | 
square of the velocity and also to the curvature of the path. ton oc anual 
The former of these changes the velocity, the other affects only “““"* 
the form of the path, or the direction of motion. Hence if a 
moving point be subject to an acceleration, constant or not, 
whose direction is continually perpendicular to the direction of 
motion, the velocity will not be altered—and the only effect 
of the acceleration will be to make the point move in a curve 
whose curvature is proportional to the acceleration at each 
instant. | 
32. In other words, if a point move in a curve, whether with 
a uniform or a varying velocity, its change of direction is to be 
regarded as constituting an acceleration towards the centre of 
curvature, equal in amount to the square of the velocity divided 
by the radius of curvature. The whole acceleration will, in 
every case, be the resultant, of the acceleration thus measuring 
change of direction, and the acceleration of actual velocity along 
the curve. 


We may take another mode of resolving acceleration for a 
plane curve, which is sometimes useful; along, and perpendicular 
to, the radius-vector. By a method similar to that employed m 
§ 27, we easily find for the component along the radius-vector 


d'r _dQ.3 
Terl’ 
and for that perpendicular to the radius-vector 
l d 
r dt 
88. If for any case of motion of a point we have given the peternina- 
whole velocity and its direction, or simply the components TASH FEL 
of the velocity in three rectangular directions, at any time, Sity or accel- 
or, as is most commonly the case, for any position, the de- "°" 
termination of the form of the path described, and other cir- 
cumstances of the motion, is a question of pure mathematics, 
and in all cases is capable, if not of an exact solution, at all 
events of a solution to any degree of approximation that may 
be desired. 
The same is true if the total acceleration and its direction at 
every instant, or simply its rectangular components, be given, 
B 


do 
r'a 
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Determina- provided the velocity and direction of motion, as well as the 
tion of the Sa . . ; 

motion from position, of the point at any one instant, be given. 

given velo- 

city or accel- 3 

oration. For we have in the first case 


=v,=0 cosa, ete., 


three simultaneous equations which can contain only x, y, z, and 
t, and which therefore suffice when integrated to determine x, y. 
and z in terms of ¢. By eliminating ¢ among these equations, we 
obtain two equations among x, y, and z—each of which represents 
a surface on which lies the path described, and whose intersec- 
tion therefore completely determines it. 
In the second case we have 
ax 
dts =a,, ete., 
to which equations the same remarks apply, except that here 
each has to be twice integrated. 
The arbitrary constants introduced by integration are deter- 
mined at once if we know the co-ordinates, and the components of 
the velocity, of the point at a given epoch. 


Examples of 4, From the principles already laid down, a great many in- 
velvety. teresting results may be deduced, of which we enunciate a few 
of the most important. 

a. If the velocity of a moving point be uniform, and if its 
direction revolve uniformly in a plane, the path described is a 
circle. 

b. If a point moves in a plane, and if its component velocity 
parallel to each of two rectangular axes is proportional to 
its distance from that axis, the path is a conic section whose 
principal diameters coincide with those axes; and the accele- 
ration is directed to or from the origin at every instant. 

c. If the components of the velocity parallel to each axis be 
equimultiples of the distances from the other axis, the path is 
a straight line passing through the origin. 

d. When the velocity is uniform, but in direction revolv- 
ing uniformly in a right circular cone, the motion of the 
point is in a circular helix whose axis is parallel to that of 
the cone. 
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(a.) Let a be the velòcity, and a the angle through which its Eramples of 
v 
direction turns in unit of time ; then, by properly choosing the axes, oe 
we have 


dx : dy _ 
a —aasinat, Pe Sosa, 
a? 
whence (x—A)*$4+(y—B arr 


dx dy _ 
(b.) dt = pi, dt = VT. 


dy = pvy, and the whole acceleration is 


d'x 
Hence —* = pvz, a 


dt* 
towards or from O. 
dy vx ; : 
Also “Y-= — —, from which py?—vx?=C;,, a conic section re- 
dx py 


ferred to its principal axes. 


(c.) oF = pe, H ay, 
. dx _ dy 
ae E 
or y=Cx. 


35. a. When a point moves uniformly in a circle of radius R, Exaurles of 


> acccleration. 


with velocity V, the whole acceleration is directed towards the 


2 
centre, and has the constant value ae See § 31. 


R 
b. With uniform acceleration in the direction of motion, a 


point describes spaces proportional to the squares of the times 
elapsed since the commencement of the motion. 


In this case the space described in any interval is that which 


would be described in the same time by a point moving uni- 
formly with a velocity equal to that at the middle of the 
interval, In other words, the average velocity (when the ac- 
celeration is uniform) is, during any interval, the arithmetical 
mean of the initial and final velocities. This is the case of a 
stone falling vertically. 


For if the acceleration be parallel to x, we have 
d4xc 


a=” therefore = =v=q, and r=}al?. 


And we may write the equation (§ 29) vo =a, whence $ =at. 
L 
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Examples of If at time ¿=0 the velocity was V, these equations become at once 
acceleration. 
pe 


3 
v= V+at, r=Vi+4at?, and y= z tox. 


And initial velocity = V 


final „ =V+ 
Arithmetical mean = V+4at 
. 
= Fa ’ 


whence the second part of the above statement. 


c. When there is uniform acceleration in a constant direction, 
the path described is a parabola, whose axis is parallel to that 
direction. This is the case of a projectile moving in vacuo. 


For if the axis of y be parallel to the acceleration a, and if the 
plane of xy be that of motion at any time, 


d*z dz 


din qg t=) 
and therefore the motion is wholly in the plane of zy. 
ax d*y 
Then d =0, de =a; 
; dx 
and if yy TCDS = U, we get at once 
dy_ a 
dx! Ut’ 
or y= ie a Cr+ C= oe + Ve 
J= 203 oU TU 


if y=0, and Yo Vwhenz=0. The equation may be written 


202 y: UV. 
Cu a al —), 


a parabola of which the axis is parallel to y, whose parameter is 
2 

3 -, and whose vertex is at the point whose co-ordinates are 
a 


UV 2. y, 


a 


d. As an illustration of acceleration in a tortuous curve, we 
take the case of § 13, or of § 34, d. 


Let a point move in a circle of radius r with uniform angular 
velocity w (about the centre), and let this circle move perpen- 


KINEMATICS. 21 


dicular to its plane with velocity V. The point describes a Examples of 
helix on a cylinder of radius r, and the inclination a is given by ““*™™ 
tana = —-: 
rw 
The curvature of the path is — Vena Te one and the 
V3 Vw 
trig? Vpro? : 
The acceleration is rw?, directed perpendicularly towards the 
axis of the cylinder.—Call this A. 


tortuosity — T Vidrio! 


A _ A 
VitAr_ A? 

+Ar y:i 

V A = Vw 
~y Ar V°+Ar yea" 


Curvature = 


Tortuosity = 


Let A be finite, r indefinitely small, and therefore indefinitely 
great. 
Curvature (in the limit) = a ; 


Tortuosity ( s — a . 


Thus, if we have a material particle moving in the manner speci- 
fied, and if we consider the force (see Chap. 11.) required to 
produce the acceleration, we find that a finite force perpendicular 
to the line of motion, and whose direction revolves with an 
infinitely great angular velocity, maintains constant infinitely 
small deflection (in a direction opposite to its own) from the line 
of undisturbed motion, finite curvature, and infinite tortuosity. 


e. When the acceleration is perpendicular to a given plane and 
proportional to the distance from it, the path is a plane curve, 
which is the harmonic curve if the acceleration be towards the 
plane, and a more or less fore-shortened catenary if from the 
plane. 

As i dz _d2 _ , 0, if the axis of z b dicul 
Mn casee =a , 1f the axis of z be perpendicular 
to the acceleration and to the direction of motion at any instant. 
Also, if we choose the origin in the plane 


Examples of 
acceleration. 


Acceleration 
directed toa 
fixed centre. 


22 PRELIMINARY NOTIONS. 


Hence > = const =a (suppose ) 
dty _ tt y 
= dct ai? T i bt 


This gives, if „a is negative, 
y=P cos (= + Q), the harmonic curve, or curve of sines. 


If u be positive, 
y=Pe + Qe’; 
and by shifting the origin along the axis of x this can be put in 


the form 
ad zx 


b ù 
y=R(e +e ), 
which is the catenary if 2?R=b, otherwise it is the catenary 
stretched or fore-shortened in the direction of y. 


36. a. When the acceleration is directed to a fixed point, the 
path is in a plane passing through that point; and in this 
plane the areas traced out by the radius-vector are proportional 
to the times employed. This includes the case of a satellite 
or planet revolving about its primary. 

Evidently there is no acceleration perpendicular to the plane 
containing the fixed and moving points and the direction of 
motion of the second at any instant ; and, there being no velo- 
city perpendicular to this plane at starting, there is there- 
fore none throughout the motion ; thus the point moves in the 
plane. And had there been no apecleration, the point would 
have described a straight line with uniform velocity, so that in 
this case the areas described by the radius-vector would have 
been proportional to the time. Also, the area actually described 
in any instant depends on the length of the radius-vector 
and the velocity perpendicular to it, and is shown below to 
be unaffected by an acceleration parallel to the radius-vector. 
Hence the second part of the proposition. 


dx x ad?) 2 dz z 
We have Z- PĒŽ, “J=PŽ, “=P 
eane g ge ae gp ge ee 


the fixed point being the origin, and P being some function of 
£, Y, z; in nature a function of r only. 
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ay dx 
Hence as I ais =0, etc., 
which give on integration 
dz dy _ dx = y_ „ d£ 
I- q TOY a a Ca, X Iu Cy. 


Hence at once C,2+C,y+ ie or the motion is in a plane 
through the origin. Take this as the plane of xy, then we have 
only the one equation 


a ~y = C,=h (suppose). 
In polar co-ordinates this is 
dð dA 
h=r?-_=2 
si meee? 
if A be the area intercepted by the curve, a fixed radius-vector, 


and the radius-vector of the moving point. Hence the area in- 
creases uniformly with the time. 


6. In the same case the velocity at any point is inversely as 
the perpendicular from the fixed pomt upon the tangent to the 
path, the momentary direction of motion. 

For evidently the product of this perpendicular and the 
velocity gives double the area described in one second about 
the fixed point. 


Or thus—if p be the perpendicular on the tangent 


and therefore 
e ee a 
Pua Ia 
If we refer the motion to co-ordinates in its own plane, we have 
only the equations 


=h. 


whence, as before, ri —_=h, 


Tf, by the help of this last equation we eliminate ¢ from 


p= rz , substituting polar for rectangular co-ordinates, we 
| r 


arrive at the polar differential equation to the path. 


Acceleration 
directed toa 
tixed centre. 


Hodograph. 
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For variety, we may ie it from the formula of § 32. 


. d?r do 
Th i = 
cy give di -ry =P, r'- di =h. 


: 1 
Putting 7% we have 


ae) 1 

dé 3 dd 
ee S kaaas 

a aa) aE 
1 

d(=) d(-) d(<) dtu 
But Pa = hu? -f =A therefore ar ay u? Tga 
Also aC. y= hu’, the substitution of which values gives us 


dtu P 
apt Y= — jni 
equation involves two arbitrary constants besides A, and the 
remaining constant belonging to the two differential equations 
of the second order above is to be introduced on the farther in- 


, the equation required. The integral of this 


tegration of dô _ hat? 

dt 
when the value of u in terms of 6 is substituted from the equation 
to the path. 


Other examples of these principles will be met with in the 
chapters on kinetics. 

37. If, from any fixed point, lines be drawn at every instant 
representing in magnitude and direction the velocity of a point 
describing any path in any manner, the extremities of these 
lines form a curve which is called the Hodograph. The inven- 
tion of this construction is due to Sir W. R. Hamilton, and the 
most beautiful of the many remarkable theorems to which it 
leads is this: The Hodograph for the motion of a planet or 
comet is always a circle, whatever be the form and dimensions of 
the orbit. 

Since the radius-vector of the hodograph represents the 
velocity at each instant, it is evident (§ 27) that an elementary 
arc represents the acceleration, and thus a finite arc represents 
the whole acceleration of the moving point during the corre- 
sponding time; and it is evident also that the tangent to the 
hodograph is parallel to the direction of the acceleration of 
the moving point in the corresponding position of its orbit. 
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If x, y, z be the co-ordinates of the moving point, Ẹ, 7, ¢ those Hodograph. 
of the corresponding point of the hodograph, then evidently 
(=, n=, (= @ 

and therefore 

d§ _ mm _ d¢ 

dx @ dèy dz 

d? dt dt? 
or the tangent to the hodograph is parallel to the acceleration in 
the orbit. Also if o be the arc are of the eT 


de J (a ay 4 (4 a 
pn ze wot 
an) Ga) dt?" ’ 
or the velocity in the Rese is equal to the rate of acceleration 
in the orbit. 


88. In the case of a planet or comet, the acceleration is 
directed towards the sun’s centre. Hence (§ 36, b.) the velocity 
is inversely as the perpendicular from that point upon the 
tangent to the orbit. The orbit we assume to be a conic 
section, whose focus is the sun’s centre. But we know 
that the intersection of the perpendicular with the tangent 
lies in the circle whose diameter is the major axis, if the 
orbit be an ellipse or hyperbola; in the tangent to the vertex 
if a parabola. Measure off on the perpendicular a third pro- 
portional to its own length and any constant line; this portion 
will thus represent the velocity in magnitude and in a direction 
perpendicular to its own—so that the locus of the new points 
in each perpendicular will be the hodograph turned through a 
right angle. But we see by geometry that the locus of these 
points is always a circle. Hence the proposition in § 37. 
The hodograph surrounds its origin if the orbit be an ellipse, 
passes through it if a parabola, and the origin is without the 
hodograph if the orbit 1s a hyperbola. 

For a projectile unresisted by the air, it will be shown in 
Kinetics that we have the equations (assumed in § 35, ©). 
2 2 
qi=, a= T9; 
if the axis of y be taken vertically upwards. 
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Hodograph. Hence for the hodograph 
dé o a 
u d N 


or £=C, n=C’—gt, and the hodograph is a vertical straight 
line along which the describing point moves uniformly. 
Also it will be shown in Kinetics that the equations of motion 
of a planet or comet in the plane of its orbit are 
d*x_ pu d*y_ py 
dt rt? dt rt’ 
where r=r 4y’. 


Hence, as in § 36, 


dy az 
x TY yp ieee ..(1) 
and therefore 
dy dr 
dx px Var Iar 
dt Ao opt? 
d dx d 
_ p (x+y) IE HIT 
dy yp 
p u T 
Th rp o 
Hence dx PRY 9 
a tasn E E (2) 
Similarly 
aang a 3) 


Hence for the hodograph 
CHAJ +04 B=" 
the circle as before stated. 
We may merely mention that the equation to the orbit will be 


found at once by eliminating i and j among the three first 
( 
integrals (1), (2), (3) above. We thus get 


—h+ Ay—Be= Fr, 


a conic section of which the origin is a focus. 


Applications 39. The intensity of heat and light emanating from a point, 
o re NOAHO- sis A A Š > . . 
graph. or from an uniformly radiating spherical surface, diminishes 
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with increasing distance according to the same law as gravita- Applications 
tion. Hence the amount of heat and light, which a planet graph. 
receives from the sun during any interval, is proportional to 

the whole acceleration during that interval, 2.¢., to the corre- 
sponding arc of the hqdograph. From this it is easy to see, for 
example, that if a comet move in a parabola, the amount of heat 

it receives from the sun in any interval is proportional to the 

angle through which its direction of motion turns during that 

interval. There is a corresponding theorem for a planet mov- 

ing in an ellipse, but somewhat more complicated. 

40. If two points move, each with a definite uniform velocity, Curves of 
one in a given curve, the other at every instant directing its’ 
course towards the first describes a path which is called a 
Curve of Pursuit. The idea is said to have been suggested by 
the old rule of steering a privateer always directly for the 
vessel pursued. (Bouguer, Mém. de Į Acad. 1732.) It is the 
curve described by a dog running to its master. 


Curves of 
pursuit. 


Angular 
velocity. 
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The simplest cases are of course those in which the first point 
moves ina straight line, and of these there are three, for the velo- 
city of the first point may be greater than, equal to, or less than, 
that of the second. The figures in the preceding page represent 
the curves in these cases, the velocities of the pursuer being 4, 1, 
and 3 of those of the pursued, respectively. In the second and 
third cases the second point can never overtake the first, and 
consequently the line of motion of the first is an asymptote. 
In the first case the second point overtakes the first, and 
the curve at that point touches the line of motion of the first. 
The remainder of the curve satisfies a modified form of state- 
ment of the original question, and is called the Curve of Fliyht. 


We will merely form the differential equation of the curve, and 
give its integrated form, leaving the work to the student. 

Suppose Ox to be the line of motion of the first point, whose 
velocity is v, AP the curve of pursuit, in which the velocity is u, 
y then the tangent at P always passes 

through Q, the instantaneous position 
of the first point. It will be evident, 
A on a moment's consideration, that the 
curve AP must have a ‘tangent perpen- 
dicular to Ox. Take this as the axis of 
y, and let OA =a. Then, if OQ = &, 
O M Q 7 AP=s, and ifr, y be the co-ordinates 
AP_OQ, 
u v 
because A, O and P, Q are pairs of simultaneous positions of the 
two points. This gives 


of P, we have 


Lee dx ° 
oe I dy 
From this we find, unless e = 1, 
G6. ft et, 
ater e?—1 Sret y-(e—1)’ 
and if e = 1, 
EEE E 6A 
Xx+ nae alogos ; 


the only case in which we do not get an algebraic curve. The 
axis of x is easily seen to be an asymptote if e << 1. 


41. When a point moves in any manner, the line joining it 
with a fixed point generally changes its direction. If, for 
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simplicity, we consider the motion as confined to a plane 
passing through the fixed point, the angle which the joining 
line makes with a fixed line in the plane is continually alter- 
ing, and its rate of alteration at any instant is called the 
Angular Velocity of the first point about the second. If 
uniform, it is of course measured by the angle described in 
unit of time; if variable, by the angle which would have been 
described in unit of time if the angular velocity at the instant 
in question were maintained constant for so long. In this 
respect, the process is precisely similar to that which we have 
already explained for the measurement of velocity and accelera- 
tion. 

Unit of angular velocity is that of a point which describes, 
or would describe, unit angle about a fixed point in unit of 
time. The usual unit angle is (as explained in treatises on 
plane trigonometry) that which subtends at the centre of a 
circle an arc whose length is equal to the radius; being an 


angle of = =57°29578...= 57°17’ 44"-8 nearly. 


42. The rate of increase or diminution of the angular velocity 
when variable is called the angular acceleration, and is measured 
in the same way and by the same unit. 


By methods precisely similar to those employed for linear velo- 
city and acceleration we sce that if 0 be the angle-vector of a 
point moving in a plane—the 


Angular velocity is ont , and the 


. . dw ŒO dw 
A lerat ——=- -=w-|, . 
ngular acceleration is di “q =" a6 


Since (§ 27) rf is the velocity perpendicular to the radius-vector, 
we see that 


The angular velocity of a point in a plane is found by divid- 
ing the velocity perpendicular to the radius-vector by the length 
of the radius-vector. 

43, When one point describes uniformly a circle about an- 
other, the time of describing a complete circumference being T, 
we have the angle 2 described uniformly in T; and, therefore, 


Angular 
velocity. 


Angular ac- 
celeration. 


Angular 
velocity. 


Angular 
velocity. 


Angular 
velocity of 
a plane. 


Relative 
motion. 
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te E a ; ; 
the angular velocity is z- Even when the angular velocity 


is not uniform, as in a planet’s motion, it is useful to intro- 
2 


7 Which is then called the mean angular 


duce the quantity 


velocity. 

When a point moves uniformly in a straight line its augular 
velocity evidently diminishes as it recedes from the point about 
which the angles are measured. 


The polar equation of a straight line is 
r=asecd. 


But the length of the line between the limiting angles 0 and 0 
is a tan 0, and this increases with uniform velocity v. Hence 


d dð r? dð 
= — tz 6 = 20 -—=— : 
v = \4 an 0) =a sec dia Ut 
H d0 av . . 
ence ~p =) and is therefore inversely as the square of the 


radius-vector. 
Similarly for the angular acceleration, we have by a second 


differentiation, 
d'0 dO a 
i +2 tanO(—,-) =(), 
7 = Ea (1— 1, and ultimately varies inversely as the 
r r? 


third power of the radius-vector. 


44. We may also talk of the angular velocity of a moving 
plane with respect to a fixed one, as the rate of increase of the 
angle contained by them—but unless their line of intersection 
remain fixed, or at all events parallel to itself, a somewhat 
more laboured statement is required to give definite informa- 
tion. This will be supplied in a subsequent section. 

45. All motion that we are, or can be, acquainted with, is 
Relative merely. We can calculate from astronomical data for 
any instant the direction in which, and the velocity with which, 
we are moving on account of the earth’s diurnal rotation. We 
may compound this with the equally calculable velocity of the 
earth in its orbit. This resultant again we may compound with 
the (roughly known) velocity of the sun relatively to the so- 
called fixed stars; but, even if all these elements were accu- 
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rately known, it could not be said that we had attained any Relative 
idea of an absolute velocity ; for it is only the sun’s relative 
motion among the stars that we can observe; and, in all pro- 
bability, sun and stars are moving on (it may be with incon- 
ceivable rapidity) relatively to other bodies in space. We 
must therefore consider how, from the actual motions of a 
set of points, we may find their relative motions with regard 
to any one of them ; and how, having given the relative mo- 
tions of all but one with regard to the latter, and the actual 
motion of the latter, we may find the actual motions of all. 
The question is very easily answered. Consider for a moment a 
number of passengers walking on the deck of a steamer. Their 
relative motions with regard to the deck are what we immedi- 
ately observe, but if we compound with these the velocity of 
the steamer itself we get evidently their actual motion rela- 
tively to the earth. Again, in order to get the relative motion 
of all with regard to the deck, we abstract from the motion of 
the steamer altogether—that is, we alter the velocity of each 
by compounding it with the actual velocity of the vessel taken 
in a reversed direction. 

Hence to find the relative motions of any set of points with 
regard to one of their number, imagine, impressed upon each in 
composition with its own velocity, a velocity equal and opposite 
to the velocity of that one; it will be reduced to rest, and the 
motions of the others will be the same with regard to it as 
before. 

Thus, to take a very simple example, two trains are 
running in opposite directions, say north and south, one with 
a velocity of fifty, the other of thirty, miles an hour. The 
relative velocity of the second with regard to the first is to 
be found by impressing on both a southward velocity of 
fifty miles an hour; the effect of this being to bring the 
first to rest, and to give the second a southward velocity 
of eighty miles an hour, which is the required relative 
= motion. 

Or, given one train moving north at the rate of thirty miles 
an hour, and another relatively to 1t moving south at the rate 
of twenty-five miles an hour, the actual motion of the second is 
thirty miles north, and twenty five south, per hour, ie., five 
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miles north. It is needless to multiply such examples, as they 
must occur to every one. 

Relative ac- 46, Exactly the same remarks apply to relative as compared 
with absolute acceleration, as indeed we may see at once, since 
accelerations are in all cases resolved and compounded by the 
same law as velocities. 


If x,y,z, and x’, 7’, 2’ be the co-ordinates of two points referred 
to axes regarded as fixed; and £, n, ¢ their relative co-ordinates 
—we have 

f=2—2, n=Y¥—y, [=], 
and, differentiating, 
d€_ dx dx 
dt” dt dt’ 


which give the relative, in terms of the absolute velocities, and 


ete., 


proving our assertion about relative and absolute accelerations. 

The corresponding expressions in polar co-ordinates in a plane 
are somewhat complicated, and by no means convenient. The 
student can easily write them down for himself. 


aa 47. The following proposition in relative motion is of con- 
siderable importance :— 

Any two moving points describe similar paths about each 
other, or relatively to any point which divides in a constant 
ratio the line joining them. 

Let A and B be any simultaneous positions of the points. 

, 


Take G or G’ in AB such that the ratio fe or aA has a con- 
> stant value. Then as the form of 
G AG the relative path depends onl 

path depends only upon 
the length and direction of the line joining the two points at 
any instant, it is obvious that these will be the same for A 
with regard to B, as for B with regard to A, saving only the 
inversion of the direction of the joining line. Hence B's path 
about A, is A’s about B turned through two right angles. And 
with regard to G@ and G” it is evident that the directions remain 
the same, while the lengths are altered in a given ratio; but 
this is the definition of similar curves. 
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48. As a good example of relative motion, let us con- Relative 
F : : motion. 
sider that of the two points involved in our definition of the 
curve of pursuit, § 40. Since, to find the relative position 
and motion of the pursuer with regard to the pursued, we must 
impress on both a velocity equal and opposite to that of the 
latter, we see at once that the problem becomes the same as the 
following. A boat crossing a stream is impelled by the oars 
with uniform velocity relatively to the water, and always to- 
wards a fixed point in the opposite bank ; but it is also carried 
down stream at a uniform rate ; determine the path described 
and the time of crossing. Here, as in the former problem, 
there are three cases, figured below. In the first, the boat, 
moving faster than the current, reaches the desired point; in 
the second, the velocities of boat and stream being equal, the 
boat gets across only after an 


infinite time — describing a 

parabola—but does not land = ,_3 e=] 
at the desired point, which . 

is indeed the focus of the | 


parabola, while the landing 
point is the vertex. In the 
third case, its proper velocity 
being less than that of the 
water, it never reaches the 
other bank, and is carried in- 
definitely down stream. The comparison of the figures in § 40 
with those in the present section cannot fail to be instructive. 
They are drawn to the same scale, and for the same relative 
velocities. The horizontal lines represent the farther bank of 
the river, and the vertical lines the path of the boat if there 
were no current. 


é=2 


We leave the solution of this question as an exercise, merely 
noting that the equation of the curve is 


+ 
y' ‘=Vx'+y'—z, 


ae 
in one or other of the three cases, according as e is >, =, or < 1., 
When e=1 this becomes 
y? =a! —2ax, the parabola. 
C 


Relative 
motion. 
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The time of crossing is a 
ee 
u (l—e?) 
which is finite only for e << 1, because of course a negative value 
is inadmissible. 


49, Another excellent example of the transformation of rela- 
tive into absolute motion is afforded by the family of cycloids. 
We shall in a future section consider their mechanical descrip- 
tion, by the ro//ing of a circle on a fixed straight line or circle. 
In the meantime, we take a different form of enunciation, 
which, however, leads to precisely the same result. 

Find the actual path of a point which revolves uniformly in 
a circle about another point—the latter moving uniformly in a 
straight line or circle in the same plane. 


Take the former case first: let a be the radius of the relative 
circular orbit, and w the angular velocity in it, v being the velo- 
city of its centre along the straight line. 

The relative co-ordinates of the point in the circle are a cos wt 
and asinwf, and the actual co-ordinates of the centre are vt 
and 0. Hence for the actual path 


E=ri(+acoxot, n=a sin wt. 


v . —17) I á a : . . . o% 
Hence f= sin +sa*— n’, an equation which, by giving 


different values to v and w, may be made to represent the cycloid 
itself, or either form of trochoid. See § 92. 

For the epicycloids, let b be the radius of the circle which B 
describes about A, w, the angular velocity; a the radius of A’s 
path, w the angular velocity. 

B' Also at time ¿=0, let B be in the radius 
OA of A's path. Then at time ¢, if A’, B’ 
be the positions, we see at once that 


“2 < 
B AOA =wt, B'CA=w,t. 
Hence, taking OA as axis of x, 

x=a coswt +b cosw,t, y=asinwt+b sinw,t, 


which, by the elimination of ¢, give an algebraic equation between 
r and y whenever w and w, are commensurable. 
Thus, for w, = 2w, suppose wi = 6. and we have 


r=acos6+6c0s26, y=asind +b sin29, 
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or, by an easy reduction, 
(z°+y— b) =a (+b) +y}. 
Put x—b for zx, i.e., change the origin to a distance AB to the 
left of O, the equation becomes 
a(x +y) = (£ +y —2br), 

or, in polar co-ordinates, 

a?=(r—2b cosĝ)?, r=a+2b cos8, 
and when 2b=a, r=a (1+cos0), the cardioid. (See § 94.) 


50. As an additional illustration of this part of our subject, 
we may define as follows :— 

If one point A executes any motion whatever with reference 
to a second point B; if B executes any other motion with re- 
ference to a third point C; and so on—the first is said to 
execute, with reference to the last, a movement which is the 
resultant of these several movements. 

The relative position, velocity, and acceleration are in such 
a case the geometrical resultants of the various components 
combined according to preceding rules. 

O91. The following practical methods of effecting such a 
combination in the simple case of the movements of two points 
are useful in scientific illustrations and in certain mechanical 
arrangements. Let two moving points be joined by an elastic 
string; the middle point of this string will evidently execute 
a movement which is half the resultant of the motions of the 
two points. But for drawing, or engraving, or for other mecha- 
nical applications, the following method is preferable :— 

CF and ED are rods of equal length moving freely round a 
pivot at P, which passes through the middle point of each— 
CA, AD, EB, and BF, are rods of half the 
length of the two former, and so pivoted 
to them as to form a pair of equal rhombi 
CD, EF, whose angles can be altered at ¢ | F 
wil. Whatever motions, whether in a 
plane, or in space of three dimensions, he 
given to A and B, P will evidently be A D 
subjected to half their resultant. 

52. Amongst the most important classes of motions which 
we have to consider in Natural Philosophy, there is one, namely 


Relative 
motion. 


Resultant 
motion. 


Harmonic 
motion. 
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Harmonie Harmonic Motion, which is of such immense use, not only in 


motion. 


Simple 
harmonic 
motion. 


ordinary kinetics, but in the theories of sound, light, heat, ete., 
that we make no apology for entering here into considerable 
detail regarding it. 

53. Def. When a point Q moves uniformly in a circle, the 


A perpendicular QP drawn from its position 

_ at any instant to a fixed diameter AA’ of 

Q an the circle, intersects the diameter im a 
N point P, whose position changes by a 


simple harmonie motion. 
Thus, if a planet or satellite, or one of 
the constituents of a double star, be sup- 
A posed to move uniformly in a circular 
orbit about its primary, and be viewed from a very distant posi- 
tion in the plane of its orbit, it will appear to move backwards 
and forwards in a straight lne with a simple harmonic motion. 
This is nearly the case with such bodies as the satellites of 

Jupiter when seen from the earth. 

Physically, the interest of such motions consists in the fact 
of their being approximately those of the simplest vibrations of 
sounding bodies, such as a tuning-fork or pianoforte wire ; 
whence their name; and of the various media in which waves 
of sound, light, heat, ete., are propagated. 

54. The Amplitude of a simple harmonic motion is the 
range on one side or the other of the middle point of the course, 
ie., OA or OA" in the figure. 

An arc of the circle referred to, measured from any fixed 
point to the uniformly moving point Q, is the Argument of the 
harmonic motion. 

The distance of a point, performing a simple harmonic 
motion, from the middle of its course or range, is a simple 
harmonic function of the time. The argument of this func- 
tion is What we have defined as the argument of the motion. 

The Epoch in a simple harmonic motion is the interval of 
time which elapses from the era of reckoning till the moving 
point first comes to its greatest elongation in the direction 
reckoned as positive, from its mean position or the middle of 
its range. Epoch in angular measure is the angle described on 
the circle of reference in the period of time defined as the epoch. 


KINEMATICS. 37 


The Period of a simple harmonic motion is the time which Simple 
harmonie 
elapses from any instant until the moving point again moves motion. 
in the same direction through the same position. 

The Phase of a simple harmonic motion at any instant is 
the fraction of the whole period which has elapsed since the 
moving point last passed through its middle position in the 
positive direction. 

55. Those common kinds of mechanism, for producing recti- Simpie 
lineal from circular motion, or vice versa, in which a crank motion in 
moving in a circle works in a straight slot belonging to a body ets 
which can only move in a straight line, fulfil strictly the defini- 
tion of a simple harmonic motion in the part of which the mo- 
tion is rectilineal, if the motion of the rotating part is uniform. 

The motion of the treadle in a spinning-wheel approximates 
to the same condition when the wheel moves uniformly ; the 
approximation being the closer, the smaller is the angular 
motion of the treadle and of the connecting string. It is also 
approximated to more or less closely in the motion of the piston 
of a steam-engine connected, by any of the several methods 
in use, with the crank, provided always the rotatory motion 
of the crank be uniform. 

56. The velocity of a point executing a simple harmonic Velocity 
motion is a simple harmonic function of the time, a quarter of a motion. 
period earlier in phase than the displacement, and having its 
maximum value equal to the velocity in the circular motion by 
which the given function is defined. 

For, in the fig. of § 53, if V be the velocity in the circle, it 
may be represented by OQ in a direction perpendicular to its 
own, and therefore by OP and PQ in directions perpendicular 
to those lines, That is, the velocity of P in the simple har- 


. . . V e e 
monic motion 1s og? ® ; which, when P is at O, becomes V. 


57. The acceleration of a point executing a simple harmonic Acceterstion 
motion ìs at any time simply proportional to the displacement Koan. 
from the middle point, but in opposite direction, or always 
towards the middle point. Its maximum value is that with 
which a velocity equal to that of the circular motion would 
be acquired in the time in which an are equal to the radius 


is described. 
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. ; i E ae er 
For, in the fig. of § 53, the acceleration of Q (by § 35,4) 1s 00 


along QO. Supposing, for a moment, QO to represent the 
magnitude of this acceleration, we may resolve it in QP, PO. 
The acceleration of P is therefore ae on the same 
PO_ V’ 
scale by PO. Its magnitude is therefore ~~ x 5° QT QT PO, 


which is proportional to PO, and has at A its maximum value, 


Vs ; ; ; 
~, an acceleration under which the velocity V would be 


QO 


; ’ . QA 
acquired in the time -~ as stated. 


Let a be the amplitude, e the epoch, and T the period, of a 
simple harmonic motion. Then if s be the displacement from 
middle position at time ¢, we have 


8 =a COS ee 
T ; 


; ds 2ra . 2rt 
Hence, for velocity, we have r= Pee ea Cr —e), 


Hence V, the maximum value, is 27 as above stated (§ 56). 


T ) 
Again, for acceleration, 
dv a a. 2rt dr? = 
Sian os (© 7 OF a (See § 57.) 
Lastly, for the maximum value of the acceleration, 
4rta V 
OP? 
2r 


. T . . . . 
where, it may be remarked, — is the time of describing an are 
oT 


éa 


equal to radius in the relative circular motion. 


58. Any two simple harmonie motions in one line, and of 


in one line. one period, give, when compounded, a single simple har- 


monic motion ; of the same period; of amplitude equal to the 
diagonal of a parallelogram described on lengths equal to their 
amplitudes measured on lines meeting at an angle equal to 
their difference of epochs; and of epoch differing from their 


KINEMATICS. 39 


epochs by angles equal to those which this diagonal makes Composition 
Or Ss. . . 


with the two sides of the parallelo- 
gram. Let P and P’ be two points 
executing simple harmonic motions of 
one period, and in one line B’BCA A’. 
Let Q and Q be the uniformly mov- 
ing points in the relative circles. 
On CQ and OQ describe a parallelo- 
gram SQCQ’; and through S draw 
SR perpendicular to B’A’ produced. 
We have obviously P’R=CP (be- 
ing projections of the equal and pa- 
rallel lines Q’S, CQ, on CR). Hence B 
CR=CP+ CP’; and therefore the point R executes the re- 
sultant of the motions of P and P’. But CS, the diagonal of 
the parallelogram, is constant, and therefore the resultant 
motion is simple harmonic, of amplitude CS, and of epoch 
exceeding that of the motion of P, and falling short of that 
of the motion of P’, by the angles QCS and SOQ respectively. 


An analytical proof of the same proposition is useful, being 


as follows :— 
a cos“ —€) +.a’c0s(7 — e) 
=(a cose+a’cose ) cos + (asine+a’sine’) sin =r cosl — 0) 
where r= {(acose+acose’)*+(asine+a’sine’)* }4 
ana tang =" sine + a'sin e’ 


a cose -+H a’cose’ 


59. The construction described in the preceding section ex- 
hibits the resultant of two simple harmonic motions, whether of 
the same period or not. Only, if they are not of the same period, 
the diagonal of the parallelogram will not be constant, but will 
diminish from a maximum value, the sum of the component 
amplitudes, which it has at the instant when the phases of the 
component motions agree ; to a minimum, the difference of those 
amplitudes, which is its value when the phases differ by half 
a period. Its direction, which always must be nearer to the 
greater than to the less of the two radii constituting the sides 


in one line. 


4 
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Composition of the parallelogram, will oscillate on each side of the greater 


in one line. 


radius to a maximum deviation amounting on either side to the 
angle whose sine is the less radius divided by the greater, and 
reached when the less radius deviates more than this by a 
quarter circumference from the greater. The full period of this 
oscillation is the time in which either radius gains a full tum 
on the other. The resultant motion is therefore not simple 
harmonic, but is, as it were, simple harmonic with periodically 
increasing and diminishing amplitude, and with periodical 
acceleration and retardation of phase. This view is most 
appropriate for the case in which the periods of the two com- 
ponent motions are nearly equal, but the amplitude of one of 
them much greater than that of the other. 


To express the resultant motion, let s be the displacement at 
time ¢; and let a be the greater of the two component half- 
amplitudes. 

s=a cos(nt—e)+a’cos(n’t—e’) 
=a cos(nt—e)+<a’cos(nt—e+ ¢) 
=(a+a’cos g) cos (nt—e)—a’sin¢ sin (nt—e), 


if p=(n’t—e’)—(nt—e); 
or, finally, s=rcos(nt—e+ 0), 
if r=(a'+2aa cosg +a") 
d moz asing — 
an tan a 
The maximum value of tan@ in the last of these equations is 
p OT gat i a’ 
found by making ¢= z tsin a? and is equal to (aan 


; ; n ieee: 
and hence the maximum value of 6 itself is sin '—- The geo- 
a 


metrical methods indicated above (§ 58) lead to this conclusion 
by the following very simple construction. 


To find the time and the amount of the maximum accelera - 
tion or retardation of phase, let CA be the greater half-ampli- 
tude. From A as centre, with AB the less half amplitude as 
radius, describe a circle. CB touching this circle is the gene- 
rating radius of the most deviated resultant. Hence CBA is a 


right angle; and 
anne sin BOA = 
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60. A most interesting application of this case of the composi- Examples of 
tion of harmonic motions is to the lunar and solar tides ; which, of $. uM 
. A . in one line. 
except in tidal rivers, or long channels, or deep bays, follow 
each very nearly the simple harmonic law, and produce, as the 
actual result, a variation of level equal to the sum of varia- 
tions that would be produced by the two causes separately. 

The amount of the lunar tide is about 2'1 times that of the 
solar. Hence the spring tides at open coast stations are 3:1, 
and the neap tides only 1°71, each reckoned in terms of the 
solar tide; and at spring and neap tides the hour of high 
water is that of the lunar tide alone. The greatest deviation of 
the actual tide from the phases (high, low, or mean water) of 
the lunar tide alone, is about °95 of a lunar hour, that is, :98 
of a solar hour (being the same part of 12 lunar hours that 
28° 26’, or the angle whose sine is JË is of 360°). This 
maximum deviation will be in advance or in arrear according 
as the crown of the solar tide precedes or follows the crown 
of the lunar tide; and it will be exactly reached when the 
interval of phase between the two component tides is 3°95 
lunar hours. That is to say, there will be maximum advance 
of the time of high water 4} days after, and maximum re- 
tardation the same number of days before, spring tides. 

61. We may consider next the case of equal amplitudes in 
the two given motions. If their periods are equal, their re- 
sultant is a simple harmonic motion, whose phase is at every 
instant the mean of their phases, and whose amplitude is equal 
to twice the amplitude of either multiplied by the cosine of 
half the difference of their phase. The resultant is of course 
nothing when their phases differ by half the period, and is a 
motion of double amplitude and of phase the same as theirs 
when they are of the same phase. 

When their periods are very nearly, but not quite, equal 
(their amplitudes being still supposed equal), the motion passes 
very slowly from the former (zero, or no motion at all) to 
the latter, and back, in a time equal to that in which the faster 
has gone once oftener through its period than the slower has. 

In practice we meet with many excellent examples of this 
case, Which will, however, be more conveniently treated of 
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Examples of When we come to apply kinetic principles to various subjects 


composition 
of 8. H.M. 
in one line. 


Graphical 
representa- 
tion of H. 
motions in 
one line. 


in practical mechanics, acoustics, and plivsical optics; such as 
the marching of troops over a suspension bridge, the sympathy 
of penduluins or tuning: forks, ete. 

62. We may exhibit, graphically, the various preceding 
cases of single or compound simple harmonic motions in one 
line by curves in which the abscisse represent intervals of 
time, and the ordinates the corresponding distances of the 
moving point from its mean position. In the case of a single 
simple harmonic motion, the corresponding curve would be 
that described by the point P in § 53, if, while Q maintained 
its uniform circular motion, the circle were to move with uni- 
form velocity in any direction perpendicular to 0.4. This con- 
struction gives the harmonic curve, or curve of sines, in which 
the ordinates are proportional to the sines of the abscisse, the 
straight line in which O moves being the axis of abscissie. It 
is the simplest possible form assumed by a vibrating string. 
When the harmonic motion is complex, but in one line, as 
is the case for any point in a violin-, harp-, or pianoforte-string 
(differing, as these do, from one another in their motions on 
account of the different modes of excitation used), a similar 
construction may be made. Investigation regarding complex 
harmonic functions has led to results of the highest importance, 
having their most general expression in Fourier's Theorem, to 
which we will presently devote several pages. We give below 
graphic representations of the composition of two simple har- 
monic motions in one line, of equal amplitudes and of periods 
which are as 1:2 and as 2:3, for differences of epoch corre- 
sponding to 0, 1, 2, ete., sixteenths of a circumference. In each 
case the epoch of the component of greater period is a quarter 
circumference. In the first, second, third, ete., of each series 
respectively, the epoch of the component of shorter period is 
less than a quarter period by 0, 1, 2, ete, sixteenths of a 
circumference. The successive horizontal lines are the axes of 
abscissze of the successive curves; the vertical line to the left 
of each series being the common axis of ordinates. In each 
of the first set the slower motion goes through one complete 
period, in the second it goes through two periods. 


NAVAN 
A RACINE 
TAWA 
AVAVA 
INZA AAY 
ZS A 
JAVANA 
MNVANAN 
AVAVA 
MUAY 
I PA 


S. H. mo- 
tions in 
different 
directions. 
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These, and similar cases, when the periodic times are not com- 
mensurable, will be avain treated of under Acoustics. 

63. We have next to consider the composition of simple 
harmonic motions in different directions. In the first place, 
we see that any number of simple harmonic motions of one 
period, and of the same phase, superimposed, produce a single 
simple harmonic motion of the same phase. For, the displace- 
ment at any instant being, according to the principle of the 
composition of motions, the geometrical resultant (see above, 
§ 50) of the displacements due to the component motions sepa- 
rately, these component displacements in the case supposed, 
all vary in simple proportion to one another, and are in con- 
stant directions. Hence the resultant displacement will vary 
in simple proportion to each of them, and will be in a constant 
direction. 

But if, while their periods are the same, the phases of 
the several component motions do not agree, the resultant 
motion will generally be elliptic, with equal areas described in 
equal times by the radius-vector from the centre; although in 
particular cases it may be uniform circular, or, on the other 
hand, rectilineal and simple harmonic. 

64. To prove this, we may first consider the case, in 
which we have two equal simple harmonic motions given, and 
these in perpendicular lines, and differing in phase by a 
quarter period. Their resultant is a uniform circular motion. 
For, let BA, B'A’ be their ranges; and 
from O, their common middle point as 
centre describe a circle through AA’BB’. 
The given motion of P in BA will be 
(§ 53) defined by the motion of a point 
Q round the circuinference of this circle ; 
and the same point, if moving in the 
direction indicated by the arrow, will 
give a simple harmonic motion of P’, in B'A’, a quarter of 
a period behind that of the motion of P in BA. But, 
since A’OA, QPO, and QP’O are right angles, the figure 
QP’OP is a parallelogram, and therefore Q is in the position 
of the displacement compounded of OP and OP’. Hence two 
equal simple harmonic motions in perpendicular lines, of phases 
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differing by a quarter period, are equivalent to a uniform 
circular motion of radius equal to the maximum displacement 
of either singly, and in the direction from the positive end 
of the range of the component in advance of the other towards 
the positive end of the range of this latter. 

65. Now, orthogonal projections of simple harmonic motions 
are clearly siinple harmonic with unchanged phase. Hence, if 
we project the case of § 64 on any plane, we get motion in an 
ellipse, of which the projections of the two component ranges 
are conjugate diameters, and in which the radius-vector from the 
centre describes equal areas (being the projections of the areas 
described by the radius of the circle) in equal times. But the 
plane and position of the circle of which this projection is 
taken may clearly be found so as to fulfil the condition of 
having the projections of the ranges coincident with any two 
given mutually bisecting lines. Hence any two given simple 
harmonic motions, equal or unequal in range, and oblique or 
at right angles to one another in direction, provided only they 
differ by a quarter period in phase, produce elliptic motion, 
having their ranges for conjugate axes, and describing, by the 
radius-vector from the centre, equal areas in equal times. 

66. Returning to the composition of any number of equal 
simple harmonic motions in lines in all directions and of all 
phases : each component simple harmonic motion may be de- 
termninately resolved into two in the same line, differing in 
phase by a quarter period, and one of them having any given 
epoch. We may therefore reduce the given motions to two 
sets, differing in phase by a quarter period, those of one set 
agreeing in phase with any one of the given, or with any other 
simple harmonic motion we please to choose (i.e., having their 
epoch anything we please). 

All of each set may (§ 58) be compounded into one simple 
harmonic motion of the same phase, of determinate amplitude, 
in a determinate line ; and thus the whole system is reduced to 
two simple fully determined harmonic motions differing from 
one another in phase by a quarter period. 

Now the resultant of two simple harmonic motions, one a 
quarter of a period in advance of the other, in different lines, 
has heen proved to be motion in an ellipse of which the ranges 


S. H. mo- 
tions in 
different 
directions. 


8. H. mo- 
tions in 
different 
directions. 
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of the component motions are conjugate axes, and in which 
equal areas are described by the radius-vector fro the centre 
in equal times. Hence the proposition of § 63. 


Let x,=1,a cos(wt—e,) 
yi =m, a Cos(wt—e,) (1) 
2,=7,a cosx(wi—e,) 
be the Cartesian specification of the first of the given motions; 
and so with varied suffixes for the others ; 


l, m, n denoting the direction cosines, 
a 5 „ half amplitude, 
€ ) 7? epoch, 


the proper suffix being attached to each letter to apply it to each 
case, and w denoting the common relative angular velocity. The 
resultant motion, specified by x, y, z without suffixes, is 
x= Èl a, cca( wt—e,) = cos wthl,a,cos & +sinoi?l asine, 
y=ete.; z=ete.; 
or, as we may write them for brevity, 
x= Pcoswit+ P' sin wt 
y=Q cosw + Q sin wt (2) 
z=Reoswt+ Wf sinwt 
where | 
P=2l,a,cose,, P'=l,a,sine,' 
Q=2m,a,cose,, Q'=Tm,a,sine,’ (3) 
R=n,a,cose,, R=Ln,aysine,’ 


The resultant motion thus specified, in terms of six component 
simple harmonic motions, may be reduced to two by compounding 
P, Q, R, and P, Q,, R', in the elementary way. Thus if 
(=(P?+Q:4+R)! 
P 
ara, aa v= — 
C=(P*+ QR") 
P Q’ R' 
ÀA = —- =; v= 
er seas 


(4) 


the required motion will be the resultant of ¢coswt in the line 
(A, #, v), and ¢'sinwt in the line (A', w, v’). It is therefore motion 
in an ellipse, of which 2¢ and 2¢ in those directions are conjugate 
diameters; radius-vector from centre tracing equal areas in equal 


times; and period being A 
@ 
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67. We must next take the case of the composition of simple H. motions 
of different 
harmonic motions of different kinds and in different lines. In kinds and 


. : . in different 
general, whether these lines be in one plane or not, the line of tines. 
motion returns into itself if the periods are commensurable ; and 


if not, not. This is evident without proof. 


If a be the amplitude, e the epoch, and n the angular velocity 
in the relative circular motion, for a component in a line whose 
direction cosines are À, p, nd if £, 7, t be the co-ordinates in 
the resultant motion 

€=2.A,a, cos(nit — 6), 47=2Z.p,a, cos(n,t — 6), 
(= .v,a, cos(n,t-— €). 
Now it is evident that at time ¿+ T the values of €, n, ¢ will recur 
as soon as 7,7, 7,7, cte., are multiples of 27, that is, when T 
is the least common multiple of el ; ze , ete. 
my Me 

If there be such a common multiple, the trigonometrical 
functions may be eliminated, and the equations (or equation, if 
the motion is in one plane) to the path are algebraic. If not, 
they are transcendental. 


68. From the above we see generally that the composition 
of any number of siinple harmonic motions in any directions 
and of any periods, may be effected by compounding, according 
to previously explained methods, their resolved parts in each 
of any three rectangular directions, and then compounding the 
final resultants in these directions. 
. 69. By far the most interesting case, and by far the simplest, 3. H. mo. 
is that of two simple harmonic motions of any periods, whose rectangular 
directions must of course be in one plane. Soag: 
Mechanical methods of obtaining such combinations will be 
afterwards described, as well as cases of their occurrence in 
Opties and Acoustics. 
We may suppose, for simplicity, the two component motions 
to take place in perpendicular directions. Also, as we can only 
have a re-entering curve when their periods are commensurable, 
it will be advisable to commence with such a case. 
The following figures represent the paths produced by the 
combination of simple harmonic motions of equal amplitude 
in two rectangular directions, the periods of the components 
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s. H. mo- being as 1:2, and the epochs differing successively by 0, 1, 2, 
tions in two 3 n : a Sy, 

rectangular Cte., sixteenths of a circinference. 

directions. 


ae In the case of epochs equal, or 

differing by a multiple of m, the 
\ curve is a portion of a parabola, and 
Ss is gone over twice in opposite direc- 


tions by the moving point in each complete period. 
For the case figured above, 
x=a cos (2ni — 6), y =a cos nt. 
Hence =a! cos 2nt cos e+ sin 2nt sin €} 


)),2 2 
=a! (~~ —1)cuse+27 4 1— sine 
a? a a? i 


which for any given value of e is the equation to the correspond- 
ing curve. Thus for e=0, 

x 2y? a 

Ta ,r y= (x+2a), the parabola as above. 


an a T y y* = 
For c=7 we have 2 oot e, or a'r? =4y*(at — y?), 


the equation to the 5th and 13th of the above curves. 
In general x=a cos (nt+6), y=acos(n,t+e«,), 
from which ¢ is to be eliminated if possible. 
Composition 70. Another very important case is that of two groups of 
fonn l two simple harmonie motions in one plane, such that the re- 
moim sultant of each group is uniform circular motion. 
If their periods are equal, we have a case belonging to those 
already treated (§ 63), and conclude that the resultant is, in 
general, motion in an ellipse, equal areas being described in 
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equal times about the centre. As particular cases we may Composition 
have simple harmonic, or uniform circular, motion. form circular 

If the circular motions are in the same direction, the result- sa ats 
ant is evidently circular motion in the same direction. This is 
the case of the motion of S in § 58, and requires no further 
comment, as its amplitude, epoch, etc., are seen at once from 
the figure. 

71. If the periods of the two are very nearly equal, the re- 
sultant motion will be at any moment very nearly the circular 
motion given by the preceding construction. Or we may re- 
gard it as rigorously a motion in a circle with a varying radius 
decreasing from a maximum value, the sum of the radii of the 
two component motions, to a minimum, their difference, and 
increasing again, alternately ; the direction of the resultant 
radius oscillating on each side of that of the greater component 
(as in corresponding case, § 59, above). Hence the angular 
velocity of the resultant motion is periodically variable. In 
the case of equal radii, next considered, it is constant. 

72. When the radii of the two component motions are 
equal, we have the very interesting and important case figured 
below. 


Here the resultant radius bisects the angle between the vom- 
ponent radii. The resultant angular velocity is the arithmetical 
mean of its components. We will explain in a future section 
how this epitrochoid is traced by the rolling of one circle on 
another. (The particular case above delineated is that of a 
non-reéntrant curve.) 

D. 
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Composition 73. Let the uniform circular motions be in opposite direc- 
formeireular tions; then, if the periods are equal, we may easily see, as 
before, § 66, that the resultant is in general elliptic motion, 
including the particular cases of uniform circular, and simple 
harmonic, motion. 
If the periods are very nearly equal, the resultant will be 
easily found, as in the case of § 59. 
74. If the radii of the component motions are equal, we 
have cases of very great importance in modern physics, one of 
which is figured below (like the preceding, a non-reéntrant 


M 
S 


This is intimately connected with the explanation of two sets 
of important phenomena,—the rotation of the plane of polariza- 
tion of light, by quartz and certain fluids on the one hand, and 
by transparent bodies under magnetic forces on the other. It is 
a case of the hypotrochoid, and its corresponding mode of de- 
scription will be described in a future section. It will also 
appear in kinetics as the path of a pendulum-bob which con- 
tains a gyroscope in rapid rotation. 

Fourier's 75. Before leaving for a time the subject of the composition 

Theorem of harmonic motions, we must, as promised in § 62, devote 
some pages to the consideration of Fourier’s Theorem, which is 
not only one of the most beautiful results of modern analysis, 
but may be said to furnish an indispensable instrument in the 
treatment of nearly every recondite question in modern physics. 
To mention only sonorous vibrations, the propagation of electric 
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signals along a telegraph wire, and the conduction of heat Fonrier's 
by the earth’s crust, as subjects in their generality intractable nero 
without it, is to give but a feeble idea of its importance. 

The following seems to be the most intelligible form in which 

it can be presented to the general reader :-— 

THEOREM.—A complex harmonic function, with a constant 
term added, is the proper expression, in mathematical language, 
for any arbitrary periodic function; and consequently can ex- 
press any function whatever between definite values of the variable. 

76, Any arbitrary periodic function whatever being given, 
the amplitudes and epochs of the terms of a complex harmonic 
function which shall be equal to it for every value of the in- 
dependent variable, may be investigated by the “method of 
indeterminate co-efficients.” Such an investigation is suffi- 
cient as a solution of the problem,—to find a complex harmonic 
function expressing a given arbitrary periodic function,—when 
once we are assured that the problem is possible; and when 
we have this assurance, it proves that the resolution is deter- 
minate ; that is to say, that no other complex harmonic function 
than the one we have found can satisfy the conditions. 

77. We might give the analytical proof of the theorem by 
the process mentioned in last section, but it appears to us that 
the nature of the expression will be made more intelligible by 
an investigation from a different point of view. 


Let F(x) be any periodical function, of period p. That is to 
say, let F(x) be any function fulfilling the condition 
Fletip)=F(z) (1) 
where ¢ denotes any positive or negative integer. Consider the 
integral f F(x)dx 
c! @* 4-2? i 
where a,c, c’ denote any three given quantities. Its value is 


less than F(z) f. , and greater than F(z’) J : ae 
(a c 


dx 
a +a’ 
and z denote the valucs of x, either equal to or intermediate 
between the limits c and c’, for which F(x) is greatest and least 
respectively. But 

ue 


1 _\¢ ae 
-— = — (tan —--—tan — 2 
Jea pr? a ( -a m (=) 
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and therefore 
f pa a <F (z) (tan tan 


ce a+r’? 
‘ 4 (3) 
and ‘5 > F(z’) (tar —— tan — 
a a 
Hence if A be the greatest of all the values of F(x), and B the 
least, ” F(x)adx r _1¢ 
Í. wga Am 
ee (4) 
and ‘3 >B (z tan - 
Also, similarly, 
e F(xjadx zi m 
| mgp Altan) 
aC Tr (5) 
and j >B (tan Pa 3) 


Adding the first members of (3), (4), and (5), and comparing 
with the corresponding sums of the second members, we find 


© F(r)adx C C = a 
. Ao <F(2\ tai = —tan —) + A(n— tas + tail o 
and ” > F(e')(tair —tair)+ B(r— tai +tar')| 
But, by (1), 
° F(x)dc == a ’ i i=» ] 
l apar? =f (x)dx{ iwel a Ea ip (7) 


Now if we denote ~ —1 by v, 
O. _ 1 1 ] 
attip) 2av'e-fip—av EE 
and therefore, taking the terms corresponding to positive and 


equal negative values of i together, and the terms for i=0 sepa- 
rately, we have 


io 1 1 1 i=% L— av 
f° a?-+(x-+ ip)? sae eae Dini ip? — (x — av)? 
eae i=l ap {rpa 
a ene) ee E 
2apv 
T 2mav T 2rav 
sin -——- sIn———- 
= 2apv P a apv p 
~ 2rav 2 
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2ra _ 274 Fourter’s 
T € Pp = P Theorem. 
ap ? 2ra 
€ P2 pee ee 
P 


Hence, 

oFn)de m, t-te P Pode (8) 
e a a 0" 
a P E P Reose te P 


pom 


Next, denoting temporarily, for brevity, ¢ ” , by ¢ and 


2ra 
putting e "=e (9), 
we have 
1 = e 
2ra _ 2a 1—e((-+ 01) +e 
¢ ? Seon ee P 
P 
e 1 1 
=j-aqoeptinggs—)) 
sate HEHA HANCHE) ete.) 


¡Zz (1 +2¢ cos mE ae T - T joe 3 COS- + etc.) 


mabe aaia to a and (9), 
pua T 
v a Hr? = 


Hence, by (6), we infer that 


zÍ F(z)de(142e con TT 4 2ercos oe + ete.) (10) 


F(2)(tan Z tan 4 Altair pte > 


C 


and F(z’)(tan —— tal 


4) +8 (7—tan - ttan 


a 


z fiFlæda(1 +2 cos + etc.). 


Now let c’=—c, and r= £'— £, 
§ being a variable, and £ constant, so far as the integration is 
‘concerned ; and let F(x) =¢(r+£)=¢(€’), 
and therefore F(z)=9(€+2) 
F(2')=$(£+2’). 
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es The preceding pair of inequalities becomes 
Theorem. 


ee ete eee s 
p+: 2t — + A(w—2 tan z) 
and pH: 2ta + Bir —2 wo (11) 


= [Ee 42D e [ME aE cos os =$), 


oe ¢ denotes any periodical function eee er, of period p. 
Now let c be a very small fraction of p. In the limit, where 
c is infinitely small, the greatest and least values of $(€') for 
values of £’ between + ¢ and £—c will be infinitely nearly equal 
to one another and to $(&); that is to say, 
E+) = AEH: = pE). 
Next, let a be an infinitely small fraction of c. In the limit 
tant Ss ? 
a = 
and e=é ” =1, 


Hence the comparison (11) becomes in the limit an equation. 
which, if we divide both members by 7. gives 


1 FP a ; S [P ; , Yim E'— È 
HOSH REEE ET [AEE o FTE Z) ay 
This is the celebrated theorem discovered by Fourier! for the 
development of an arbitrary periodic function in a series of simple 


harmonic terms. A formula included in it as a particular case 
had been given previously by Lagrange.’ 


If, for cos 2ir( —$) we take its value coset. o oE sin ins Qing ain Piré 
P P P P 
and introduce the following notation :— 
1 m 
A= f pE 
Po 
2 pP 2im€ 5 
a=7] “d(g)eos r d (13) 


= 5 IKE sin am dg 


we reduce (12) to this form :— 


=A tS A, cos + Dies ~” B,sin ue (14) 


1 Thiorie Analytique de la Chaleur. Paris, 1822. 
2 Anciens Mémoires de l Acadimie de Turin, Tome iii. p. 126. 
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which is the general expression of an arbitrary function in terms 


Fourier’s 
of a series of cosines and of sines. Or if we take aneUrer 
P,=(A?+B}), and tang = (15) 
i 
we have 
pE =A Dict Picos 7a), (16) 
which is the general expression in a series of single simple har- 
monic terms of the successive multiple periods. 
To prevent misconception, it should be remarked that each of Canverceney 
the equations and comparisons (2), (7), (8), (10), and (11) is a series. 


true arithmetical expression, and that it may be verified by actual 
calculation of the numbers, for any particular case ; provided only 
that F(x) has no infinite value in its period. Hence, with this 
exception, (12) or either of its equivalents, (14), (16), is a true 
arithmetical expression; and the series which it involves is there- 
fore convergent. Hence we may with perfect rigour conclude 
that even the extreme case in which the arbitrary function ex- 
periences an abrupt finite change in its value when the inde- 
pendent variable, increasing continuously, passes through some 
particular value or values, is included in the general theorem. In 
such a case, if any value be given to the independent variable dif- 
fering however little from one which corresponds to an abrupt 
change in the value of the function, the series must, as we may in- 
fer from the preceding investigation, converge and give a definite 
value for the function. But if exactly the critical value is assigned 
to the independent variable, the series cannot converge to any 
definite value. The consideration of the limiting values shown in 
the comparison (11), does away with all difficulty in understand- 
ing how the series (12) gives definite values having a finite differ- 
ence, for two particular values of the independent variable on the 
two sides of a critical value, but differing infinitely little om 
one another. 


If the differential co-efficient oe is finite for every value of 
È within the period, it too is arithmetically expressible by a series 


of harmonic terms, which cannot be other than the series ob- 
tained by differentiating the series for $(£). Hence 


wo. so i Pysin( =" e), (17) 


and this series is convergent ; and we may therefore conclude that 
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of Fourier’s 
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the series for (£) is more convergent than a harmonic series 
with 1, 4, 4, 4, ete, 

d*$(£) 
If dë 
period, we may differentiate both members of (17) and still have 
an equation arithmetically true; and so on. We conclude that 
if the n differential co-efficient of ¢(£) has no infinite values, 
the harmonic series for $(£) must converge more rapidly than a 
harmonic series with 


for its co-efficicnts. has no infinite values within the 


for its co-efficients. 


78. We now pass to the consideration of the displacement 
of a rigid body or group of points whose relative positions are 
unalterable. The simplest case we can consider is that of the 
motion of a plane figure in its own plane, and this, as far as 
kinematics is concerned, is entirely summed up in the result 
of the next section. 

79. If a plane figure be displaced in any way in its own 
plane, there is always (with an exception treated in § 81) one 
point of it common to any two positions; that is, it may be 
moved from any one position to any other by rotation in its 
own plane about one point held fixed. 

To prove this, let A, B be any two points of the plane figure 
in its first position, A’, B’ the positions of the same two after 

B’ a displacement. The lines 4A’, BB’ will 
/\ not be parallel, except in one case to be 
presently considered. Hence the line 
equidistant from A and A’ will meet that 
equidistant from B and B’ in some point 
0. Join OA, OB, OA’, OB’. Then, evi- 
dently, because OA’ = OA, OB’ = OB, 
A B and A’B’= AB, the triangles O.A’B’ and 
OAB are equal and similar. Hence O is similarly situated 
with regard to A’B’ and AB, and is therefore one and the same 
point of the plane figure in its two positions. If, for the sake 
of illustration, we actually trace the triangle OAB upon the 
plane, it becomes 0A’B’ in the second position of the figure. 

80. If from the equal angles A‘OB’, AOB of these similar 
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triangles we take the common part A’OB, we have the remain- 
ing angles AOA’, BOB’ equal, and each of them is clearly 
equal to the angle through which the figure must have turned 
round the point O to bring it from the first to the second 
position. 

The preceding simple construction therefore enables us not 
only to demonstrate the general proposition, § 79, but also to 
determine from the two positions of one line AB, A’B’ of 
the figure the common centre and the amount of the angle of 
rotation. 

81. The lines equidistant from A and A’, and from B and 
B’, are parallel if AB is parallel to A’B’; and therefore the 
construction fails, the point O being ; 
infinitely distant, and the theorem TE 
becomes nugatory. In this case the 
motion is in facta simple translation 
of the figure in its own plane without A B 
rotation—since, AB being parallel and equal to A'B’, we have 
AA’ parallel and equal to BB’; and instead of there being 
one point of the figure common to both positions, the lines 
joining the successive positions of every point in the figure are 
equal and parallel. 

82. It is not necessary to suppose the figure to be a mere 
flat disc or plane-—for the preceding statements apply to any 
one of a set of parallel planes in a rigid body, moving in any 
way subject to the condition that the points of any one plane 
in it remain always in a fixed plane in space. 

83. There is yet a case in which the construction in § 79 
is nugatory—that is when AA’ is parallel to BB’, but AB in- 
tersects A'B. In this case, however, 


it is easy to see at once that this y B 
point of intersection is the point O 

required, although the former method A O 

would not have enabled us to find 2 
it. 


84. Very many interesting applications of this principle 
may be made, of which, however, few belong strictly to our 
subject, and we shall therefore give only an example or two. 
Thus we know that if a line of given length AB move with 
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its extremities always in two fixed lines OA, OB, any point in 

it as P describes an ellipse. It is 

B required to find the direction of 

motion of P at any instant, t.e., to 

Q draw a tangent to the ellipse. BA 

will pass to its next position by 

rotating about the point Q; found 

by the method of § 79 by drawing 

perpendiculars to OA and OB at A 

O A and B. Hence P for the instant 

revolves about Q, and thus its direction of motion, or the tan- 

gent to the ellipse, is perpendicular to QP. Also AB in its 

motion always touches a curve (called in geometry its envelop); 

and the same principle enables us to find the point of the en- 

velop which hes in AB, for the motion of that point must 

evidently be ultimately (that is for a very small displacement) 

along AB, and the only point which so moves is the intersec- 

tion of AB, with the perpendicular to it from Q. Thus our con- 
struction would enable us to trace the envelop by points. 

85. Again, suppose AB to be the beam of a stationary 
engine having a reciprocating motion about A, and by a link BD 
A o turning a crank CD about C. 

Determine the relation be- 

tween the angular velocities of 

AB and CD in any position. 

D Evidently the instantaneous 

C direction of motion of B is 

transverse to AB, and of D transverse to CD—hence if AB, 

CD produced meet in O, the motion of BD is for an instant 

as if it turned about O. From this it may easily be seen that 
AB OD 

OB CD 

A similar process is of course applicable to any combination 

of machinery, and we shall find it very convenient when we 

come to consider various dynamical problems connected with 

virtual velocities. 

86. Since in general any movement of a plane figure in its 
plane may be considered as a rotation about one point, it is 
evident that two such rotations may in general be compounded 


if the angular velocity of AB be æ, that of CD is 
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into one; and therefore, of course, the same may be done with compost- 
any number of rotations. Thus let A and B be the points of tions about 
the figure about which in succession the rotations are to take P= aes 
place. By rotation about A, B is brought say to B’, and by a 

rotation about B’, A is brought to A’. The construction of 

§ 79 gives us at once the point O and the amount of rotation 

about it which singly gives the same effect as those about A 

and B in succession. But there is one case of exception, viz., 

when the rotations about A and Bare 4 B 

of equal amount and in opposite direc- 

tions. In this case A’B’ is evidently 

parallel to AB, and therefore the com- 

pound result is a translation only. 4 B’ 

That is, if a body revolve in succession through equal angles, 

but in opposite directions about two parallel axes, it finally 

takes a position to which it could have been brought by a 

simple translation perpendicular to the lines of the body in its 

initial or final position, which were successively made axes of 
rotation ; and inclined to their plane at an angle equal to half 

the supplement of the common angle of rotation. 

87. Hence to compound into an equivalent rotation a rota- Composition 
tion and a translation, the latter being effected parallel to the and anita: 
plane of the former, we may decompose the translation into ene 
two rotations of equal amount and opposite direction, compound 
one of them with the given rotation by § 86, and then com- 
pound the other with the resultant rotation by the same process. 

Or we may adopt the following 


far simpler method. Let OA be p A C 
the translation common to all } 
points in the plane, and let BOC ç; O 

be the angle of rotation about B 


O, BO being drawn so that OA bisects the exterior angle 
COB’. Evidently there is a point B’ in BO produced, such 
that B’C’, the space through which the rotation carries it, is 
equal and opposite to OA. This point retains its former posi- 
tion after the performance of the compound operation ; so that 
a rotation and a translation in one plane can be compounded 
into an equal rotation about a different axis. 
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Combonttion In general if the origin be taken as the point about which 
otations 1 i Ei 

and transla- rotation takes place in the plane of xy, and if it be through an 
ue angle 0, a point whose co-ordinates were originally x, y, will have 


them changed to 
=x cosh — y sin 0, n= x sin O+y cos 8, 
or, if the rotation be very small, 
=x — y9, =y + rð. 


Omissionof 88, In considering the composition of angular velocities 


the seeond 


and higher about different axes, and other similar cases, we may deal 

mnal) quan- with infinitely small displacements only; and it results at 
once from the principles of the differential calculus, that if 
these displacements be of the first order of small quantities, 
any point whose displacement is of the second order of small 
quantities is to be considered as rigorously at rest. Hence, 
for instance, if a body revolve through an angle of the first 
order of small quantities about an axis belonging to the body 
which during the revolution is displaced through an angle or 
space, also of the first order, the displacement of any point of 
the body is rigorously what it would have been had the axis 
been fixed during the rotation about it, and its own displace- 
ment made either before or after this rotation. Hence in any 
case of motion of a rigid system the angular velocities about 
a system of axes moving with the system are the same at any 
instant as those about a system fixed in space, provided only 
that the latter coincide at the instant in question with the 
moveable ones. 

Superpoul- 89. From similar considerations follows also the general 

ee, principle of Superposition of small motions. It asserts that if 
several causes act simultaneously on the same particle or rigid 
body, and if the effect produced by each is of the first order of 
small quantities, the joint effect will be obtained if we consider 
the causes to act successively, each taking the point or system in 
the position in which the preceding one left it. It is evident 
at once that this is an immediate deduction from the fact that 
the second order of small quantities may be with rigorous 
accuracy neglected. This principle is of very great use, as 
we shall find in the sequel; its applications are of constant 
occurrence. 
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A plane figure has given angular velocities about given axes 
perpendicular to its plane, find the resultant. 

Let there be an angular velocity w about an axis at the 
point a, b. 

The consequent motion of the point x,y in the time & is, as 
as we have just seen (§ 87), 


— (y — 5)wdt parallel to x, and (x — a)wdt parallel to y. 


Hence, by the superposition of small motions, the whole motion 

parallel to x is 

| — (y2u — Zbw) de, 

and that parallel to y 
(x2w — Zaw)ée. 

Hence the point whose co-ordinates are 
Zaw 


c= So and y= 


2bw 
Zw 
is at rest, and the resultant axis passes through it. Any other 
point £, moves through spaces 

— (Zo — Lhw) St, (EZw — Zaw)êt. 
But if the whole had turned about x, y with velocity Q, we should 
have had for the displacements of §, 7 

— (q — 9) 081, (E — 2) 08. 

Comparing, we find 2= Zw. 

Hence if the sum of the angular velocities be zero, there is no 
rotation, and indeed the above formule show that there is then 
merely translation 

Z(bw)ôt parallel to x, and — 2(aw)dt parallel to y. 
These formulz suffice for the consideration of any problem on 
the subject. 


90, Any motion whatever of a plane figure in its own plane 
might be produced by the rolling of a curve fixed to the figure 
upon a curve fixed in the plane. 

For we may consider tlie whole motion as made up of suc- 
cessive elementary displacements, each of which corresponds, as 
we have seen, to an elementary rotation about some point in 
the plane. Let O,, O} O; ete., be the successive points of the 
figure about which the rotations take place, 0, 0,,0,, etc., the 
positions of these points on the plane when each is the instan- 
taneous centre of rotation. Then the figure rotates about O, 
(or o, which coincides with it) till O, coincides with o, then 
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about the latter till O, coincides with 0,, and so on. Hence, if 
we join O,, O, O;, etc., in the plane of the figure, and 9, 03, 03, 
etc., in the fixed plane, the motion will be the same as if the 
polygon 0,0,0, etc., rolled upon the fixed polygon 01030, etc. 
By supposing the successive displacements small enough, the 
sides of these polygons gradually diminish, and the polygons 
finally hecome continuous curves. Hence the theorem. 

From this it immediately follows, that any displacement of a 
rigid solid, which is in directions wholly perpendicular to a 
fixed line, may be produced by the rolling of a cylinder fixed 
in the solid on another cylinder fixed in space, the axes of the 
cylinders being parallel to the fixed line. 

91. As an interesting example of this theorem, let us recur 
to the case of § 84 :—A circle may evidently be circumscribed 
about OBQA ; and it must be of invariable magnitude, since 
in it a chord of given length AB subtends a given angle O 
at the circumference. Also OQ is a diameter of this circle, 
and is therefore constant. Hence, as Q is momentarily at rest, 
the motion of the circle circumscribing OBQA is one of internal 
rolling on a circle of double its diameter. Hence if a circle roll 
internally on another of twice its diameter, any point in its cir- 
cumference describes a diameter of the fixed circle, any other 
point in its plane an ellipse. This is precisely the same pro- 
position as that of § 70, although the ways of arriving at it are 
very different. As it presents us with a particular case of 
the Hypocycloid, it warns us to return to the consideration 
of these and kindred curves which give good instances of kine- 
matical theorems, but which besides are of great use in physics 
generally. 

92. When a circle rolls upon a straight line, a point in its 
circumference describes a Cycloid, an internal point describes a 
Prolate, an external one a Curtate, Cycloid. The two latter 
varieties are sometimes called Trochoids. 

The general form of these curves will be seen in the annexed 
figures ; and in what follows we shall confine our remarks to 
the cycloid itself, as of immensely greater consequence than 
the others. The next section contains a simple investigation 
of those properties of the cycloid which are most useful in our 
subject. 
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93. Let AB be a diameter of the generating (or rolling) e 
circle, BC the line on which it rolls. The points A and B 
describe similar and equal cycloids, p P C 
of which AQC and BS are por- 
tions. If PQR be any subsequent 
position of the generating circle, 


Q and S the new positions of A 


and B, QPS is of course a right 
angle. If, therefore, QR be drawn 
parallel to PS, PR is a diameter 
of the rolling circle. Produce QR 
to T, making RT = QR = PS. 
Evidently the curve AT, which is the locus of T, is similar and 
equal to BS, and is therefore a cycloid similar and equal to 
AC. But QR is perpendicular to PQ, and is therefore the in- 
stantancous direction of motion of Q, or is the tangent to the 
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Properties of cycloid AQC. Similarly, PS is perpendicular to the cycloid 


the cycluid. 


FEpicycloids. 

lypo- 
eveloids, 
ete. 


BS at S, and so is therefore TQ to AT at T. Hence (§ 19) 
AQC is the evolute of AT, and are AQ= QT= 2 QR. 

94, When the circle rolls upon another circle, the curve 
described by a point in its circumference is called an Epicycloid, 
or a Hypocyloid, as the rolling circle is without or within the 
fixed circle; and when the tracing point is not in the circum- 
ference, we have Epitrochoids and Hypotrochoids. Of the 
latter we have already met with examples, § 70, 91, and others 

p will be presently mentioned. Of the 

\ former, we have in the first of the ap- 
pended figures the case of a circle roll- 
ing externally on another of equal size. 

The curve in this case is called the Cardioid 

(§ 49). 

In the second, a circle rolls ex- 
ternally on another of twice its 
radius. The epicycloid so de- 
scribed is of importance in optics, 
and will, with others, be referred 
to when we consider the subject of 
Caustics by reflexion. 


In the third, we have a hypo- 
P N cycloid traced by the rolling of one 
circle internally on another of four 

times its radius. 

The curve figured in § 72 is an 
epitrochoid described by a point in 
the plane of a large circular disc 
which rolls upon a circular cylinder 
of small diameter, so that the point 
passes through the axis of the 
cylinder. 

That of § 74 is a hypotrochoid described by a point in the 
plane of a circle which rolls internally on another of rather 
more than twice its diameter, the tracing point passing through 
the centre of the fixed circle. Had the diameters of the circles 
been exactly as 1 : 2, § 73 or § 91 shows us that this curve would 
have been reduced to a single straight line. 
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The general equations of this class of curves are Epicycloids, 
a+b ae ails 
x= (a+b) cos 0 — eb cos +9: A STA 


y=(a+b) sin 0 — eb sin? +6, 


where a is the radius of the fixed, 5 of the rolling circle; and eb 
is the distance of the tracing point from the centre of the latter. 


95. If a rigid solid body move in any way whatever, sub- Motionabont 
ject only to the condition that one of its points remains fixed, epee 
there is always (without exception) one line of it through this 
point common to the body in any two positions, 

Consider a spherical surface within the body, with its 
centre at the fixed point C. All points of this sphere attached 
to the body will move on a sphere fixed in space. Hence the 
construction of § 79 may be made, only with great circles 
instead of straight lines ; and the same reasoning will apply to 
prove that the point O thus obtained is common to the body 
in its two positions. Hence every point of the body in the 
line OC, joining O with the fixed point, must be common to it 
in the two positions. Hence the body may pass from any one 
position to any other by a definite amount of rotation about a 
definite axis. And hence, also, successive or simultaneous rota- Composition 
tions about any number of axes through the fixed point may be © mtos 
compounded into one such rotation. 


Let OA, OB, be two axes about whieh a body moves with Composition 
angular eelucitice w, W;. een 

Let the unit sphere be described with 
centre O, and cut these in A, B. Con- A 
sider any other point P on the sphere. 

Then we may (§ 89) treat the displace- 
ments of P during an infinitely small 
interval 6¢ as successive. 

The displacements of P are in the L? 
tangent plane at P, and so is therefore their resultant. They are 
respectively perpendicular at P to the arcs AP, BP, their magni- 
tudes are w sin APôt and w, sin BPôt, and their directions ae 


an angle = APB. 

Take œ point J in AB, such that wsin AI=w, sin BI. This 
point is at rest since its displacements are equal and opposite. 
Also, if Q be the angular velocity about OZ, the displacements 

E 
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Seay of B must be equal, whether rotation take place about OJ or OA. 
l Hence 2 sin IB = w sin AB. 
As a verification, let us consider the motion of P. Join PI. 
Then sin API _sin PAI sin AI sin BP 0 
sin BPI sin PBI sinBI snAP w 
which is the ratio of the displacements of P. Hence evidently 
the whole displacement of P is perpendicular to PJ, and is due 
to a single rotation about OZ. 


Its magnitude is wsin AP. 


sin IPL 
. sin APB sin PBI wsn AÁB . 
Teen a a a 
This is the result which would be given by a rotation during ôt 
about OZ, the angular velocity being 
sinB sin AB 
sin ZB T“ sin TA ? 8S before. 
Parallelo- The above formulæ show that if lengths proportional to the 
a respective angular velocities about them be measured off on 
velocities the component and resultant axes, the lines so determined will 
be the sides and diagonal of a parallelogram. 
The following method of treating the subject is useful in 
connexion with the ordinary methods of co-ordinate geometry. 
It contains also, as will be seen, an independent demonstration 
of the parallelogram of angular velocities :— 


Angular velocities w,, w, w, about the axes of x, y, and z re- 
spectively, produce in time êt displacements of the point at x, y. z 
(§§ 87, 89), 

(wz — ws) dt || £x, (wx — w,2)ôt || y, (wy — w:x)ôt || z. 

Hence points for which 


— 
—_— =. -— 


voy 2 
w, Ws Ws 
are not displaced. These are therefore the equations of the axis. 
Now the perpendicular from a point x, y,z to this line is, by 
co-ordinate geometry, 
wro ytu) 4 
tt a 


1 yee ae tt, Ra ee ee a 
N (wz — wy)? + (Wye — w,2)?+(0,y — wr)? 


~ ay? -+0,?-+ 0,2 
_ whole displacement of x, y, z 
Mea byt +0488 
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The actual displacement of x, y, z is therefore the same as would Motionabout 
have been produced in time êt by a single angular velocity, pr sees 
Q = Vu, + w, + 0,7, about the axis determined by the above 
equations. 

Thus simultaneous rotations about any number of axes meeting 
in a point may be easily compounded. Let w be the angular 
velocity about one of them whose direction-cosines are l, m,n; 
Q, A, p, v those of the resultant. 

AQN=Z(lw), pN=Z(mw), vVI=Z(nw) 

and 02 =È? (lw) + 2*(mw) + 27(nw), 
whence the values of A, p, v follow. 


96. Hence the single angular velocity equivalent to three Composition 


of angular 


co-existent angular velocities about three mutually perpen- velocitics 


about axes 


dicular axes, is determined in magnitude, and the direction of meeting in 
its axis is found, as follows :—The square of the resultant cai 
angular velocity is the sum of the squares of its components, 

and the ratios of the three components to the resultant are the 
direction-cosines of the axis. 

Hence also, an angular velocity about any line may be re- 
solved into three about any set of rectangular lines, the resolu- 
tion in each case being (like that of simple velocities) effected 
by multiplying by the cosine of the angle between the directions. 

Also, a rotation may be represented by a line in the direction of 
its axis, whose length is proportional to the angular velocity about 
it, and such axes are to be compounded as linear velocities are. 

Hence, just as in § 31 a uniform acceleration, acting per- 
pendicularly to the direction of motion of a point, produces a 
change in the direction of motion, but does not influence the 
velocity ; so, if a body be rotating about an axis, and be sub- 
jected to an action tending to produce rotation about a per- 
pendicular axis, the result will be a change of direction of the 
axis about which the body revolves, but no change in the 
angular velocity. 

97. We give next a few useful theorems relating to the Composition 
composition of successive finite rotations. finite rota- 

: e . tions. 

If a pyramid or cone of. any form roll on a similar pyramid 
(the image in a plane mirror of the first position of the first) all 
round, it clearly comes back to its primitive position. This (as 
all rolling of cones) is exhibited best by taking the intersection 
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Composition of each with a spherical surface. Thus we sec that if a spheri- 
finite ruta- cal polygon turns about its angular points in succession, always 
l keeping on the spherical surface, and if the angle through which 
it turns about each point is twice the supplement of the angle 
of the polygon, or, which will come to the same thing, if it be 
in the other direction, but equal to twice the angle itself of the 

polygon, it will be brought to its original position, 

The polar theorem (see § 134, below) to the above is, that a 
body, after successive rotations, represented by the doubles of 
the successive sides of a spherical polygon taken in order, is 
restored to its original position. 

98. Another theorem is the following :— 

If a pyramid rolls over all its sides on a plane, it leaves its 
track behind it as one plane angle, equal to the sum of the 
plane angles at its vertex. 

Otherwise, in a spherical surface, a spherical polygon having 
rolled over all its sides along a great circle, is found in the 
same position as if the side first lying along that circle had 
been simply shifted along it through an arc equal to the poly- 
gon’s periphery. The polar theorem is, if a body be made to 
take successive rotations, represented by the sides of a spherical 
polygon taken in order; it will finally remain as if it had re- 
volved about the axis through the first angular point of the 
polygon through an angle equal to the spherical excess (§ 134) 
or area of the polygon. 

Berar 99. The investigation of § 90 also applies to this case; and it 
Rolling is thus easy to show that the most general motion of a spherical 
figure on a fixed spherical surface is obtained by the rolling of 
a curve fixed in the figure on a curve fixed on the sphere. 
Hence as at each instant the line joining C and O contains a 
set of points of the body which are momentarily at rest, the 
most general motion of a rigid body of which one point is fixed 
consists in the rolling of a cone fixed in the body upon a cone 
fixed in space—the vertices of both being at the fixed point. 
Poe 100. To complete our kinematical investigation of the motion 
to given rota- of a body of which one point is fixed, we require a solution of 
the following problem :—From the given angular velocities of 
the body about three rectangular axes attached to it, to de- 
termine the position of the body in space after a given time. 
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Refer the body to axes OX, OY, OZ passing through the Motionabout 


a fixed point. 
fixed point O, and such as, at a given epoch, coincided with Position due 


the axes OA, OB, OC, which move with the body. From tions. o 
the given angular velocities about OA, OB, OC, we know, § 95, 

the position of the instantaneous axis OJ with reference to 
the body at every instant. Hence we know the conical surface 

in the body which rolls on the cone fixed in space. The 
data are sufficient also for the determination of this other 
cone; and these cones being known, and the portions of them 
which are in contact at any given instant, the motion is com- 
pletely determined. 


If A, p, v be the direction-cosines of OJ referred to OA, OB, 
OC, ,, w, w the angular velocities, and « their resultant, 

XN p 1 

o a, at Sh 

by § 95. These two equations in general contain ¢, by the elimi- 

nation of which we get the equation of the cone fixed in the body. 

For the cone fixed in space: if o be the radius of curvature of 

its trace on the unit sphere, p that of the rolling trace, we sec, by 

§ 95, or by § 105 below, that if s be the length of the are of either 


trace from a common initial point, 


A a 
podt sin (siñ 'p+sin 'c) 
5 


~ pV¥1—ot+oaV1—p? 
which, as s, p and s are known in terms of t, gives o in terms of t, 
or of s, as we please—that is, the equation to the trace of the 
fixed cone. 
A less symmetrical method is, however, often more con- 
venient in applications to particular problems. If, for instance, 
the position of the body be determined at any instant by the 


angle XZC, by the supplement of ZCA, and by the arc ZC, 
all on the unit sphere, the equations which connect the rate of 
change of these quantities with the angular velocities about 
the three axes are very easily obtained by the help of principles 
already explained. 

To understand the meaning of these angular co-ordinates, 
suppose A, B, C initially to coincide with X, Y, Z respectively. 
Then let the body rotate about OZ through the angle XZC. 
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Motionabout Next let it rotate about the new position of OB through an 


a fixed point 


General 
motion ofa 
rigid body. 


angle equal to the are ZC. And lastly, let it rotate about the 
new position of OC through an angle equal to the supplement 
of ZCA. It will be in the position specified by these three 
angles. 
= = 
Let X7ZC=y, ZCVA=7— $, and ZC=8, we have, by consider- 
ing in succession the instantaneous motions of C along and per- 
pendicular to ZC, and the motion of AZ in its own plane, 


0 : ad : 
=w, sin $+, cos , sin 0 “ea =w; sin $— w, cos $, 


dt 
and A cos SO+~ Oo = 

101. We shall next oa the most general possible motion 
of a rigid body of which no point is fixed—and first we must 
prove ‘the following theorem. There is one set of parallel 
planes in a rigid body which are parallel to each other in any 
two positions of the body. The parallel lines of the body per- 
pendicular to these planes are of course parallel to each other 
in the two positions. 

Let C and C” be any point of the body in its first and second 
positions, Move the body without rotation from its second 
position to a third in which the point at C” in the second posi- 
tion shall occupy its original position C. The preceding de- 
monstration shows that there is a line CO common to the body 
in its first and third positions. Hence a line C’O’ of the body 
in its second position is parallel to the same line CO in the first 
position. This of course clearly applies to every line of the 
body parallel to CO, and the planes perpendicular to these lines 
also remain parallel. 

102. Let S denote a plane of the body, the two positions of 
which are parallel. Move the body from its first position, 
without rotation, in a direction perpendicular to S, till S comes 
into the plane of its second position. Then to get the body 
into its actual position, such a motion as is treated in § 79 is 
farther required. But by § 79 this may be effected by rota- 
tion about a certain axis perpendicular to the plane S, unless 
the motion required belongs to the exceptional case of pure 
translation. Hence [this case excepted] the body may be 
brought from the first position to the second by translation 
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through a determinate distance perpendicular to a given plane, General 
and rotation through a determinate angle about a determinate rigid body. 
axis perpendicular to that plane. This is precisely the motion 
of a screw in its nut. 

103. In the excepted case the whole motion consists of two 
translations, which can of course be compounded into a single 
one; and thus, in this case, there is no rotation at all, or every 
plane of it fulfils the specified condition for S of § 102. 

104, Returning to the motion of a rigid body with one point Precessional 
fixed, let us consider the case in which the guiding cones, § 99, 
are both circular. The motion in this case may be called Pre- 
cession Rotation. 

The plane through the instantaneous axis and the axis of the 
fixed cone passes through the axis of the rolling cone. This plane 
turns round the axis of the fixed cone with an angular velocity 
N (see § 105 below), which must clearly bear a constant ratio 
to the angular velocity w of the rigid body about its instan- 
taneous axis. 

105. The motion of the plane containing these axes is called 
the precession in any such case. What we have denoted by 2 
is the angular velocity of the precession, or, as it is sometimes 
called, the rate of precession. 

The angular motions œ, 2 are to one another inversely as 
the distances of a point in the axis of the rolling cone from the 
instantaneous axis and from the axis of the fixed cone. 

For, let OA be the axis of the fixed cone, OB that of the 
rolling cone, and OJ the instantaneous axis. From any point 
P in OB draw PN perpendicular to OJ, A 
. and PQ perpendicular to OA. Then we 
perceive that P moves always in the 
circle whose centre is Q, radius PQ, 
and plane perpendicular to OA. Hence &} 
the actual velocity of the point P is 
NQP. But, by the principles explained 
above, § 99, the velocity of P is the 9 
same as that of a point moving in a circle whose centre is 
N, plane perpendicular to ON, and radius NP which, as this 
radius revolves with angular velocity œw, is oVP. Hence 


NQP = wNP, or w: N :: QP: NP. 


Preceessional 
Rotation. 


I. Convex 
cone rolling 
on convex. 


II. Convex 
cone rolling 
inside con- 
cave. 


III. Gone ave 
cone rolling 
outside con- 
vex. 


Caser of pre- 


eessronal 
rotation. 


~I 
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Let a be the semivertical angle of the fixed, £ of the rolling, 
cone. Each of these may be supposed for simplicity to be 
acute, and their sum or difference less than a right angle— 
though, of course, the formulz so obtained are (like all trigono- 
metrical results) applicable to every possible case. We have 
the following three cases :— 


4 
B 
w sin B= sin (a+ f). 
O 

P I 
Let B be negative, and let B’=—8; 
then 8’ is positive, and we have 
—w sin 8B’ =2 sin (a — B’). 


r 


BA 
T In the preceding, let B’> a. 
It may then be conveniently 
Me written 
w sin B’ = Q sin (B’—a), 
a and 8’ being still positive. 


106. If, as illustrated by the first of these diagrams, the case 
is one of a convex cone rolling on a convex cone, the precessional 
motion, viewed on an hemispherical surface having A for its 
pole and O for its centre, is in a similar direction to that of the 
angular rotation about the instantaneous axis. This we shall 
call positive precessional rotation. It is the case of a common 
spinning-top (peery), spinning on a very fine point which re- 
mains at rest in a hollow or hole bored by itself; not sleeping 
upright, nor nodding, but sweeping its axis round in a cone 
whose axis is vertical. In Case m. we have likewise postd7cc 


KINEMATICS. ; -73 


precession. A good example of this occurs in the case of a Cases of pre- 
coin spinning on a table when its plane is nearly horizontal. rotation. 

107. Case IL, that of a convex cone rolling inside a concave 

one, gives an example of negative precession, as when viewed 
as before on the hemispherical surface the direction of angular 
rotation of the instantaneous axis is opposite to that of the 
rolling cone. This is the case of a symmetrical cup (or figure 
of revolution) supported on a point, and stable when balanced, 
i.c., having its centre of gravity below the pivot; when in- 
clined and set spinning non-nutationally. For instance, if a 
Troughton’s top be placed on its pivot in any inclined position, 
and then spun off with very great angular velocity about its 
axis of figure, the nutation will be insensible; but there will 
be slow precession. 

To this case also belongs the precessional motion of the earth’s B r 
axis; for which the angle a = 23° 27’ 28”, while 8 = 0”00867. noxcs. 
Or, if the second diagram represent a portion of the earth’s sur- 
face round the pole, the arc AJ = 8,552,000 feet, and therefore 
the circumference of the circle in which J moves = 52,240,000 
feet; and BI = 0-88 foot. The period of the rotation is the 
sidereal day ; that of 2 is 25,868 years. 

108. Very interesting examples of Cases L and UL are fur- Free rotation 


nished by projectiles of different forms rotating about any axis. kinctieally 


Thus the gyrations of an oval body or a rod or bar flung into sloutan > 
the air, belong to Class L (the body having one axis of less 
moment of inertia than the other two, equal); and the seem- 

ingly irregular evolutions of an ill-thrown quoit belong to Class 

IIL (the quoit having one axis of greater moment of inertia than 

the other two, equal). 

109. In various illustrations and arrangements of apparatus communica- 
useful in Natural Philosophy, as well as in mechanics, it is tar velocity, 
required to connect two bodies, so that when either turns about ene 
a certain axis, the other shall turn with an equal angular ee 
velocity about another axis in the same plane with the former, 
but inclined to it at any angle. This is accomplished in 
mechanism by means of equal and similar bevelled wheels, 
or rolling cones; when the mutual inclination of two axes is 
given. It is approximately accomplished by means of Hooke’s ee 
oe $ 7 oint. 
joint, when the two axes are nearly in the same linc, but are 


Flexible but 
untwistable 
cord. 


Universal 
flexure joint. 


Elastic uni- 
versal flexure 
joint. 


Moving body 
attached toa 
fixed object 
hy a univer- 
sal flexure 
joint. 
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required to be free to vary in their mutual inclination. A 
chain of an infinitely great number of Hooke’s joints may be 
imagined as constituting a perfectly flexible, untwistable cord, 
which, if its end-links are rigidly attached to the two bodies, 
connects them so as to fulfil the condition rigorously without 
the restriction that the two axes remain in one plane. If we 
imagine an infinitely short length of such a chain (still, how- 
ever, having an infinitely great number of links) to have its 
ends attached to two bodies, it will fulfil rigorously the con- 
dition stated, and at the same time keep a definite point of one 
body infinitely near a definite point of the other; that is to 
say, it will accomplish precisely for every angle of inclination 
what Hooke’s joint does approximately for small inclinations. 

The same is dynamically accomplished with perfect accuracy 
for every angle, by a short, naturally straight, elastic wire of truly 
circular section, provided the forces giving rise to any resistance 
to equality of angular velocity between the two bodies are in- 
finitely small In many practical cases this mode of connexion 
is useful, and permits very little deviation from the conditions of 
a true universal flexure joint. Itis used, for instance, in the sus- 
pension of the gyroscopic pendulum (§ 74) with perfect success. 

Of two bodies connected by a universal flexure joint, let one 
be held fixed. The motion of the other, as 
long as the angle of inclination of the axes 
remains constant, will be exactly that figured 
in Case L, § 105, above, when the angles a and 
8 are equal. The supplement of the angle 
AOB is the mutual inclination of the axes ; 
and the angle AOB itself is bisected by the 
instantaneous axis of the moving body. The 
annexed diagram shows a case of this motion, 
in which the mutual inclination, 0, of the axes is acute. Ac- 
cording to the formulz of Case 1., § 105, we have 


w sina = sim 2a, 


. 6 
or w = 22 cosa = 2N sn >» 


where is the angular velocity of the moving body about its 
instantaneous axis, OJ, and 2 is the angular velocity of its pre- 
cession ; that is to say, the angular velocity of the plane through 
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the fixed axis AA’, and the moving axis OB of the moving Two degrees 
body. move enjoy- ° 
Besides this motion, the moving body may clearly have any thus sus ` 
2 : pended. 
angular velocity whatever about an axis through O perpen- 
dicular to the plane AOB, which, compounded with w round 


OF, gives the resultant angular velocity and instantaneous axis. 


Two co-ordinates, 0 = A’OB, and ¢ measured in a plane per- 
pendicular to AO, from a fixed plane of reference to the plane 
AOB, clearly specify the position of the moveable body in this 
case. 


110. Suppose a rigid body bounded by any curved surface to General 


motion of 


be touched at any point by another such body. Any motion one rigid 
body touch- 
of one on the other must be of one or more of the forms ing another. 
sliding, rolling, or spinning. The consideration of the first is 
so simple as to require no comment. 
Any motion in which the point of contact has no velocity 
must be rolling or spinning separately, or combined. 
Let one of the bodies rotate about successive instantaneous 
axcs, all lying in the common tangent plane at the point of in- 
stantaneous contact, and each passing through this point—the 
other body being fixed. This motion is what we call rolling, 
or simple rolling, of the moveable body on the fixed. 
On the other hand, let the instantaneous axis of the mov- 
ing body be the common normal at the point of contact. 
This is pure spinning, and does not change the point of 
contact. 
Let it move, so that the instantaneous axis, still passing 
through the point of contact, is neither in, nor perpendicular 
to, the tangent plane. This motion is combined rolling and 
spinning. 
Let w be the angular velocity, a the inclination of the instan- 
taneous axis to the normal, then wsina and w cosa are the angu- 
lar velocities of the rolling and spinning respectively. 


111. When a body rolls and spins on another body, the traces of 
trace of either on the other is the curved or straight line along ~""™ 
which it has been successively touched. If the instantaneous 
axis is in a normal plane to the traces, the rolling is called Las 
direct. If not direct, the rolling may be resolved into a direct 


General 
motion of 
one rigid 
body touch- 
ing another. 


Curve rolling 


on curve, 
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rolling, and a rotation round the tangent line to the traces. 
Imagine the traces constructed of rigid matter, and all the rest 
of each body removed. We may repeat the former motion with 
these curves alone. The difference of the circumstances now 
supposed will only be experienced if we vary the direction of 
the instantaneous axis. In the former case, if we do this we 
introduce more or less of spinning, and we alter the trace on 
each body; in the latter, we have always the same moveable 
curve rolling on the same fixed curve; with, in addition, any 
arbitrary velocity of twisting round the common tangent. The 
consideration of this case is very instructive, with regard to the 
general problem. 

112. It may be roughly imitated in practice by two stiff 
wires bent into the forms of the given curves, and prevented 
from crossing each other by a short piece of elastic tube clasp- 
ing them together. 

First let them be both plane curves, and kept in one plane. 
We have then pure rolling, as of one cylinder on another. 


Let p be the radius of curvature of the rolling, o of the fixed, 
cylinder ; w the angular velocity of the former, V the linear velo- 
oO’ city of the point of contact. We have 


1 1 
w= a +). 
For, in the figure, suppose P to be at any time the 


point of contact, and Q and p the points which are 
to be in contact after an interval dt; O, O’ the 


centres of curvature ; POp= 6, PO'Q=¢. 

Then PQ = Pp=space described by point of 
contact. In symbols p6=c6= Vdt. 

Also, before O'Q and OP can coincide in direc- 
tion, the former must evidently turn through an 
angle 0+ ¢. 

O Therefore wdi=6+¢; and by eliminating 0 
and ¢, and dividing by dt, we get the above result. 

It is to be understood here, that as the radii of curvature have 
been considered positive here when both surfaces are convex, 
the negative sign must be introduced for either radius when the 
corresponding curve 18 concave. 


Hence the angular velocity of the rolling curve is in this 
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case equal to the product of the linear velocity of the point of Angmar 
contact by the sum or difference of the curvatures, according rollingin a 
as the curves are both convex, or one concave and the sther a 
convex. 

113. When the curves are both plane, but in different piane curves 
planes, the plane in which the rolling takes place divides the pine” 
angle between the plane of one of the curves, and that of the 
other produced: through the common tangent line, into parts 
whose sines are inversely as the curvatures in them respec- 
tively ; and the angular velocity is equal to the linear velocity 
of the point of contact multiplied by the difference of the pro- 


jections of the two curvatures on this plane. 


For, let PQ, Pp be equal arcs of the two curves as before, and 
let PR be taken in the common tangent (i.e., the intersection of 
the planes of the curves) equal to either. Then QR, pR are 


ultimately perpendicular to PR. 
si 4 
ena oo ae 
2p 
Also, QRp=a, the Pt, maha the planes of the curves. 
We have PR‘ 1 2 
Qp*= “(5 gee a). 


Therefore if w be the eu Ps rotation as before, 
ne eae LT, l $4 Fee 


Also the instantaneous axis is ae perpendicular, and there- 
fore the plane of rotation parallel, to Qp. Whence the above. 
In the case of a=7, this agrecs with the result of § 112. 


A good example of this is the case of a coin spinning on a 
table (mixed rolling and spinning motion), as its plane becomes 
gradually horizontal In this case the curvatures become more 
and more nearly equal, and the angle between the planes of the 
curves smaller and smaller. Thus the resultant angular velo- 
city becomes exceedingly small, and the motion of the point 
of contact very great compared with it. 

114. The preceding results are, of course, applicable to tor- 
tuous as well as to plane curves; it is merely requisite to 
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Curve rolling substitute the osculating plane of the former for the plane of 

two degrees the latter. 

of freedom. yr . . 

Carve rolling L15. We come next to the case of a curve rolling, with or 

three decrees Without spinning, on a surface, 

oftreedom. Jt may, of course, roll on any curve traced on the surface. 
When this curve is given, the moving curve may, while rolling 
along it, revolve arbitrarily round the tangent. But the com- 
ponent instantaneous axis perpendicular to the common tangent, 
that is, the axis of the direct rolling of one curve on the other, 
is determinate, § 113. If this axis does not lie in the surface, 
there is spinning. Hence, when the tiace on the surface is 
given, there are two independent variables in the motion ; the 
space traversed by the point of contact, and the angular velocity 
about the tangent line at that point. 

Trace pre- 116. If the trace is given, and it be prescribed as a condi- 

nop tion that there shall be no spinning, the angular position of the 
rolling curve round the tangent at the point of contact is deter- 
minate. For in this case the instantaneous axis must be in the 
tangent plane to the surface. Hence, if we resolve the rotation 
into components round the tangent line, and round an axis per- 
pendicular to it, the latter must be in the tangent plane. Thus 
the rolling, as of curve on curve, must be in a normal plane to 
the surface ; and therefore at starting the given curve must be 

Two degrees 80 applied to its trace on the surface that the projections of the 

~ two curves on the tangent plane may be of equal curvature. 
The curve, as it rolls on, must continually revolve about the 

tangent line to it at the point of contact with the surface, so as 


in every position to fulfil this condition. 


Let a denote the inclination of the plane of curvature of the 
trace to the normal to the surface at any point, a’ the same for 


the plane of the rolling curve; a ue their curvatures. We 
P P 


reckon a as obtuse, and a’ acute, when the two curves lie on 
opposite sides of the tangent plane. Then 

| re ee ee 

—sin a’ =— sina, 

p p 
which fixes a’ or the position of the rolling curve when the point 


of contact is given. 
Let w be the angular velocity of rolling about an axis perpen- 
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dicular to the tangent, æ that about the tangent, and let V be the Angular velo. 


1 city of direct 
linear velocity of the point of contact. Then, since — cosa’ and "S 
p 


—} cosa (each positive when the curves lie on opposite sides of 


the tangent plane) are the projections of the two curvatures on a 
plane through the normal to the surface containing their common 
tangent, we have, by § 112, 
1 SS | 

v= ia cos a, — a cos a), 
a’ being determined by the preceding equation. Let rand 7’ 
denote the tortuosities of the trace, and of the rolling curve, re- 
spectively. Then, first, if the curves were both plane, we see 
that one rolling on the other about an axis always perpendicular 
to their common tangent could never change the inclination of 
their planes. Hence, secondly, if they are both tortuous, such 
rolling will alter the inclination of their osculating planes by an 
indefinitely small amount (r— 7’) ds during rolling which shifts Angular velo- 
the point of contact over an arc ds. Nowa isa known fanction agen 
of s if the trace is given, and therefore so also isa’. But a—a’ 
is the inclination of the osculating planes, hence 

d(a—a’) 

ri ds 

117. Next, for one surface rolling and spinning on another. Surface on 
First, if the trace on each is given, we have the case of § 113°" 
or § 115, one curve rolling on another, with this farther con- 
dition, that the former must revolve round the tangent to the 
two curves so as to keep the tangent planes of the two surfaces 
coincident. 

It is well to observe that when the points in contact, and Both traces 
the two traces, are given, the position of the moveable surface one degree of 
is quite determinate, being found thus :—Place it in contact 
with the fixed surface, the given points together, and spin it 
about the common normal till the tangent lines to the traces 
coincide. 

Hence when both the traces are given the condition of no 
spinning cannot be imposed. During the rolling there must 
in general be spinning, such as to keep the tangents to the two 
traces coincident. The instantaneous axis of the rolling must 
also so change as to give not only the rolling along the trace, 


—(r—71')} =a. 


Surface on 
surface, both 
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degree of 
freedom. 


Twist. 
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but also the necessary revolving about the tangent line to bring 
the tangent planes always to coincide. 

In this case, then, there is but one independent variable— 
the space passed over by the point of contact, and when the 
velocity of the point of contact is given, the resultant angular 
velocity, and the direction of the instantaneous axis of the roll- 
ing body are determinate. We have thus a sufficiently clear 
view of the general character of the motion in question, but it is 
right that we consider it more closely, as it introduces us very 
naturally to an important question, the measurement of the 
twist of a rod, wire, or narrow plate, a quantity wholly distinct 
from the tortuosity of its axis (§ 7). 

118. Suppose all of each surface cut away except an infinitely 
narrow strip, including the trace of the rolling. Then we have 
the rolling of one of these strips upon the other, each having 
at every point a definite curvature, tortuosity, and twist. 

119. Suppose a flat bar of small section to have been bent 
(the requisite amount of stretching and contraction of its edges 
being admissible) so that its axis assumes the form of any plane — 
or tortuous curve. If it be unbent without twisting, ùe., if the 
curvature of each element of the bar be removed by bending 
it through the requisite angle in the osculating plane, and it be 
found untwisted when thus rendered straight, it had no twist in 
its original form. This case is, of course, included im the general 
theory of twist, which is the subject of the following sections. 

120. A bent or straight rod of circular, or any other form 
of section being given, a line through the centres, or any 
other chosen points of its sections, may be called its axis. Mark 
a line on its side all along its length, such that it shall be a 
straight line parallel to the axis when the rod is unbent and 
untwisted. A line drawn from any point of the axis perpen- 
dicular to this side line of reference, is called the transrerse of 
the rod at this point. 

The whole twist of any length of a straight rod is the angle 
between the transverses of its ends. The average twist is the 
integral twist divided by the length. The twist at any point 
is the average twist in an infinitely short length through this 
point; in other words, it is the rate of rotation of its transverse 
per unit of length along it. 
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The twist of a curved, plane, or tortuous rod at any point is Twist. 
the rate of component rotation of its transverse round its tangent 
line, per unit of length along it. 


If ¢ be the twist at any point, f/tds over any length is the in- 
tegral twist in this length. 


121. Integral twist in a curved rod, although readily de- 
fined, as above, in the language of the integral calculus, can- 
not be exhibited as the angle between any two lines readily 
constructible. The following considerations show how it is to 
be reckoned, and lead to a geometrical construction exhibiting 
it in a spherical diagram, for a rod bent and twisted in any 
manner :— 

122. If the axis of the rod forms a plane curve lying in one Estimation 
plane, the integral twist is clearly the difference between the ives 
inclinations of the transverses at its ends to its plane. For ma plane 
if it be simply unbent, without altering the twist in any part,” 
the inclination of each transverse to the plane in which its 
curvature lay will remain unchanged ; and as the axis of the 
rod now has become a straight line in this plane, the mutual 
inclination of the transverses at any two points of it has become 
equal to the difference of their inclinations to the plane. 

123. No simple application of this rule can be made to a 
tortuous curve, in consequence of the change of the plane of 
curvature from point to point along it; but, instead, we may 
proceed thus :— 

First, Let us suppose the plane of curvature of the axis of Ina curve 
the wire to remain constant through finite portions of the curve, Te nee a 
and to change abruptly by finite angles from one such portion dierent 
to the next (a supposition which involves no angu- p 
lar points, that is to say, no infinite curvature, in 
the curve) Let planes parallel to the planes of 
curvature of three successive portions, PQ, QR, RS 
(not shown in the diagram), cut a unit spherical sur- 
face in the great circles GAG’, ACA’, CE; and 
therefore, of course the radii of the sphere parallel 
to the tangents at the points Q and R of the curve 
where its curvature changes will cut its surface in : 
A and C, the intersections of these circles. Let G be the 

F 
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point in which the radius of the sphere parallel to the tangent 
at P cuts the surface; and let GH, AB, CD be parallels to the 
transverses of the bar drawn from the points P, Q, R of its 
axis. Then (§ 122) the twist from P to Q is equal to the dif- 
ference of the angles HGA and BAG’; and the twist from 
Q to R is equal to the difference between BAC and DCA’. 
Hence the whole twist from P to R is equal to 
HGA—BAG’ + BAC— DC4’, 

or, which is the same thing, 

A'CE+G'AC— (DCE — HGA). 
Continuing thus through any length of rod, made up of portions 
curved in different planes, we infer that the integral twist be- 
tween any two points of it is equal to the sum of the exterior 
angles in the spherical diagram, wanting the excess of the in- 
clination of the transverse at the second point to the plane of 
curvature at the second point above the inclination at the first 
point to the plane of curvature at the first point. The sum of 
those exterior angles is what is defined below as the “change 
of direction in the spherical surface” from one side of the 
polygon of great circles to the other ; and when the polvgon is 
closed, and the sum includes all its exterior angles, it is (§ 134) 
equal to 2r wanting the area enclosed. The construction we 
have made obviously holds in the limiting case, when the 
lengths of the plane portions are infinitely small, and is therefore 
applicable to a wire forming a tortuous curve with continuously 
varying plane of curvature, for which it gives the following 
conclusion :— 

Parallel to the tangent to the axis of the bar, at a point 
moving along it, let a radius of a unit sphere be drawn, cutting 
the spherical surface in a curve (being the hodograph of a point 
moving with constant velocity along the bar). From points of 
this curve draw parallels to the transverses of the correspond- 
ing points of the bar. The excess of the change of direction 
(§ 135) from any point to another of the hodograph, above the 
increase of its inclination to the transverse, is equal to the 
twist in the corresponding part of the bar. 

The annexed diagram, showing the hodograph and the 
parallels to the transverses, illustrates this rule. Thus, for 
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instance, the excess of the change of direction ini the spherical Estimation 
of integral 


surface along the hodograph from A to C, above DCS — BAT twist: ina 
is equal to the twist in the bar between the points of it to tortuous 
which A and C correspond. Or, ie 
again, if we consider a portion of 
the bar from any point of it, to 
another point at which the tangent 
to its axis is parallel to the tan- 
gent at its first point, we shall have 
a closed curve as the spherical hodograph ; and if A be the 
point of the hodograph corresponding to them, and AB and 
AB the parallels to the transverses, the whole twist in the 
meluded part of the bar will be equal to the change of direction 
all round the hodograph, wanting the excess of the exterior 
` angle BAT above the angle BAT; that is to say, the whole 
twist will be equal to the excess of the angle BAB’ above 
the area enclosed by the hodograph. 

The principles of twist thus developed are of vital import- 
ance in the theory of rope-making, especially the construction 
and the dynamics of wire ropes and submarine cables, elastic 
bars, and spiral springs. 

124. Returning to the motion of one surface rolling and Surface ron. 


spinning on another, the trace on each being given, we may fare; both ° 
consider that, of each, the curvature (§ 6), the tortuosity (§ 7), ; 
and the twist reckoned according to transverses in the tangent 
plane of the surface, are known; and the subject is fully spe- 


cified in (§ 117) above. 


Let = Sand — be the curvatures of the traces on the rolling 


and fixed surfaces respectively; a and a the inclinations of their. 
planes of curvature to the normal to the tangent plane, reckoned 
as in § 116; 7’ and 7 their tortuosities; ¢’ and ¢ their twists ; 
and V the velocity of the point of contact. All these being known, 
it is required to find :— 

w the angular velocity of rotation about the transverse of the 
traces; that is to say, the line in the tangent plane perpendicular 
to their tangent line, 

- æ the angular velocity of rotation about the tangent line, and 
T of spinning. 


?? 39 


Surface roll- 
ing on sur- 
face; both 
traces given. 


Surface roll- 
ing on sur- 
face without 
spinning. 


Examples of 
tortuosity 
and twist. 
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We have 
1 (od 
w = V (— cos a —— cosa) 
Ha—a’ 
E 
and o=V(} sinu —} sin a) 
P 


125. In the same case, suppose the trace on one only of 
the surfaces to be given. We may evidently impose the con- 
dition of no spinning, and then the trace on the other is deter- 
minate. This case of motion is thoroughly examined in § 137, 
below. 

The condition is that the projections of the curvatures of the 
two traces on the common tangent plane must coincide. 


1 1 : : 
If z and = be the curvatures of the rolling and stationary 


surfaces in a normal section of cach through the tangent line to 
the trace, and if a, a’, p, p’ have their late meanings, 
p'=r' cosa’, p=r cosa (Meunier’s Theorem, below). 


./ 


ee ee ee , 9 T 
But Pte E sina, hence tana’ = > tana, the condition re- 
quired. 


126. If a rod be bent along any curve on a spherical surface, 
so that a marked side line of reference on it les all along in 
contact with the spherical surface, it acquires no twist in the 
operation. For if it is laid so along any finite arc of a small 
circle it will clearly have no twist. And no twist is produced 
in continuing from any point along another small circle having 
a common tangent with the first at this point. 

If a rod be bent round a cylinder so that a line marked 
along one side of it may lie in contact with the cylinder, 
or if, what presents somewhat more readily the view now de- 
sired, we wind a straight ribband spirally on a cylinder, the 
axis of bending is parallel to that of the cylinder, and therefore 
oblique to the axis of the rod or ribband. We may therefore 
resolve the instantaneous rotation which constitutes the bending 
at any instant into two components, one round a line perpen- 
dicular to the axis of the bar, which is pure bending, and the 
other round the axis of the bar, which is pure twist. 
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The twist at any point in a rod or ribband, so wound on a cir- Examples of 
cular cylinder, and constituting a uniform helix, is and taiee 
cosa sina 
ean 
if r be the radius of the cylinder and a the inclination of the 
spiral, For if V be the velocity at which the bend proceeds 


along the previously straight wire or ribband, -a will be the 


angular velocity of the instantaneous rotation round the line of 
bending (parallel to the axis), and therefore 
V cosa winaand CSS cosa 
r 

are the angular velocities of twisting and of pure bending respec- 
tively. 

From the latter component we may infer that the curvature of 
the helix is 


a known result, which agrees with the expression used above 
(§ 13). 


127. The hodograph in this case is a small circle of 
the sphere. If the specified condition as to the mode of 
laying on of the rod on the cylinder is fulfilled, the trans- 
verses of the spiral rod will be parallel at points along it sepa- 
rated by one or more whole turns. Hence the integral twist 
in a single turn is equal to the excess of four right angles 
above the spherical area enclosed by the hodograph. If a be 
the inclination of the spiral, $r — a will be the arc-radius of 
the hodograph, and therefore its area is 247(1—sina). Hence 
the integral twist in a turn of the spiral is 27sina, which 
agrees with the result previously obtained (§ 126). 

128. As a preliminary to the further consideration of the curvature 
rolling of one surface on another, and as useful in various parts eee 
of our subject, we may now take up a few points connected 
with the curvature of surfaces. 

The tangent plane at any point of a surface may or may not 
cut it at that point. In the former case, the surface bends away 
from the tangent plane partly towards one side of it, and partly 
towards the other, and has thus, in some of its normal sections, 


Curvature 
of surtuce. 


Synclastic 
and anti- 
elastic sur- 
faces. 


Curvature 
of oblique 
sections. 


Principal 


curvatures. 


Sum of eur- 


vatures m 


normal see- 
tions at right 


angles to 
each other. 
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curvatures oppositely directed to those in others. In the latter 
case, the surface on every side of the point bends away from 
the same side of its tangent plane, and the curvatures of all 
normal sections are similarly directed. Thus we may divide 
curved surfaces into Anticlastic and Synclastic. A saddle gives 
a good example of the former class; a ball of the latter. Cur- 
vatures in opposite directions, with reference to the tangent 
plane, have of course different signs. The outer portion of an 
anchor-ring is synclastic, the inner anticlastie. 

129. Meunier’s Theorem.—The curvature of an oblique sec- 
tion of a surface is equal to that of the normal section through 
the same tangent line multiplied by the secant of the inclina- 
tion of the planes of the sections. This is evident from the 
most elementary considerations regarding projections. 

130. Euler's Theorem.—There are at every point of a syn- 
clastic surface two normal sections, in one of which the cur- 
vature is a Maximum, in the other a minimum; and these are 
at right angles to each other. 
= In an anticlastic surface there is maximum curvature (but 
in opposite directions) in the two normal sections whose planes 
bisect the angles between the lines in which the surface cuts 
its tangent plane. On account of the difference of sign, these 
may be considered as a maximum and a minimum. 

Generally the sum of the curvatures at a point, in any two 
normal planes at right angles to each other, is independent of 
the position of these planes. 


If the tangent plane be taken as that of x, y, and the origin 
at the point of contact, the equation to the surface is evidently 
(unless the origin be a singular point) 

z= Ax*+2Bry+Cy?+ ete. (1) 
The curvature of the normal section which passes through the 
point x, y, z is (in the limit) 
12 AHRC 
ratty? ety? 
If the section be inclined at an angle 0 to the plane of XZ, this 
becomes 


= 2{ A cos?04+2B sin cos8+C sin?6}. (2) 


x |= 
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| 1 
Hence, if > and =, be curvatures in normal sections at right sum of cur. 


vatures in 
normal sec- 
angles to each other, oneal 
1 1 angles tu 
= 2(A+C)=constant. each other. 


(2) may be written 
a= { A(1+-cos 20) +-2B sin 204+ C(1 — cos 26) } 
={A+C+A— Cos 2642B sin 20} 
or if A—C=Reos2a, 2B=R sin 2a, 


thatis R= /(A—C)?+42?, and tan 2a= 28 


A=—C’ 


we have 

1 See eee 
—=At C+/(A — C)?+4B? cos 2(0 — a). 
The maximum and minimum curvatures are therefore those in Principal 


normal planes at right angles to each other for which 0 = a and sections. 


@=a+ = , and are respectively 


A+C tN(4— CHD. 
Hence their product is 4 (4C — B?). 
If this be positive we have a synclastic, if negative an anticlastio, 
surface. If it be zero we have one curvature only, and the 
surface is cylindrical at the point considered. It is demonstrated 
(§ 152, below) that if this condition is fulfilled at every point, 
the surface is “developable ” (§ 139, below). 

By (1) a plane parallel to the tangent plane and very near it 
cuts the surface in an ellipse, hyperbola, or two parallel straight 
lines (a varicty of the parabola), in the three cases respectively. 
This section, whose nature informs us as to whether the curva- 
ture be synclastic, anticlastic, or cylindrical, at any point, was 
called by Dupin the Indicatriz. 

131. Let P, p be two points of a surface indefinitely near shortest tine 
to each other, and let r be the radius of curvature of a normal iat owe 
section passing through them. Then the radius of curvature males 
of an oblique section through the same points, inclined to the 
former at an angle a, is (§ 129) rcosa. Also the length 
along the normal section, from P to p, is less than that along 
the oblique section—since a given chord cuts off an arc from 
a circle, longer the less is the radius of that circle. 


Shortest line 
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Spherical 
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If a be the length of the chord Pp, we have 


Distance Pp along normal section =2r sin —=a(l +5 E), 


a? 


” ” oblique section=a(1+ >a, é 


132. Hence, if the shortest possible line be drawn from one 
point of a surface to another, its plane of curvature is every- 
where perpendicular to the surface. 

Such a curve is called a Geodetic line. And it 1s easy to see 
that it is the line in which a flexible and inextensible string 
would touch the surface if stretched between those points, the 
surface being supposed smooth. 

133. If an intinitely narrow ribband be laid on a surface 
along a geodetic line, its twist is equal to the tortuosity of its 
axis at each point. We have seen (§ 125) that when one 
body rolls on another without spinning, the projections of the 
trace on the common tangent plane ee in curvature at the 
point of contact. Hence, if one of the surfaces be a plane, and 
the trace on the other be a geodetic line, the trace on the 
plane is a straight line. Conversely, if the trace on the plane 
be a straight line, that on the surface is a geodetic line. 
` And, quite generally, if the given trace be a geodetic line, 
the other trace is also a geodetic line. 

134. The area of a spherical triangle is known to be pro- 
portional to the “ spherical excess,” t.e., the excess of the sum 
of its angles over two right angles, or the excess of four right 
angles over the sum of its exterior angles. The area of a 
spherical polygon whose sides are portions of great circles 
—1.e., geodetic lines—is to that of the hemisphere as the excess 
of four right angles over the sum of its exterior angles is to 
four right angles. (We may call this the “spherical excess” of 
the poly gon.) 


For the area of a spherical triangle is known to be 
(A+ B+4+C—-)r?. 
Divide the polygon into n such triangles, with a common 
vertex, the angles about which, of course, amount to 27. 
Area=(sum of interior angles of triangles — nz)r? 
= (2r-+sum of interior angles of polygon — nm)r* 
= (2r — sum of exterior angles of polygon)r*. 
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Given an open or closed spherical polygon, or line on the Reciprocal 

surface of a sphere composed of consecutive arcs of great circles. ee 
Take either pole of the first of these arcs, and the corresponding 
poles of all the others (all the poles to be on the right hand, or 
all on the left, of a traveller advancing along the given great 
circle arcs in order). Draw great circle arcs from the first of 
these poles to the second, the second to the third, and so on in 
order. Another closed or open polygon, constituting what is 
called the polar diagram to the given polygon, is thus obtained. 
The arcs of the second polygon are evidently equal to the 
exterior angles in the first; and the exterior angles of the 
second are equal to the sides of the first. Hence the relation 
between the two diagrams is reciprocal, or each is polar to the 
other. The polar figure to any continuous curve on a spherical 
surface is the locus of the ultimate intersections of great circles 
equatorial to points taken infinitely near each other along it. 

The area of a closed spherical figure is, consequently, ac- 
cording to what we have just seen, equal to the excess of 2m 
above the periphery of its polar. 

135. If a point move on a surface along a figure whose Integrat 
sides are geodetic lines, the sum of the exterior angles of this direct on in 
polygon is defined to be the integral change of the direction in eee 
the surface. 

In great circle sailing, unless a vessel sail on the equator, or 
on a meridian, her course, as indicated by points of the com- 
pass (true, not magnetic, for the latter change even on a meri- 
dian), perpetually changes. Yet just as we say her direction 
does not change if she sail in a meridian, or in the equator, so 
we ought to say her direction does not change if she moves in 
any great circle. Now, the great circle is the geodetic line on 
the sphere, and by extending these remarks to other curved 
surfaces, we see the connexion of the above definition with that 
in the case of a plane polygon (§ 10). 

Note—We cannot define integral change of direction here by change of 
any angle directly constructible from the first and last tangents ae 
to the path, as was done (§ 10) in the case of a plane curve or oe g 
polygon; but from §§ 125 and 133 we have the following 
statement :—The whole change of direction in a curved surface, 
from one end to another of any arc of a curve traced on it, is 
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equal to the change of direction from end to end of the trace of 
this arc on a plane by pure rolling. 

136. Def. The excess. of four right angles above the inte- 
gral change of direction from one side to the same side next 
time in going round a closed polygon of geodetic lines on a 
curved surface, is the integral curvature of the enclosed portion 
of surface. There is no such excess in the case of a polygon 
traced on a plane. We shall presently see that this corresponds 
exactly to what Gauss has called the curratura integra. 

Def. (Gauss.) The eurvatura integra of any given portion 
of a curved surface, is the area enclosed on a spherical surface 
of unit radius by a straight line drawn from its centre, parallel 
to a normal to the surface, the normal being carried round the 
boundary of the given portion. 

The curve thus traced on the sphere is aiid the Horograph 
of the given portion of curved surface. 

The average curvature of any portion of a curved surface is 
the integral curvature divided by the area. The specific curra- 
ture of a curved surface at any point is the average curvature 
of an infinitely small area of it round that point. 

137. The excess of 27 above the change of direction, in a sur- 
face, of a point moving round any closed curve on it, is equal 
to the area of the horograph of the enclosed portion of surface. 

Let a tangent plane roll without spinning on the surface over 
every point of the bounding line. (Its instantaneous axis will 
always lie in it, and pass through the point of contact, but will 
not, as we have secn, be at right angles to the given bounding 
curve, except when the twist of a narrow ribband of the sur- 
face along this curve is nothing.) Considering the auxiliary 
sphere of unit radius, used in Gauss's definition, and the moving 
line through its centre, we perceive that the motion of this line 
is, at cach instant, in a plane perpendicular to the instan- 
taneous axis of the tangent plane to the given surface. The 
direction of motion of the point which cuts out the area on 
the spherical surface, is therefore perpendicular to this in- 
stantaneous axis. Hence, if we roll a tangent plane on the 
spherical surface also, making it keep time with the other, the 
trace on this tangent plane will be a curve always perpendicular 
to the instantaneous axis of cach tangent plane. The change 
of direction, in the spherical surface, of the point moving round 
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and cutting out the area, being equal to the change of direction curratura ` 
in its own trace on its own tangent plane (§ 135), is therefore ai a aia 
equal to the change of direction of the instantaneous axis in the 

tangent plane to the given surface reckoned from a line fixed 
rclatively to this plane. But having rolled all round, and being 

in position to roll round again, the instantaneous axis of the fresh 

start must be inclined to the trace at the same angle as in the 
beginning. Hence the change of direction of the instantaneous 

axis in either tangent plane is equal to the change of direction, in 

the given surface, of a point going all round the boundary of the 

given portion of it; to which, therefore, the change of direction, in 

the spherical surface, of the point going all round the spherical area 

is equal. But, by the well-known theorem (§ 134) of the “ sphe- 

rical excess,” this change of direction subtracted from 27 leaves 

the spherical area. Hence the spherical area, defined according 

to Gauss as the curvatura integra, is equal to 2m wanting the 

change of direction in going round the boundary. 

It will be perceived that when the two rollings we have con- 
sidered are each complete, each tangent plane will have come 
back to be parallel to its original position, but any fixed line in 
it will have changed direction through an angle equal to the 
equal changes of direction just considered. 

Note.—The two rolling tangent planes are at each instant 
parallel to one another, and a fixed line relatively to one drawn 
at any time parallel to a fixed line relatively to the other, re- 
mains parallel to the last-mentioned line. 

If, instead of the closed curve, we have a closed polygon of geo- 
detic lines on the given surface, the trace of the rolling of its tangent 
plane will be an unclosed rectilineal polygon. If each geodetic 
were a plane curve (which could only be if the given surface were 
spherical), the instantaneous axis would be always perpendicular 
to the particular side of this polygon which is rolled on at the 
instant; and, of course, the spherical area on the auxiliary sphere 
would be a similar polygon to the given one. But the given sur- 
face being otber than spherical, there must be tortuosity in at least 
one geodetic of the closed polygon, and generally in all of them; 
or, which is the same thing, twist in the corresponding ribbands 
of the surface. Hence the portion of the whole trace on the second 
rolling tangent plane which corresponds to any one side of the 
given geodetic polygon, must in general be a curve; and as there 
will generally be finite angles in the second rolling corresponding 
to (but not equal to) those in the first, the trace of the second-on 
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its tangent plane will be an unclosed polygon of curves. The 
trace of the same rolling on the spherical surface in which it takes 
place will generally be a spherical polygon, not of great circle 
arcs, but of other curves. The sum of the exterior angles of this 
polygon, and of the changes of direction from one end to other 
of each of its sides, is the whole change of direction considered, 
and is, by the proper application of the theorem of § 134, equal 
to 27 wanting the spherical area enclosed. 

Or again, if, instead of a geodetic polygon as the given curve, 
we have a polygon of curves, each fulfilling the condition that 
the normal to the surface through any point of it is parallel to a 
fixed plane; one plane for the first curve, another for the 
second, and so on; then the figure on the auxiliary spherical 
surface will be a polygon of arcs of great circles; its trace on its 
tangent plane will be an unclosed rectilineal polygon; and the 
trace of the given curve on the tangent plane of the first rolling 
will be an unclosed polygon of curves. The sum of changes of 
direction in these curves, and of exterior angles in passing from 
one to another of them, is of course equal to the change of direction 
in the given surface, in going round the given polygon of curves 
on it. The change of direction in the other will be simply the 
sum of the exterior angles of the spherical polygon, or of its recti- 
lineal trace. Remark that in this case the instantaneous axis of 
the first rolling, being always perpendicular to that plane to which 
the normals are all parallel, remains parallel to one line, fixed 
with reference to the tangent plane, during rolling along each 
curved side, and also remains parallel to a fixed line in space. 

Lastly, remark that although the whole change of direction of 
the trace in one tangent plane is equal to that in the trace on 
the other, when the rolling is completed round the given circuit ; 
the changes of direction in the two are generally uncqual in any 
part of the circuit. They may be equal for particular parts 
of the circuit, viz., between those points, if any, at which the in- 
stantaneous axis is equally inclined to the direction of the trace 
on the first tangent plane. 


138. It appears from what precedes, that the same equality 


and surfaces OF identity subsists between “whole curvature” in a plane 


are and the excess of m above the angle between the terminal 
tangents, as between “ whole curvature” and excess of 27 above 
change of direction along the bounding line in the surface for 
any portion of a curved surface. 
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Or, according to Gauss, whereas the whole curvature in a Analogy bak 


plane arc is the angle between two lines parallel to the terminal «nd oe 
normals, the whole curvature of a portion of curve surface is curvature. 
the solid angle of a cone formed by drawing lines from a point | 
parallel to all normals through its boundary. 
change of direction 

length 
and specific curvature, or, as it is commonly called, curvature, 

change of direction in infinitely small length - 


at any point of it = Dn 7 Tae 


Again, average curvature in a plane curve is 


Thus average curvature and specific curvature are for surfaces 
analogous to the corresponding terms for a plane curve. 
Lastly, in a plane arc of uniform curvature, i.e., in a circular 
change of direction 1 mo 
(ee eee =-- And it is easily proved (as below) 
length = P 
that, in a surface throughout which the specific curvature is 
2m — change of direction | integral curvature 1 
——— or —=>——— ___-=~—, , where 
area area pp 


p and p' are the principal radii of curvature. Hence in a sur- 


uniform,- 


face, whether of uniform or non-uniform specific curvature, the 
: ee 1 
specific curvature at any point is equal to m In geometry of 


three dimensions, pp’ (an area) is clearly analogous to p in a 
curve and plane. 


Consider a portion S, of a surface of any curvature, bounded 
by a given closed curve. Let there be a spherical surface, radius 
r, and C its centre. Through C draw a radius to the spherical 
surface CQ, parallel to the normal at any point P of S. If this be 
done for every point of the boundary also, the points so obtained 
enclose the spherical area used in Gauss’s definition. Now let 
there be an infinitely small rectangle on S, at P, having for its 
sides arcs of angles ¢ and ¢', on the normal sections of greatest 
and least curvature, and let their radii of curvature be denoted 
by p and p’. The lengths of these sides will be p¢ and p’¢ re- 
spectively. Its arca will therefore be pp'¢¢. The correspond- 
ing figure at Q on the spherical surface will be bounded by ares 
of equal angles, and, therefore, of lengths r¢ and r¢ respectively, 
and its area will be ree. Hones if do denote this area, the area area of the 
pe de, borograph. 


of the infinitely small portion of the given surface will be 


Area of the 
horograph. 
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In a surface for which pp’ is constant, the area is there- 


fore = : ; - J J do = pp X integral curvature. 


139. A perfectly flexible but inextensible surface is sug- 
gested, although not realized, by paper, thin sheet metal, or 
cloth, when the surface is plane; and by sheaths of pods, seed 
vessels, or the like, when it 1s not capable of being stretched 
flat without tearing. The process of changing the form of a 
surface by bending is called “ developing.” But the term 
“ Developable Surface” is commonly restricted to such inexten- 
sible surfaces as can be developed into a plane, or, in common 
language, “smoothed flat.” 
~ 140. The geometry or kinematics of this subject is a great 
contrast to that of the flexible line (§ 14), and, in its merest 
elements, presents ideas not very easily apprehended, and 
subjects of investization that have exercised, and perhaps even 
overtasked, the powers of some of the greatest mathematicians. 

141. Some care is required to form a correct conception of 
what is a perfectly flexible inextensible surface. First let us 
consider a plane sheet of paper. It is very flexible, and we 
can easily form the conception from it of a sheet of ideal 
matter perfectly flexible. It is very imextensible; that is to 
say, it yields very little to any application of force tending to 
pull or stretch it in any direction, up to the strongest it can 
bear without tearing. It does, of course, stretch a little. It 
ig easy to test that it stretches when under the influence of 
force, and that it contracts again when the force is removed, 
although not always to its original dimensions, as it may and 
generally does remain to some sensible extent permanently 
stretched. Also, flexure stretches one side and condenses the 
other temporarily; and, to a less extent, permanently. Under 
elasticity we may return to this. In the meantime, in con- 
sidering illustrations of our kinematical propositions, it is 
necessary to anticipate such physical circumstances. 

142. Cloth woven in the simple, common way, very fine 
muslin for instance, illustrates a surface perfectly inextensible 
in two directions (those of the warp and the woof), but sus- 
ceptible of any amount of extension from 1 up to v2 along 
one diagonal, with contraction from 1 to 0 (each degree of 
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extension along one diagonal having a corresponding deter- Surface = 
minate decree of contraction along the other, the relation being in two direc- 
(+e?) = 2, where 1:¢ and 1:¢ are the ratios of elongation, À 
which will be contraction in the case in which e or e'is < 1) 

in the other. What precedes supposes that the weaving is 

square, in which case the diagonals remain at right angles 

to one another. Oblong weaving gives a less simple relation, 

though easily determinable. Cloth will hang very differently, 
according as its rectangles are square, or oblong to any degree 

of inequality. 

143. The flexure of a surface fulfilling any case of the 
geometrical condition just stated, presents an interesting sub- 
ject for investigation, which we are reluctantly obliged to 
forego. The moist paper drapery that Albert Durer used on 
his little lay figures must hang very differently from cloth. 
Perhaps the stittness of the drapery in his pictures may be to 
some extent owing to the fact that he used the moist paper in 
preference to cloth on account of its superior flexibility, while 
unaware of the great distinction between them as regards 
extensibility. Fine muslin, prepared with starch or gum, is, 
during the process of drying, kept moving by a machine, which, 
by producing a to-and-fro relative angular motion of warp and 
woof, stretches and contracts the diagonals of its structure alter- 
nately, and thus prevents the parallelograms from becoming 
stiffened into rectangles. 

144. The flexure of an inextensible surface which can be frexure of 
plane, is a subject which has been well worked by geometrical Hevoiopanie 
investigators and writers, and, in its elements at least, presents 
little difficulty. The first elementary conception to be formed 
is, that such a surface (if perfectly flexible), taken plane in 
the first place, may be bent about any straight line ruled on 
it, so that the two plane parts may make any angle with one 
another. 

Such a line is called a “ generating line” of the surface to be 
formed, 

Next, we may bend one of these plane parts about any other 
line which does not (within the limits of the sheet) intersect 
the former; and so on. If these lines are infinite in number, 
and the angles of bending infinitely small, but such that their 
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Flexure of sum may be finite, we have our plane surface bent into & 
developable. curved surface, which is of course “developable” (§ 139). 

145. Lift a square of paper, free from folds, creases, or 
ragged edges, gently by one corner, or otherwise, without 
crushing or forcing it, or very gently by two pomts. It will 
hang in a form which is very rigorously a developable surface ; 
for although it is not absolutely inextensible, yet the forces 
which tend to stretch or tear it, when it is treated as above 
described, are small enough to produce no sensible stretching. 
Indeed the greatest stretching it can experience without tear- 
ing, in any direction, is not such as can affect the form of the 
surface much when sharp flexures, singular points, etc., are 
kept clear of. 

146. Prisms and cylinders (when the lines of bending, § 144, 
are parallel, and finite in number with finite angles, or infinite 
in number with infinitely small angles), and pyramids and 
cones (the lines of bending meeting in a point if produced), are 
clearly included. 

147. If the generating lines, or line-edges of the angles of 
bending, are not parallel, they must meet, since they are in a 
plane when the surface is plane. If they do not meet all in one 
point, they must mect in several points: in general, let each 
one meet its predecessor and its successor in different points. 

148. There is still no difficulty in understanding the form of, 
say a square, or circle, of the plane surface when bent as explained 

above, provided it does not include any 
of these points of intersection. When the 
\ number is infinite, and the surface finitely 


A curved, the developable lines will in gene- 

UR ral be tangents to a curve (the locus of the 

points of intersection when the number is 

infinite). This curve is called the edge 

Edge of of regression. The surface must clearly, 
regression. 


when complete (according to mathematical 
ideas), consist of two sheets meeting in 
this edge of regression (just as a cone consists of two sheets 
meeting in the vertex), because each tangent may be produced 
beyond the point of contact, instead of stopping at it, as in 
the annexed diagram. 
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149. To construct a complete developable surface in two 
sheets from its edge of regression— 

Lay one piece of perfectly flat, unwrinkled, smooth-cut 
paper on the top of another. Trace any curve on the upper, 
and let it have no point of inflec- 


tion, but everywhere finite curva- 
ture. Cut the paper quite away 
on the concave side. If the curve 
traced is closed, it must be cut open 
(see second diagram). 


The limits to the extent that may 
be left uncut away, are the tangents drawn outwards from the 
two ends, so that, in short, no portion of the paper through 
which a real tangent does not pass is to be left. 

Attach the two sheets together by very slight paper or 
muslin clamps gummed to them along the common curved 
edge. These must be so slight as not to interfere 
sensibly with the flexure of the two sheets. Take 
hold of one corner of one sheet and lift the whole. 
The two will open out into the two sheets of a 
developable surface, of which the curve, bending 
into a curve of double curvature, is the edge of 
regression. The tangent to the curve drawn in 
one direction from the point of contact, will 
always lie in one of the sheets, and its continuation on the 
other side in the other sheet. Of course a double-sheeted 
developable polyhedron can be constructed by this process, by 
starting from a polygon instead of a curve. 

150. A flexible but perfectly inextensible surface, altered 
in form in any way possible for it, must keep any line traced 
on it unchanged in length; and hence any two intersecting 
lines unchanged in mutual inclination. Hence, also, geodetic 
lines must remain geodetic lines. Hence “the change of 
direction” in a surface, of a point going round any portion of 
it, must be the same, however this portion is bent. Hence 
(§ 136) the integral curvature remains the same in any and 
every portion however the surface is bent. Hence (§ 138, 
Guuss’s Theorem) the product of the principal. radii of curvature 
at each point remains unchanged. 

G 


Practical 
construction 
of a develop- 
able from its 
edge. 


General 


property of 


inextensible 
surface. 
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property of 
inextensible 
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151. The general statement of a converse proposition, ex- 
pressing the condition that two given areas of curved surfaces 
may be bent one to fit the other, involves essentially some 
mode of specifying corresponding points on the two. A full 
investigation of the circumstances would be out of place here. 

152. In one case, however, a statement in the simplest 
possible terms is applicable. Any two surfaces, in each of 
which the specific curvature is the same at all points, and 
equal to that of the other, may be bent one to fit the other. 
Thus any surface of uniform positive specific curvature (ze, 
wholly convex one side, and concave the other) may be bent 
to fit a sphere whose radius is a mean proportional between its 
principal radii of curvature at any point. A surface of uniform 
nevative, or anticlastic, curvature would fit an imaginary sphere, 
but the interpretation of this is not understood in the present 
condition of science. But practically, of any two surfaces of uni- 
form anticlastic curvature, either may be bent to fit the other. 

153. It is to be remarked, that geodetic trigonometry on 
any surface of uniform positive, or synclastic curvature, is 
identical with spherical trigonometry. 


If asa , b= 1 T eee » where s, £, u are the lengths 
PP Npp PP 

of three geodetic lines joining three points on the surface, and 
if A, B, C denote the angles between the tangents to the geodetic 
lines at these points ; we have six quantities which agree perfectly 
with the three sides and the three angles of a certain spherical 
triangle. A corresponding anticlastic trigonometry exists, although 
we are not aware that it has been worked out, for any surface of 
uniform anticlastic curvature. In a geodetic triangle on an anti- 
clastic surface, the sum of the three angles is of course less than 
three right angles, and the difference, or “anticlastic defect” 
(like the “spherical excess’), is equal to the area divided by 
pX—p’, when pand — p' are positive. 


154. We have now to consider the very important kinema- 
tical conditions presented by the changes of volume or figure 
experienced by a solid or liquid mass, or by a group of points 
whose positions with regard to each other are subject to known 
conditions. Any such definite alteration of form or dimensions 
is called a Strain. 
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Thus a rod which becomes longer or shorter is strained. Strain. 
Water, when compressed, is strained. A stone, beam, or mass 
of metal, in a building or in a piece of framework, if condensed 
or dilated in any direction, or bent, twisted, or distorted in any 
way, is said to experience a strain. A ship is said to “ strain” 
if, in launching, or when working in a heavy sea, the different 
parts of it experience relative motions. 

155. If, when the matter occupying any space is strained Pefnition 
in any way, all pairs of points of its substance which are initially sens 
at equal distances from one another in parallel lines remain equi- 
distant, it may be at an altered distance ; and in parallel lines, 
altered, it may be, from their initial direction; the strain is 
said to be homogeneous. 

156. Hence if any straight line be drawn through the body Properties 


of homo- 


in its initial state, the portion of the body cut by it will con- geneous 
tinue to be a straight line when the body is homogeneously = 
strained. For, if ABC be any such line, AB and BC, being 
parallel to one line in the initial, remain parallel to one line 

in the altered, state; and therefore remain in the same straight 

line with one another. Thus it follows that a plane remains 

a plane, a parallelogram a parallelogram, and a parallelepiped 

a parallelepiped. 

157. Hence, also, similar figures, whether constituted by 
actual portions of the substance, or mere geometrical surfaces, 
or straight or curved lines passing through or joining certain 
portions or points of the substance, similarly situated (2c, 
having corresponding parameters parallel) when altered ac- 
cording to the altered condition of the body, remain similar 
and similarly situated among one another. 

158. The lengths of parallel lines of the body remain in 
the same proportion to one another, and hence all are altered 
in the same proportion. Hence, and from § 156, we infer that 
any plane figure becomes altered to another plane figure which 
is a diminished or magnified orthographic projection of the first 
on some plane. For example, if an ellipse be altered into a circle, 
its principal axes become radii at right angles to one another. 

The elongation of the body along any line is the proportion 
which the addition to the distance between any two points in 
that line bears to their primitive distance. 
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Popara 159. Every orthogonal projection of an ellipse is an ellipse 
geneous (the case of a circle being included). Hence, and from § 158, 
we see that an ellipse remains an ellipse; and an ellipsoid re- 
mains a surface of which every. plane section is an ellipse ; 


that is, remains an ellipsoid. 


A plane curve remains (§ 156) a plane curve. A system of two 
or of three straight lines of reference (Cartesian) remains a recti- 
lineal system of lines of reference ; but, in general, a rectangular 
system becomes oblique. 

lar ae 

Let at 
be the equation of an ellipse referred to any rectilineal conjugate 
axes, in the substance, of the body in its initial state. Let a and 
B be the proportions in which lines respectively parallel to OX 
and OY are altered. Thus, if we call € and y the altered values 
of x and y, we have 

=ar, n=by. 
E GE E 

Hence laaji + ap =l, | 
which also is the equation of an ellipse, referred to oblique axes 
at, it may be, a different angle to one another from that of the 
given axes, in the initial condition of the body. 

x? 3 z3 

Or again, let E A a= 
be the equation of an ellipsoid referred to, three conjugate dia- 
metral planes, as oblique or rectangular planes of reference, in the 
initial condition of the body. Let a, B, y be the proportion 
in which lines parallel to OX, OY, OZ are altered; so that if 
£, n, ¢ be the altered values of x, y, z, we have 

=ar, n=ßy, (= yz. 
ae ere A 

aia (aay tB] (ye)* 
which is the equation of an ellipsoid, referred to conjugate dia- 
metral planes, altered it may be in mutual inclination from those 
of the given planes of reference in the initial condition of the 


body. 


Strain 160. The ellipsoid which any surface of the body initially 

ellipsoid. e : aps : ` 
spherical becomes in the altered condition, may, to avoid cir- 
cumlocutions, be called the strain ellipsoid. 
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161. In any absolutely unrestricted homogeneous strain there 
are three directions (the three principal axes of the strain ellip- 
soid), at right angles to one another, which remain at right angles 
to one another in the altered condition of the body (§ 158). 
Along one of these the elongation is greater, and along another 
less, than along any other direction in the body. Along the 
remaining one, the elongation is less than in any other line 
in the plane of itself and the first mentioned, and greater than 
along any other line in the plane of itself and the second. 

Note.—Contraction is to be reckoned as a negative elongation: 
the maximum elongation of the preceding enunciation may be 
a minimum contraction: the minimum elongation may be a 
maximum contraction. 

162. The ellipsoid into which a sphere becomes altered may 
be an ellipsoid of revolution, or, as it is called, a spheroid, pro- 
late, or oblate. There is thus a maximum or minimum elonga- 
tion along the axis, and equal minimum or maximum elongation 
along all lines perpendicular to the axis. | 

Or it may be a sphere; in which case the elongations are 
equal in all directions. The effect is, in this case, merely an 
alteration of dimensions without change of figure of any part. 


Strain 
ellipsoid. 


The original volume (sphere) is to the new (ellipsoid) Change of 


evidently as 1 : aBy. 


168. The principal axes of a strain are the principal axes Axes of 


of the ellipsoid into which it converts a sphere. The principal ” 
elongations of a strain are the elongations in the direction of 
its principal axes, 

164. When the positions of the principal axes, and the 
magnitudes of the principal elongations of a strain are given, 


Flongation 
and change 
of direction 
of any line 


the elongation of any line of the body, and the alteration of of the body. 


angle between any two lines, may be obviously determined by 
a simple geometrical construction, 


Analytically thus :—let a—1, 8—1, y—1 denote the principal 
elongations, so that a, B, y may be now the ratios of alteration 
along the three principal axes, as we used them formerly for the 
ratios for any three oblique or rectangular lines. Let J, m, n 
be the direction cosines of any line, with reference to the three 
principal axes. Thus, 

lr, mr, nr 
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Elongation being the three initial co-ordinates of a point P, at a distance 
se ue OP=r, from the origin in the direction J, m, n; the co-ordinates 
of any line 7 “1 ‘arene P 
onthe bade. of the same point of the body, with reference to the same rect 


angular axes, become, in the altered state, 
alr, Bmr, ynr. 
Hence the altered length of OP is 
(a2/?-+ 82m? + y%n!?)tr, 
and therefore the “elongation” of the body in that direction is 
(a'l? + B*m*+ y?n?)t =], 
For brevity, let this be denoted by (—1, i.e. 


let (= (a2l? + Bem tyn). 

The direction-cosines of OP in its altered position are 
al Bm yn. 
es A alee 


Cog ge? 
and therefore the angles XOP, YOP, ZOP are altered to having 
their cosines of these values respectively, from having them of 
the values J, m, n. 

The cosine of the angle between any two lines OP and OP, 
specified in the initial condition of the body by the direction- 
cosines l’, m’, n’, is 

| W4 mm'+ nn’, 

in the initial condition of the body, and becomes 
all’ + B mm + ytnn’ 
(atls + B2m? + y2n?)! (arl? HBn pyn”) 
in the altered condition. 
E 165. With the same data the alteration of angle between 
body. any two planes of the body may also be easily determined, 
either geometrically or analytically. 


Let 1, m, n be the cosines of the angles which a plane makes 
with the planes YOZ, ZOX, XOY, respectively, in the initial 
condition of the body. The effects of the change being the same 
on all parallel planes, we may suppose the plane in question to 
pass through O; and therefore its equation will be 

lx-+my+nz=0. 
In the altered condition of the body we shall have, as before, 
=ar, n»=fy, (=y: 
for the altered co-ordinates of any point initially x, y, z Hence 
the equation of the altered plane is 


lE mq ny 
at pE g5 
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But the planes of reference are still rectangular, according to our Change of 
Pa r è å ‘ plane in the 
present supposition. Hence the cosines of the inclinations of body. 


the plane in question, to YOZ, ZOX, XOY, in the altered con- 
dition of the body, are altered from J, m, n to 
l m n 
aò P] BS’ y ? 
respectively, where for brevity 
2 m nth 
relat pr ty) i 
If we have a second plane similarly specified by 2’, m’, n’, in the 
initial condition of the body, the cosine of the angle between the 
two planes, which is 
Ul’ pmm pnn’ 
in the initial condition, becomes altered to 
UW mm | nn’ 
ate ty 
m3 midl ma nah 


P 
aT Bty a + gi ta) 


166. Returning to elongations, and considering that these Conical sur- 
: r . R ; ‘ : ace of equal 
are generally different in different directions, we perceive that elongation. 
all lines through any point, in which the elongations have any 
one value intermediate between the greatest and least, must lie 
on a determinate conical surface. This is easily proved to be 


in general a cone of the second degree. 


For, in a direction denoted by direction cosines J, m, n, we 
have 
alt + pmi tyn =G, 
where ¢ denotes the ratio of elongation, intermediate between a 
the greatest and y the least. This is the equation of a cone of 
the second degree, J, m, n being the direction cosines of a gene- 
rating line. 
167. In one particular case this cone becomes two planes, two planes 
the planes of the circular sections of the strain ellipsoid. toni? 
Let (=f. The preceding equation becomes 
by y%n* — B?(1 — m?)=0 
or since 1—mi=/*+n?, 
(at — Bye — (B — y*)nt=0. 
The first member being the product of two factors, the equation 


Two planes 
of no dis- 
tortion, 


being the 
eircular 
sections of 
the strain 
ellipsoide 


Distortion 
in parallel 
planes with- 
out change 
of volume. 
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is satisfied by putting either =0, and therefore the equation re- 
presents the two planes whose equations are 


Kar — B} + nf Br — 74 )=0, 
and (at — Bt —n(Bt — y=, 


respectively. 


This is the case in which the given elongation is equal 
to that along the mean principal axis of the strain ellipsoid. 
The two planes are planes through the mean principal axis of 
the ellipsoid, equally inclined on the two sides of either of the 
other axes, The lines along which the elongation is equal to 
the mean principal elongation, all he in, or parallel to, either 
of these two planes. This is easily proved as follows, without 
any analytical investigation. 

168. Let the ellipse of the annexed diagram represent the 
section of the strain ellipsoid through the greatest and least 
principal axes. Let SOS, TOT be 
the two diameters of this ellipse, 
which are equal to the mean principal 
axis of the ellipsoid. Every plane 
through O, perpendicular to the plane 
of the diagram, cuts the ellipsoid in 
an ellipse of which one principal axis is the diameter in 
which it cuts the ellipse of the diagram, and the other, the 
mean principal diameter of the ellipsoid. Hence a plane 
through either SS’, or TT”, perpendicular to the plane of the 
diagram, cuts the ellipsoid in an ellipse of which the two 
principal axes are equal, that is to say, in a circle. Hence the 
elongations along all lines in either of these planes are equal 
to the elongation along the mean principal axis of the strain 
ellipsoid. 

169. The consideration of the circular sections of the strain 
ellipsoid is highly instructive, and leads to important views 
with reference to the analysis of the most general character of 
a strain. First let us suppose there to be no alteration of 
volume on the whole, and neither elongation nor contraction 
along the mean principal axis. That is to say, let B=1, 


anil y= ~ (§ 162), 
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Let OX and OZ be the directions of elongation a— 1 and pe 
contraction 1 sae respectively. Let A be any point of the but change’ 
body in its primitive condition, 
and A, the same point of the 
altered body, so that OA, = a0A. 

Now, if we take OC = OA, 
and if C be the position of that 
point of the body which was in 
the position C initially, we shall 


have OC, = 1 OC, and therefore 


OC, = OA. Hence the two tri- 
angles COA and COA, are equal and similar. 
Hence CA experiences no alteration of length, but takes Initial a 


the altered position C, Á, in the altered position of the body. Ts i 
Similarly, if we measure on XO produced, OA’ and OA, equal tion. 
respectively to OA and O4A,, we find that the line CA’ ex- 
periences no alteration in length, but takes the altered position 
CA’. 

Consider now a plane of the body initially through CA per- 
pendicular to the plane of the diagram, which will be altered 
into a plane through C,A,, also perpendicular to the plane of 
the diagram. All lines initially perpendicular to the plane of 
the diagram remain so, and remain unaltered in length. AC 
has just been proved to remain unaltered in length. Hence 
(§ 158) all lines-in the plane we have just drawn remain un- 
altered in length and in mutual inclination. Similarly we see 
that all lines in a plane through CA’, perpendicular to the 
plane of the diagram, altering to a plane through C, A,, per- 
pendicular to the plane of the diagram, remain unaltered in 
length and in mutual inclination. 

170. The precise character of the strain we have now under 
consideration will be elucidated by the following :—Produce 
CO, and take OC’ and OC’ respectively equal to OC and OC.. 
Join C'A, C’A’, C'A;, and C,A,, by plain and dotted lines as 
in the diagram. Then we see that the rhombus CAC’A’ (plain 
lines) of the body in its initial state becomes the rhombus 
C A,C A, (dotted) in the altered condition. Now imagine 


Initial and 
altered posi- 
tion of lines 
of no clonga- 
tion, 


Simple shear. 
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the body thus strained to be moved as a rigid body (ce, 
with its state of strain kept unchanged) till A. coincides 
with A, and C with C’, keeping all the lines of the diagram 


i 


still in the same plane. A,C will take a 
position in C'A’ produced, as shown in the 
new diagram, and the original and the 
altered parallelogram will be on the same 
base AC’, and between the same parallels 
AC" and CA, and their other sides will be 
equally inclined on the two sides of a per- 
pendicular to them. Hence, irrespectively 
of any rotation, or other absolute motion of the body not in- 
volving change of form or dimensions, the strain under con- 
sideration may be produced by holding fast and unaltered the 
plane of the body through AC’ perpendicular to the plane of 
the diagram, and making every plane parallel to it slide, keep- 
ing the same distance, through a space proportional to this 
distance (i.e., different planes parallel to the fixed plane slide 
through spaces proportional to their distances). 

171. This kind of strain is called a simple shear. The 
plane of a shear is a plane perpendicular to the undistorted 
planes, and parallel to the lines of their relative motion. It 
has (1.) the property that one set of parallel planes remain 
each unaltered in itself; (2.) that another set of parallel planes 

remain each unaltered in itself This 
other set is found when the first set and 
- the degree or amount of shear are given, 
thus :—Let CC, be the motion of one 
point of one plane, relative to a plane 
KL held fixed—the diagram being in a 
plane of the shear. Bisect CC, in N. 
Draw NA perpendicular to it. A plane 
L perpendicular to the plane of the dia- 
gram, initially through AC, and finally through AC, remains 
unaltered in its dimensions. 

172. One set of parallel undistorted planes, and the amount 
of their relative parallel shifting having been given, we have 
just seen how to find the other set. The shear may be other- 
wise viewed, and considered as a shifting of this second set of 
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parallel planes, relative to any one of them. The amount of 
this relative shifting is of course equal to that of the first set, 
relatively to one of them. 

173. The principal axes of a shear are the lines of maxi- Aiel 
mum elongation and of maximum contraction respectively. B 
They may be found from the preceding construction (§ 171), 
thus :—-In the plane of the shear bisect the obtuse and 
acute angles between the planes destined not to become de- 
formed. The former bisecting line is the principal axis of 
elongation, and the latter is the principal axis of contraction, 
in their initial positions. The former angle (obtuse) becomes 
equal to the latter, its supplement (acute), in the altered con- 
dition of the body, and the lines bisecting the altered angles 
are the principal axes of the strain in the altered body. 

Otherwise, taking a plane of shear for the plane of the 
diagram, let AB be a line in which it is cut by one of either 
set of parallel planes of no distortion. 

On any portion A B of this as diameter, 

describe a semicircle. Through C its B E 
middle point, draw, by the preceding (> Z \ 
construction, CD the initial, and CE MA fee 
the final, position of an unstretched a C i 
line. Join DA, DB, EA, EB. DA, DB are the initial, and 
EA, EB the final, positions of the principal axes. 

174. The ratio of a shear is the ratio of elongation and con- Mauren 
traction of its principal axes. Thus if one principal axis is 
elongated in the ratio 1 : a, and the other therefore (§ 169) con- 
tracted in the ratio a: 1, a is called the ratio of the shear. It 
will be convenient generally to reckon this as the ratio of 
elongation ; that is to say, to make its numerical measure 
greater than unity. 

In the diagram of § 173, the ratio of DB to EB, or of EA to 
DA, is the ratio of the shear. 

175. The amount of a shear is the amount of relative 
motion per unit distance betwcen planes of no distortion. 

It is easily proved that this is equal to the excess of the 
ratio of the shear above its reciprocal. 


Since DCA=2DBA, and tan DBA= È we have tan DCA= p} ° 
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But DE=2CN tan DCN=2CN cot DCA. 
DE .a*—1 1 
Hence ON? ba = a——. 
Ellipsoital 176. The planes of no distortion in a simple shear are 
specification 


ofashear. clearly the circular sections of the strain ellipsoid. In the 
ellipsoid of this case, be it remembered, the mean axis remains 
unaltered, and is a mean proportional between the greatest and 
the least axis. 

shear,simple 177, If we now suppose all lines perpendicular to the 


and expan: plane of the shear to be elongated or contracted in any pro- 
bined. portion, without altering lengths or angles in the plane of the 
shear, and if, lastly, we suppose every line in the body to be 
elongated or contracted in some other fixed ratio, we have 


clearly (§ 161) the most general possible kind of strain. Thus 
if s be the ratio of the simple shear, for which case s, 1, * are 


the three principal ratios, and if we elongate lines perpendicular 
to its plane in the ratio 1: mm, without any other change, we 
have a strain of which the principal ratios are 
$, m, i . 
3 
If, lastly, we elongate all lines in the ratio 1:n, we have a 
strain in which the principal ratios are 


n 
S 


P n 
where it is clear that ns, nm, and -y may have any values 


whatever. It is of course not necessary that nm be the mean 

principal ratio, Whatever they are, if we call them a, £, y re- 
spectively, we have 

| a B 

=V/—5 N= : d m=. 

s yon ay; and m Je 

Analysis of 178. Hence any strain (a, £, y) whatever may be viewed as 

ee eompounded of a uniform dilatation in all directions, of linear 


ratio Vay, superimposed on a simple elongation £ in the 
ay g 

direction of the principal axis to which 8 refers, superimposed 

on a simple shear, of ratio s > (or of amount ~ —-v Z) in the 


plane of the two other principal axes. 
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179. It is clear that these three elementary component Analysis of 
strains may be applied in any other order as well as that“ 
stated. Thus, if the simple elongation is made first, the body 
thus altered must get just the same shear in planes perpen- 
dicular to the line of elongation, as the originally unaltered 
body gets when the order first stated is followed. Or the 
dilatation may be first, then the elongation, and finally the 
shear, and so on. 

180. In the preceding sections on strains, we have con- Displace. 


ment of a 


sidered the alterations of lengths of lines of the body, and of body, rigid 


or not, one 


angles between lines and planes of it ; and we have, in parti- point of 
cular cases, founded on particular suppositions (the principal held fixea. 
axes of the strain remaining fixed in direction, § 169, or one 
of either set of undistorted planes in a simple shear remain- 
ing fixed, § 170), considered the actual displacements of parts 
of the body from their original positions. But to complete 
the kinematics of a non-rigid solid, it is necessary to take a 
more general view of the relation between displacements and 
strains. It will be sufficient for us to suppose one point of 
the body to remain fixed, as it is easy to see the effect of super- 
imposing upon any motion with one point fixed, a motion of 
translation without strain or rotation. 

181. Let us therefore suppose one point of a body to be 
held fixed, and any displacement whatever given to any point 
or points of it, subject to the condition that the whole substance 
if strained at all is homogeneously strained. 


Let OX, OY, OZ be any three rectangular axes, fixed with 
reference to the initial position and condition of the body. Let 
x, y, z be the initial co-ordinates of any point of the body, and 
1, Yı, 2, be the co-ordinates of the same point of the altered body, 
with reference to those axes unchanged. The condition that the 
strain is homogeneous throughout is expressed by the following 


equations :— 
a, =[Xx}e+[Ay]yt[Az}, 
yı=[Yx]e+[ Yy ly+LY2 F, i (1) 
zı=[2x j+ ly +[2 F, 
where [Xx], [Xy], etc., are nine quantities of absolutely arbi- 
trary values, which are the same for all values of x, y, z. 
[Xx], [Yx], [Zx] denote the three final co-ordinates of a point 


Displace- 
ment of a 
body, rigid 
or not, one 
point, of 
which is 
held fixed. 
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originally at unit distance along OX, from O. They are, of 
course, proportional to the direction-cosines of the altered posi- 
tion of the line primitively coinciding with OX. Similarly for 
[Xy], (Yul, [Zy] ete. 

Let it be required to find, if possible, a hne of the body which 
remains unaltered in direction, during the change specified by 
[Xx], ete. Let x, y, z, and x,, Yı, 21, be the co-ordinates of the 
primitive and altered position of a point in such a line. We 


en 


a | 


“1 e bd 
must have — =e, where e is the elongation of the 


line in question. 
Thus we have x,=er, ete., and therefore 


{| Xxr]—e}xc +[Xy]y +[.Y:|:=0, 
[Yxr]e+ [Yy] — e}y + Fs|2=0, (2) 
[Zx]x +[Zy]y+ {[Z:] — ej:=0. 


From these equations, by eliminating the ratios x :y:z according 
to the well-known algebraie process, we find 
({Xx] —«) ([Fy] —«) ([2:]— $) 
[FAZY] 6) [Ze]. X2\((Yy]—) -XN Fa([Z1-9) 
+ [Xz] [Yx] [Zy] +[Xy] [Ve] [Zxr] =0. 

This cubic equation is necessarily satisfied by at least one real 
value of «e, and the two others are cither both real or both ima- 
ginary. Each real value of e gives a real solution of the problem, 
since any two of the preceding three equations with it, in place of 
e, determine real values of the ratios x: y:z. If the body is rigid 
(z.e., if the displacements are subject to the condition of producing 
no strain), we know (ante, § 95) that there is just one line 
common to the body in its two positions, the axis round which it 
must turn to pass from one to the other, except in the peculiar 
cases of no rotation, and of rotation through ¿wo right angles, 
which are treated below. Hence, in this case, the cubic equation 
has only one real, and therefore it has two imaginary, roots. The 
equations just formed solve the problem of finding the axis of 
rotation when the data are the actual displacements of the points 
primitively lying in three given fixed axes of reference, OX, OY, 
OZ ; and it is worthy of remark, that the practical solution of 
this problem is founded on the one real root of a cubic which 
has two imaginary roots. 

Again, on the other hand, lct the given displacements be 
made so as to produce a strain of the body with no angular 
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displacement of the principal axes of the strain. Thus three lines Dis) lace- 
of the body remain unchanged. Hence there must be three real body, rigid 


t, 
roots of the equation in «€, one for each such axis; and the three poimtot 


lines determined by them are necessarily at right angles to one farina 
another. 

But if neither of these conditions holds, we may have three 
real solutions and three oblique lines of directional identity; or 
we may have only one real root and only one line of directional 
identity. 

An analytical proof of these conclusions may easily be given ; 
thus we may write the cubic > ri ere 
[Za v) Dea fi Yo), (ee + 22), [2e] + ea) Co } 
| Yx], [Yy], r- Xz}, [Xx], [Yea], [Yy] 
(ze ata tel [xa] + [¥y]4+[42]}—e=0, 

In the particular case of no strain, since [Xz], cte., are rie 
equal, not merely proportional, to the divcotion-ousilies of three 
mutually perpendicular lines, we have by well-known geometrical 


theorems 
[Xz], [Xy], [Xz]]=1, and |[ Yy], [ Y2] =[Xzx], ete 
[Yz], [Yy], [F2] [Zy], [22] 
[Zz], [2y], [2:} 


Hence the cubic becomes 

1—(e—e*) {[ Xx]+[ VYy]+[Zz]} -e=0, 
of which one root is evidently e=1. This leads to the above 
explained rotational solution, the line determined by the value 1 
of e being the axis of rotation. Dividing out the factor 1 — «, 
we get for the two remaining roots the equation 

1— ([Xz]+[¥y]+[Z2]—1)e+-¢=0, 
whose roots are imaginary if the co-cfhcient of e lies between 
+2 and—2. Now +2 is evidently its greatest value, and for 
that case the roots are real, each being unity. Here there is no 
rotation. Also — 2 is its least value, and this gives us a pair of 
values each = —1, of which the interpretation is, that there is 
rotation through two right angles. In this case, as in general, 
one line (the axis of rotation) is determined by the equations (2) 
with the value +1 for e; but with e= — 1 these equations are 
satisfied by any line perpendicular to the former. 

The limiting case of two equal roots, when there is strain, is 
an interesting subject which may be left as an exercise. It 
separates the cases in which there is only one axis of directional 
identity from those in which there are three. 

Let it next be proposed to find those lines of the body whose 


Displace- 
ment ofa 
body, rigid 
or not, one 
point of 
which is 
held fixed. 


112 


PRELIMINARY NOTIONS. 


elongations are greatest or least. For this purpose we must find 
the equations expressing that 2,*-+-y,*+ ,? is a maximum, when 
xi+yi+z*=r?, a constant. First, we have 

Ly Hyt H = Ax? + By? + Cz? + 2(ays+ber+cxry) (4) 


where 
A=[Xx} + [Yr] + [Zr] 
B=[ Xy] + [Yy] + [2] 
C=[ Xz} + ¥:} + [2] 
a=[Xy]( X=] + [Yy] F=] + [47)[ 22] 
b=[ Xz] [Xx] + [Y:] [Yx] + [22] [22] 
c=[ Xr] [Xy] + LPe]L¥y) + [ZL 
The equation 
Ax! + By 4+ C2*+2(ayz+bexr+ery)=r,! (6) 
where r, is any constant, represents clearly the ellipsoid which a 
spherical surface, radius r,, of the altered body, would become if 
if the body were restored to its primitive condition. ‘The problem 
of making r, a maximum when r is a given constant, leads to the 
following equations :— 
rt pype =r., (7) 
xdxc+ydy+-zd:=0, (2) 
ities ys AE 0 ` 
On the other hand, the problem of making r a maximum or mini- 
mum when r, is given, that is to say, the problem of finding maxi- 
mum and minimum diameters, or principal axes, of the ellipsoid ` 
(6), leads to these same two differential equations (8), and only 
differs in having equation (6) instead of (7) to complete the de- 
termination of the absolute values of x, y, and z. Hence the 
ratios x:y:z will be the same in one problem as in the other; 
and therefore the directions determined are those of the principal 
axes of the ellipsoid (6). We know, therefore, by the properties 
of the ellipsoid, that there are three real solutions, and that the 
directions of the three radii so determined are mutually rect- 
angular. The ordinary method (Lagrange’s) for dealing with the 
differential equations, being to multiply one of them by an arbi- 
trary multiplier, then add, and equate the co-efficients of the 
separate differentials to zero, gives, if we take — e as the arbi- 
trary multiplier, and the first of the two equations the one multi- 
plied by it, 
(A—e)x +c +5:=0, 
cx+(B—e)y +az=0), 
bx +ay+(C—«)z=0. 


(9) 
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We may find what «e means if we multiply the first of these by x, Dispiace- 


the second by y, and the third by z, and add; because we thus body, rigid 

obtain Paint e ane 
Axt + By +C: +2(ayz + bex--eay)—e(xt+y"+2")=0, held fixed, 

or ri—e’=0, 

which gives ="). (10) 


Eliminating the ratios x: y :z from (9), by the usual method, we 
have the well-known determinant cubic 

(A—«e)(B—«)(C—¢)—a*(A—e) —b7(B—€)—c?(C—¢)+2abe=0, (11) 
of which the three roots are known to be all real. Any one of 
the three roots if used for e, in (9), harmonizes these three equa- 
tions for the true ratios x:y:z; and, making the co-efficients of 
x, y, z in them all known, allows us to determine the required 
ratios by any two of the equations, or symmetrically from the 
three, by the proper algebraic processes. Thus we have only to 
determine the absolute magnitudes of x, y, and z, which (7) | 
enables us to do when their ratios are known. 

It is to be remarked, that when [ Yz|=[Zy], [Zx]=[X¥z], and 
[Xy]=[ Fx], equation (3) becomes a cubic, the squares of whose 
roots are the roots of (11), and that the three lines determined 
by (2) in this case are identical with those determined by (9). 
The reader will find it a good analytical exercise to prove this 
directly from the equations. It is a necessary consequence of 
§ 183, below. | 

We have precisely the same problem to solve when the ques- 
tion proposed is, to find what radii of a sphere remain perpendicular 
to the surface of the altered figure. This is obvious when viewed 
geometrically. The tangent plane is perpendicular to the radius 
when the radius is a maximum or minimum. Therefore, every 
plane of the body parallel to such tangent plane is perpendicular 
to the radius in the altered, as it was in the initial condition. 

The analytical investigation of the problem, presented in the 
second way, is as follows :— 

Let Lx, + my, +n = 0 (12) 
be the equation of any plane of the altered substance, through 
the origin of co-ordinates, the axes of co-ordinates being the 
same fixed axes, OX, OY, OZ, which we have used of late. The 
direction cosines of a perpendicular to it are, of course, propor- 
tional to l, m,,,. If, now, for 2,, Yı, Zı, we substitute their 
values, as in (1), in terms of the co-ordinates which the same 
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point of the substance had initially, we find the equation of the 
same plane of the body in its initial position, which, when the 
terms are grouped properly, is this— 
(4, [Xa] +m [ Px j+n,[ Zr] jr+{h[Xy]+m[ Yyl+m[Zy] hy 
+ {2,[.¥2]+m,[ ¥2]+2,[2:]}:=0 (13) 
The direction cosines of the perpendicular to the plane are pro- 
portional to the co-efficients of x, y, z. Now these are to be the 
direction cosines of the same line of the substance as was altered 
into the line Z,:m,:m,. Hence, if 2: m:n are quantities propor- 
tional to the direction cosines of this line in its initial position, 
we must have 
1,[.Xx]+m,[ Pr]+n,[Zxr] =e 
i,[Xy]+m,[¥y]+n,[Zy]=en \ (14) 
1,[Xz]+m,[Z:]+n,[ 22 |=en 
where e is arbitrary. Suppose, to fix the ideas, that J,, m,, m, 
are the co-ordinates of a certain point of the substance in its 
altered state, and that l, m, n are proportional to the initial co- 
ordinates of the same point of the substance. Then we shall 
have, by the fundamental equations, the expressions for J,, m,, n 
in terms of J, m, n. Using these in the first members of (14), 
and taking advantage of the abbreviated notation (5), we have 
precisely the same equations for J, m, n as (9) for x, y, = above. 


182. From the preceding analysis it follows that any homo- 
geneous strain whatever applied to a body generally changes a 
sphere of the body into an ellipsoid, and causes the latter to 
rotate about a definite axis through a definite angle. In 
particular cases the sphere may remain a sphere. Also there 
may be no rotation. In the general case, when there is no 
rotation, there are three directions in the body (the axes of the 
ellipsoid) which remain fixed; when there zs rotation, there 
are generally three such directions, but not rectangular. Some- 
times, however, there is but one. 

183. When the axes of the ellipsoid are lines of the body 
whose direction does not change, the strain is said to be pure, 
or unaccompanied by rotation. The strains we have already 
considered were more general than this, being pure strains 
accompanied by rotation. We proceed to find the analytical 
conditions of the existence of a pure strain. 
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Let OF, OF, US” be the three principal axes of the strain, pure strain. 
and let lm n, V myn’, U, m”, n” 
be their direction cosines. Let a, a’, a” be the principal elonga- 
tions. Then, if é, £’, € be the position of a point of the un- 
altered body, with reference to OJ, OS’, OF”, its position in 
the body when altered will be af, af’, a”. But if x, y, z be 
its initial, and z,, yı, 2, its final, positions with reference to 
OX, OY, OZ, we nave l 
Ẹ=lr4my+nz, f= ete., € = ete., (15) 
and x,=luġ4 la E pU a E, y, = ete., 2, = ete. 
For å, &, £” substitute their values (15), and we have z,, yı, 2, in 
terms of x, y, z, expressed by the following equations :— 
ry= (ab a'l + a” V°) x+(alm Ha'n -+a U'm”)y+ (aln +al'n' +al'n”) z 
yp=(laml+a' mwl +a m Vjet (am Ha'm? + a’ m?) y+ (amn-Ha'm r +a” m'n )z | (16) 
s==(anl Ha'n! +a” n” t” je+lanrmta'n mta n m" jyt (an? Han? -+ a” nn’) 2, 
Hence, comparing with (1) of § 181, we have 
[Xr]=ul 4a l pa t"? ete.; \ (17) 
[Zy ]=[¥:]=amn pa'm n +a m" n", ete. 
In these equations, 2, V’, /’’, m, m’, m”, n, n', n”, are deducible 
from three independent elements, the three angular co-ordinates 
(§ 100, above) of a rigid body, of which one point is held fixed; 
and therefore, along with a, a’, a”, constituting in all six in- 
dependent elements, may be determined so as to make the six 
members of these equations have any six prescribed values. 
Hence the conditions necessary and sufficient to insure no rotation 


are 
[Z]=LF:) [XJ] Xy] a8) 
184. Ifa body experience a succession of strains, each un- Composition 


of pure 


accompanied by rotation, its resulting condition will generally strains. 
be producible by a strain and a rotation. From this follows 
the remarkable corollary that three pure strains produced one 
after another, in any piece of matter, each without rotation, 
may be so adjusted as to leave the body unstrained, but rotated 
through some angle about some axis. We shall have, later, 
most important and interesting applications to fluid motion, 
which (Chap. IL) will be proved to be instantaneously, or dif- 
ferentially, irrotational ; but which may result in leaving a 
whole fluid mass merely turned round from its primitive posi- 
tion, as if it had been a rigid body. The following elementary 
geometrical investigation, though not bringing out a thoroughly 
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Composition comprehensive view of the subject, affords a mgorous demon- 
Sima stration of the proposition, by proving it for a particular case. 

Let us consider, as above (§ 171), a simple shearing motion ; 

a point O being held fixed, the matter of the body in a 

plane, cutting that of the diagram perpendicularly in CD, to 

move in this plane from right to left parallel to CD; and so in 

other planes parallel to it, motions proportional to their dis- 

tances from O. Consider first a shear from P to P,; then 

from P, onto P,; and let O be taken in a line through P,, per- 

i pendicular to CD. The 

D shear from P to P, is, 

of course, the same as 

from P to P, if PP, 

= PP, Suppose, for 

instance, P,P =P,P,=43P,P. Now, as we have seen above 

(§ 173), the line of the body, which is the principal axis of con- 

traction in the shear from P to P/, is OA, bisecting the angle 

POE at the beginning, and OA, bisecting P OE at the end of 

the motion. The angle between these two lines is half the angle 

P'OP’, that is to say, is equal to P,OP’. Hence, if the plane 

CD is rotated through an angle equal to POP, in plane of 

diagram, in the same way as the hands of a watch, during the 

shear from P to P’ or, which is the same thing, the shear from 

- P to P, this shear will be effected without final rotation of its 

principal axes. (Imagine the diagram turned round till OA, hes 

along OA. The actual and the newly imagined position of CD 

will show how this plane of the body has moved during such 

non-rotational shear.) 

Now, let the second step, P, to P,, be made so as to com- 
plete the whole shear, P to P,, which we have proposed to 
consider. Such second partial shear may be made by the com- 
mon shearing process parallel to the new position (imagined in 
the preceding parenthesis) of CD, and to make itself also non- 
rotational, as its predecessor has been made, we must turn 
farther round, same way, through an angle equal to P OP.. 
Thus in these two steps, each made non-rotational, we have 
turned the plane CD round through an angle equal to P, OP. 
But now, we have a whole shear PP, ; and to make this as one 
non-rotational shear, we must turn CD through an angle P,OP 
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only, which is less than P,OP by the excess of P OP’ above Composition 
POP. Hence the resultant of the two shears, PP , P, P „ each susie 
separately deprived of rotation, is a single shear PP, “and a 

rotation of its principal axes, in the direction of the hands of 

a watch through an angle equal to POP, — POP’. 

185. Make the two partial shears each non-rotationally. 
Return from their resultant in a single non-rotational shear : 
we conclude with the body unstrained, but turned through 
an angle equal to POP — POP, in the same direction as the 
hands of a watch. 

v=datey+l: 

y,=cxrt+ By az 

2,=ba+ay+C:z 
is (§ 183) the most general possible expression for the displace- 
ment of any point of a body of which one point is held fixed, 
strained according to any three lines at right angles to one 
another, as principal axes, which are kept fixed in direction, 
relatively to the lines of reference OX, OY, OZ. 

Similarly, if the body thus strained be again non-rotationally 
strained, the most general possible expressions for 2,, Ys, Za, 
the co-ordinates of the position to which x,, yı, zı, will be brought, 
are 

£= Å 7, Hcy +b: 

Ww=O2, +B y +a: 

2e=b r Hay +C 
Substituting in these, for x,, ¥,, 2,, their preceding expressions, 
in terms of the primitive co-ordinates, x, y, z, we have the follow- 
ing expressions for the co-ordinates of the position to which the 
point in question is brought by the two strains :— 


x, =(4 A +cıc+b, b)+ (4 c4+e:B+bajy+ (Abt cia +b C 
Y: =(c,Á4+B,c+ a,b)x+(ec+ B, B+a,a)y+(c.b+L,a+a,C)z 
2y==(b,A+a,c+ C,b)x-+(b,c+a,B+C,a)y+ (bb + aa+C,C)z 
The resultant displacement thus represented is not generally of 
the non-rotational character, the conditions (18) of § 183 not 
being fulfilled, as we see immediately. Thus, for instance, we 
sce that the co-efficient of y in the expression for x, is not 
necessarily equal to the co-efficient of x in the expression for y.. 
Cor.—If both strains are infinitely small, the resultant displace- 
ment is a pure strain without rotation. For A, B, C, A, Bi, C, 
are each infinitely nearly unity, and a, 6, etc., each infinitely 
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small. Hence, neglecting the products of these infinitely small 
quantities among one another, and of any of them with the differ- 
ences between the former and unity, we have a resultant dis- 
placement 
r= A,lro+ (c+e,)y+ (btb) 
w=(ateor+ B,By+(a+a,)z 
2,=(6,+b6)r+(a,tay+ (Cz 


which represents a pure strain unaccompanied by rotation. 


186. The measurement of rotation in a strained elastic solid, 
or in a moving fluid, 1s much facilitated by considering sepa- 
rately the displacement of any line of the substance. We are 
therefore led now to a short digression on the displacement of 
of a curve, which may either belong to a continuous solid or 
fluid mass, or may be an elastic cord, given in any position. 
The propositions at which we shall arrive are, of course, appli- 
cable to a flexible but inextensible cord (§ 14, above) as a 
particular case. 

It must be remarked, that the displacements to be con- 
sidered do not depend merely on the curves occupied by the 
given line in its successive positions, but on the corresponding 
points of these curves. 

What we shall call tangential displacement is to be thus 
reckoned :—Divide the undisplaced curve into an infinite number 
of infinitely small equal parts. The product of the sums of 
the tangential components of the displacements from all the 
points of division, multiplied by the length of each of the in- 
finitely small parts, is the entire tangential displacement of the 
curve reckoned along the undisplaced curve. The same reckon- 
ing carried out in the displaced curve is the entire tangential 
displacement reckoned on the displaced curve. 

187, The whole tangential displacement of a curve reckoned 
along the displaced curve, exceeds the whole tangential dis- 
placement reckoned along the undisplaced curve by half the 
rectangle under the sum and difference of the absolute 
terminal displacements, reckoned positive when the displace- 
ment of the end towards which the tangential components are 
reckoned positive exceeds that at the other. This theorem 
may be proved by a geometrical demonstration which the 
reader may easily supply. 
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Analytically thus :—Let x, y, z be the co-ordinates of any Two reckon- 


point, P, in the undisplaced curve; x,, yı, 2:, those of P, the zentiabaly. 
point to which the same point of the curve is displaced. Let Pompared 
dx, dy, dz be the increments of the three co-ordinates corre- 
sponding to any infinitely small arc, ds of the first ; so that 

ds = (dx? +dy* +-dz*)}, 
and let corresponding notation apply to the corresponding 
element of the displaced curve. Let 0 denote the angle between 
the line PP, and the tangent to the undisplaced curve through 
P; so that we have 


xr,—x dx =z dz 
D ds 


cosO= E nt A 


Z 


where for brevity 
D=\@ r) +1 —Y)? He h 
being the absolute space of displacement. Hence 
D cos 0ds =(x, —x)dx+ (yı, — y)dy + (z1 —2)dz. 
Similarly we have 
D cos 0, ds, = (x, —x)dx, 4 (yı— y)dy + (z,—z)dz, 

and therefore 

D cos 6,ds, — D cos 6ds=(x,—2x)d{(x,—x)+(y¥,—y)d(y,—y) 

+(zı—z)d(z,—2) 

or D cos 0 ds, — D cos Ods =}d( D°). 
To find the difference of the tangential displacements reckoned 
the two ways, we have only to integrate this expression. Thus 
we obtain 
JD cosb dsi — D cos 6ds = }( D"? — D) =} D" + D')(D" —D') 
where D” and D’ denote the displacements of the two ends. 


188. The entire tangential displacement of a closed curve Tangential 
: 3 displace- 
is the same whether reckoned along the undisplaced or the mentora 
displaced curve. tele 
189. The entire tangential displacement from one to another 
of two conterminous arcs, is the same reckoned along either 
as along the other. 
190. The entire tangential displacement of a rigid closed Rotation of 
curve when rotated through any angle about any axis, is equal ane 
to twice the area of its projection on a plane perpendicular to 


the axis, multiphed by the sine of the angle. 


(a) Prop.—The entire tangential displacement round a closed Tangential 


Splace- 
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where P, Q, R denote, for its initial position, the areas of its 
projections on the planes YOZ, ZOX, XOY respectively, and 
w, p, o are as follows :— 


To prove this, let, farther, 
a=4([Zy]+[¥e]} 
b=4([Xz]+[22]} 
c=${[Yx]+[Xy]} 


x,=Ar+cy+bz+oy— pz 
y,=cr+ By+az+saz— ox 
2,=bxr+ay+Cz+pxr—ay 
Hence, according to the previously investigated expression, we 
have, for the tangential displacement, reckoned along the undis- 
placed curve, 
S{ (x1 — x)de+ (yı — y)dy + (zı —2)dz} 
=f{ġd{ (4 — 1)x*+(B—1)y?+(C—1)2*42(ayz+brr+ery) } 
+a(ydz — zdy)+-p(zdx — xdz)+4+-o(xdy — ydx)]. 
The first part, /4d{ }, vanishes for a closed curve. 
The remainder of the expression 18 
af(ydz — zdy) +pf(zdx — xdz)+of(xdy — ydz) 
which, according to the formulz for projection of areas, is equal 
to 2Pa+2Qp+2Re. 
For, as in § 36 (a), we have in the plane of xy 
Nady — ydx)=/fr°dd 
double the area of the orthogonal projection of the curve on that 
plane; and similarly for the other integrals. 

(b) From this and § 190, it follows that if the body is rigid. 
and therefore only rotationally displaced, if at all, [Zy] — [ Yz] 
is equal to twice the sine of the angle of rotation multiplied by 
the cosine of the inclination of the axis of rotation to the line 
of reference OX. 

(c) And in general [Zy] — [Yz] measures the entire tangential 
displacement, divided by the area on ZOY, of any closed curve 
given, if a plane curve, in the plane YOZ, or, if a tortuous curve, 
given so as to have zero area projections on ZOX and XOY. 
The entire tangential displacement of any closed curve given in 
a plane, A, perpendicular to a line whose direction-cosines are 
proportional to =, p, o, 18 equal to twice its area multiplied by 


Thus we have 
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/(a*+p*+o"). And the entire tangential displacement of any Tangential 


displace- 


closed curve whatever is equal to twice the area of its projection ment ina 
on A, multiplied by V(<*+p*+0%). pa 


. : . , components 
In the transformation of co-ordinates, =, p, o transform by the $ ara 


elementary cosine law, and of course s*-+-p*-++-o7 is an invariant; 
that is to say, its value is unchanged by transformation from one 
set of rectangular axes to another. 

(d) In non-rotational homogeneous strain, the entire tangential 
displacement along any curve from the fixed point to (x, y, z), 
reckoned along the undisplaced curve, is equal to 

4{(A—1)a*+(B— 1)y?+(C— 1)2?+2(ayz+b2n+cxry)}. 
Reckoned along displaced curve, it is, from this and § 187, 

${(A—1)x?+(B—1)y?+(C—1)2*+2(ayz+bzxr+cxy) } 
+4{[(A— 1x+ cy +bz]'+ [ex+(B—1)y+az}? 
+[bx+ay+(C—1)z]?}. 
And the entire tangential displacement from one point along 
any curve to another point, is independent of the curve, że., 
is the same along any number of conterminous curves, this of 
course whether reckoned in each case along the undisplaced or 
along the displaced curve. 

(e) Given the absolute displacement of every point to find the Hetero- 
strain. Let a, 8, y be the components, relative to fixed axes, Strain. 
OX, OY, OZ, of the displacement of a particle, P, initially in 
the position x, y,z. That is to say, let +a, y+, z+ y be the 
co-ordinates, in the strained body, of the pomt of it which was 
initially at x, y, z. 

Consider the matter all round this point in its first and second 
positions. Taking this point P as moveable origin, let £, 7, ¢ 
be the initial co-ordinates of any other point near it, and §,, 7,, 4 
the final co-ordinates of the same. 

The initial and final co-ordinates of the last-mentioned point, 
with reference to the fixed axes OX, OY, OZ, will be 

e+§, yn, 2+¢ 
and eta+é, ytB+m, 2+y+h, 
respectively ; that is to say, 
a+: — 6, B+m—y, y+h—¢ 
are the components of the displacement of the point which had 
initially the co-ordinates x+, y+, z+, or, which is the same 
thing, are the values of a, 8, y, when x, y, z are changed into 


a+, ytn, z+¢ 


Hetero- 
Leneoits 
strain. 


Homo- 
peneoun 
strain. 


Infinitely 
small strain. 


Most general 
motion of 
matter, 
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Hence, by Taylor's theorem. 
da da da 
Co. == a 
S1 S deS uy IT d- $ 


dp. dp 
IF g- ¢ 


Cae Ht 

the higher powers and products of £. n, ¢ being neglected. Com- 
paring these expressions with (1) of § 181, we see that they ex- 
press the changes in the co-ordinates of any displaced point of 
a body relatively to three rectangular axes in fixed directions 
through one point of it, when all other points of it are displaced 
relatively to this one, in any manner subject only to the con- 
dition of giving a homogeneous strain. Hence we perceive that 
at distances all round any point, so small that the first terms 
only of the expressions by Taylor’s theorem for the differences of 
displacement are sensible, the strain is sensibly homogencous, 
and we conclude that the directions of the principal axes of the 
strain at any point (x, y, z), and the amounts of the elongations 
of the matter along them, and the tangential displacements in 
closed curves, are to be found according to the general methods 
described above, by taking 


a _ da _ da : _ da 
si yao = 9 


(Y=, p=, try 


dy 
aor GY RA Ay bia ly 
[Zr]= iz > [Zy] a A [4:]= zt. 


If cach of these nine quantities is constant (¿.e., the same for all 
values of x, y, 2), the strain is homogeneous: not unless. 

(f) The condition that the strain may be infinitely small is that 

da da da 

dx dy” dz 

dB dp dB 

dx’ dy’ dz’ 

dy dy dy 
gy 2 d 
must be cach infinitely small. 

(g) These formule apply to the most general possible motion 
of any substance, and they may be considered as the fundamental 
equations of Kinematics. Tf we introduce time as independent 
variable, we have for component velocities u. v. w. parallel to 


ry 
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the fixed axes OX, OY, OZ, the following expressions; x, y, 2, ¢ Most general 
being independent variables, and a, $, y functions of them :— aoe at 
TES ’ es ’ gest) i 
dt dt di 

(h) If we introduce the condition that no line of the body ex- 
periences any elongation, we have the general equations for the 
kinematics of a rigid body, of which, however, we have had ai 
cnough already. The equations of condition to express this arigid body 


will be six in number, among the nine quantities a , cte., which 
x£ 


(g) are, in this case, each constant relatively to x, y, z. There 
arc left three independent arbitrary elements to express any 
angular motion of a rigid body. 

(i) If the disturbed condition is so related to the initial con- Non-rota- 
dition that every portion of the body can pass from its initial to S 
its disturbed position and strain, by a translation and a strain 
without rotation; z.e., if the three principal axes of the strain at 
any point are lines of the substance which retain thcir parallelism, 
we must have, § 183 (18), 

dB dy dy _da da_ df. 

dz dy’ dx dz? dy dx’ 
and if these equations are fulfilled, the strain is non-rotational, as 
specified. But these three equations express neither more nor 
less than that adx+ Bdy+ ydz 
is the differential of a function of three imdependent variables. 
Hence we have the remarkable proposition, and its converse, that 
if F(x, y, z) denote any function of the co-ordinates of any point 
of a body, and if every such point be displaced from its given 
position (x, y, z) to the point whose co-ordinates are 

marten n=y+ y n= $ (1), 

the principal axes of the strain at every point are lines of the 
substance which have retained their parallelism. The displace- 
ment back from (x,, Yı, 21) to (x, y, =) fulfils the same condition, 
and therefore we must have 


dk, dF, dF, cc a 
— EAr = RRR = 7 OR 4 Theorem 
xr=x,+ J ry nt hy sz t g ( ), of pure 
l : ; andl Vais, 


s . dF . 
where F, denotes a function of x,. Yı, 2;, and ae » ete., its 
dr, 


partial differential co-cfficieuts with reference to this system of 
variables. The relation between F and F, is clearly 


F+4F,=—}4 M (3), 


Hetero- 
Keneous 
Ktrain. 
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dk* dF’? dF?’ dF? dP? 
Maer = ax? mt dy? t dz? 7 T de? + rs i+ dz,” oo 
This, of course, may be proved by one analytical methods, 
applied to find x, y, z in terms of £,, Yı, 2,, When the latter are 
given by (1) in terms of the foriner. 

(j) Let a, B, y be any three functions of x, y, z. Let dS be 
any element of a surface; J, m, n the direction-cosines of its 


normal. 


wy dy _aB, , da_ dy T 
Then //ds! Cg re a ae Eade ay) 


the former integral being over any curvilinear area bounded by a 
closed curve; and the latter, which may be written 


dx dy dz, 
being round the periphery of this curve line. To demonstrate this, 
it is only necessary to remark that 
ldS=dydz, mdS=dzdx, ndS=dxdy, 
and to T that pag the ee aes 


UW ddz Mf Ge tedy =f, pare eal nds ete. 
(k) It is remarkable that 
x4 l 
SASi Een TAE y 


is the same for all surfaces having common bree boundary ; 
and when a, B, y are the components of a displacement from zx, y, z, 
it is the entire tangential displacement round the said curvi- 
linear boundary, being a closed curve. It is therefore this that is 
nothing when the displacement of every part is non-rotational. 
And when it is not nothing, we see by the above propositions and 
corollaries precisely what the measure of the rotation is. 

(D) Lastly, We see what the meaning, for the case of no rotation, 
of /(adx + Bdy + ydz), or, as it has been called, “ the displace- 
ment function,’ is. It is, the entire tangential displacement along 
any curve from the fixed point O, to the point P (x, y, z). And 
the entire tangential displacement, being the same along all 
different curves proceeding from one to another of any two 
points, is equal to the difference of the values of the displace- 
ment functions at those points. 


dB _ da 


191. As there can be neither annihilation nor generation 
of matter in any natural motion or action, the whole quantity 
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of a fluid within any space at any time must be equal to the 
quantity originally in that space, increased by the whole quan- 
tity that has entered it and diminished by the whole quantity 
that has left it. This idea when expressed in a perfectly com- 
prehensive manner for every portion of a fluid in motion 
constitutes what is called the “equation of continuity,” a need- 
lessly confusing expression. 

192. Two ways of proceeding to express this idea present 
themselves, each affording instructive views regarding the pro- 
perties of fluids. In one we consider a definite portion of the 
fluid ; follow it in its motions; and declare that the average 
density of the substance varies inversely as its volume. We 
thus obtain the equation of continuity in an integral form. 


Let a, b, c be the co-ordinates of any point of a moving fluid, 
at a particular cra of reckoning, and let x, y, z be the co-ordinates 
of the position it has reached at any time ¢ from that era. To 
specify completely the motion, is to give each of these three vary- 
ing co-ordinates as a function of a, b, c, t. 

Let ĉa, 5b, 8c denote the edges, parallel to the axes of co-ordi- 
nates, of a very small rectangular parallelepiped of the fluid, when 
t=0. Any portion of the fluid, if only small enough in all its 
dimensions, must (§ 190, e), in the motion, approximately fulfil 
the condition of a body uniformly strained throughout its volume. 
Hence if ôa, ôb, Sc are taken infinitely small, the corresponding 
portion of fluid must (§ 156) remain a parallelepiped during the 
motion. 

If a, b, c be the initial co-ordinates of one angular point of this 
parallelepiped ; and a+6a, b, c; a, b+ôb, c; a, b, c+; those 
of the other extremities of the three edges that meet in it: the 
co-ordinates of the same points of the fluid at time ¢, will be 


Byes: 

nto 8a, y+ 8a, 24 ba; 
s+ òb, y+” ôb, z+ 8b: 
nto 5c, y+” be, z+ i ôe. 


Hence the lengths and direction-cosines of the edges are re- 
spectively— 


“ Equation 
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Inteyral i he ly? [2 3 de : 
aguation o we cor 
connie. (‘ j ease I A ») òa, om , ete. 
dau? da? © da am | e ai 
a dl? dè 
dx 
dy? dz. db : 
ee ye. ory ete. 
db: € db? © db? > 7d a dip? dz yh 
(u + dl? + di> ) 
= 
ge } de 
Gatge taa TE yt 
det deta 
The volume of this parallelepiped is therefore 
dedydz_ drdydz dr dy dz__dzdydz _ drdydz _ dr dy den sys, 
(Ja db do da de db* db de da dì da de * dedadb e di da” °” 
or, as it is now usually written, 
|\dx dy d 
ari  6adbde. 
da’ da’ da 
de dy dz 
db’ db’ db 
‘dx dy | dz 
‘de’ de’ de 
Now as there can be neither increase nor diminution of the 
quantity of matter in any portion of the fluid, the density, or the 
quantity of matter per unit of volume, in the infinitely small por- 
tion we have been considering, must vary inversely as its volume 
if this varies. Hence, if p denote the density of the fluid in the 
neighbourhood of (x, y, z) at time ¢, and p, the initial density, 
we have 
dx dy dz 
ee: Serene ae l 
P |da’ da’ da7” ) 
dx dy z 
db’ db’ db 
dæ dy dz 
de * de’ de 
which is the integral “ equation of continuity.” 
Differential 193, The form under which the equation of continuity is 


equation of P : : 3 . ; 
continuity. most commonly given, or the diferential equation of continuity, 


as we may call it, expresses that the rate of diminution of the 
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density bears to the density, at any instant, the same ratio as Differential 
equation o 


the rate of increase of the volume of an infinitely small portion continuity. 
bears to the volume of this portion at the same instant. 


To find it, let a, b, c denote the co-ordinates, not when ¢ = 0, 
but at any time ¢— dt, of the point of fluid whose co-ordinates 
are x, y, z at t; so that we have 

dz 


dx _ dy l 
s—a= -p y— b= u ob F sags = ts 


according to the ordinary notation for partial differential co- 
efficients; or, if we denote by u, v, w, the components of the 
velocity of this point of the fluid, parallel to the axes of co- 
ordinates, 

x—a=udt, y—b=vdt, s—e=wde. 


Hence 
dx du dy dv, dz _ dw 
da + at da da’ da da ue 
d: du dz dw 
db Sat amta a 
dx du dy _ dz 


de SeS de n 


and, as we must reject all terms involving ne powers of dt 
than the first, the determinant becomes simply 
dv 
140" ++. jdt. 


This therefore expresses the ratio in which the volume is ang- 
mented in time dt. The corresponding ratio of variation of 
density is i Dp 


Cap Bati at 


if Dp denote the differential of p, the density of one and the same 
portion of fluid as it moves from the position (a, b, c) to (x, y. z) 
in the interval of time from ¢— dt to t. Hence 

1 Dp, du dv dw 

= of a 1). 

p dt" data’ de W 
Here p, u, v, w are regarded as functions of a, b, c, and t, and 


the variation of p implied in E is the rate of the actual variation 


of the density of an indefinitely small portion of the fluid as it 
moves away from a fixed position (a, b, c). If we alter the 
principle of the notation, and consider p as the density of what- 
ever portion of the fluid is at time ¢ in the neighbourhood of the 


Differential 
equation of 
continnity. 
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fixed point (a, b, ¢), and u, v, w the component velocities of the 
fluid passing the same point at the same time, we shall have 

PEE a a P i d, ji (2). 

dt dt da db i 
Omitting again the suffixes, according E the usual imperfect 
notation for partial differential co-efficients, which on our new 
understanding can cause no embarrassment, we thus have, in 
virtue of the preceding ae 


1 dp, dp du 
ad da Bt a tnt abt ate 
dp , dipu) dipe) , dipe) N 
“a dl + da + db T de = (3), 


which is the differential equation of continuity, in the form in 
which it is most commonly given. 


194. The other way referred to above (§ 192) leads im- 
mediately to the differential equation of continuity. 

Imagine a space fixed in the interior of a fluid, and consider 
the fluid which flows into this space, and the fluid which flows 
out of it, across different parts of its bounding surface, in any 
time. If the fluid is of the same density and incompressible, 
the whole quantity of matter in the space in question must re- 
main constant at all times, and therefore the quantity flowing 
in must be equal to the quantity flowing out in any time. If, 
on the contrary, during any period of motion, more fluid enters 
than leaves the fixed space, there will be condensation of 
matter in that space; or if more fluid leaves than enters, there 
will be dilatation. The rate of augmentation of the average 
density of the fluid, per unit of time, in the fixed space in 
question, bears to the actual density, at any instant, the same 
ratio that the rate of acquisition of matter into that space bears 
to the whole matter in that space. 


Let the space S be an infinitely small parallelepiped, of which 
the edges a, B, y are parallel to the axes of co-ordinates, and let 
x, y, z be the co-ordinates of its centre; so that x +4a,y¥+28, 
z Ł 4 y are the co-ordinates of its angular points. Let p be the 
density of the fluid at (x, y, 2), or the mean density through the 
le S, at the time ¢. The density at the time ¢ + dt will be 


p+ j . dt; and hence the quantities of fluid contained in the 
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space S, at the times ¢, and ¢+ dé, are respectively paßy and Difterentia) 
egnatton o 


(p+ T dt) aßy. Hence the quantity of fluid lost (there will of SORE: 


L 
course be an absolute gain if - 7, be’ positive) in the time dt is 


——'- oBydt (a). 


Now let u, v, w be the three components of the velocity of the 
fluid (or of a fluid particle) at 7’. These quantities will be func- 
tions of x, y, z (involving also /, except in the case of “steady ‘steady 
motion ”’), and will in general vary gradually from point to point Actin 
of the fluid; although the analysis which follows is not restricted 
by this consideration, but holds even in cascs where in certain 
places of the fluid there are abrupt transitions in the velocity, 
as may be seen by considering them as limiting cases of motions 
in which there are very sudden continuous transitions of velocity. 
If w be a small plane area, perpendicular to the axis of x, and i 
having its centre of gravity at P, the volume of fluid which 
flows across it in the time dt will be equal to uwdt,-and the 
mass or quantity will be puwdt. If we substitute By for w, 
the quantity which flows across either of the sides By of the 
parallelepiped S, will differ from this only on account of the 
variation in the value of pu; and therefore the quantities which 
flow across the two sides By are respectively 


—ta- Be) By dt, 


and {pu+ da TPH)» Byar, 
H dipu) d(pu) ; ee 
ence a>r Bydt, or ae aBydt is the excess of the qtiantity 
of fluid which leaves the parallelepiped across one of the faces 
By above that which enters it across the other. By considering 
in addition the effect of the motion across the other faces of the 


parallelepiped, we find for the total quantity of fluid lost from the 
space S, in the time dt, 


te ge tae Pre 0) 


Equating this to the expression (a), eta found, we have 
he a ++ ae ), aßydi= — H dP oBydt; 


l 
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and we deduce 
d(pu) , d(pv) , d(pw) , dp _ n 4 
“Ue dy de ae (4), 
which is the required equation. 


195. Several references have been made in preceding 
sections to the number of independent variables in a displace- 
ment, or to the degrees of freedom or constraint under which 
the displacement takes place. It may be well, therefore, to 
take a general (but cursory) view of this part of the subject 
by itself. 

196. A free point has three degrees of freedom, inasmuch as 
the most general displacement which it can take is resolvable 
into three, parallel respectively to any three directions, and in- 
dependent of each other. It is generally convenient to choose 
these three directions of resolution at right angles to one 
another. 

If the point be constrained to remain always on a given 
surface, one degree of constraint is introduced, or there are left 
but two degrees of freedom. For we may take the normal to 
the surface as one of three rectangular directions of resolution. 
No displacement can be effected parallel to it: and the other 
two displacements, at right angles to each other, in the tangent 
plane to the surface, are independent. 

If the point be constrained to remain on each of two sur- 
faces, it loses two degrees of freedom, and there is left but 
one. In fact, it is constrained to remain on the curve which 
is common to both surfaces, and along a curve there is at each 
point but one direction of displacement. 

197. Taking next the case of a free rigid system, we have 
evidently siz degrees of freedom to consider—thrce independent 
displacements or translations in rectangular directions as a 
point has, and three independent rotations about three mutually 
rectangular axes. 

If it have one point fixed, it loses three degrees of freedom ; 
in fact, it has now only the rotations above mentioned. 

This fixed point may be, and in general is, a point of a 
continuous surface of the body in contact with a continuous 
fixed surface. These surfaces must be supposed “ perfectly 
rough,” so that sliding may be impossible. 
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If a second point be fixed, the body loses two more degrees Freedon and 
of freedom, and keeps only one freedom to rotate about the of a rigid. 
line joining the two fixed points. E 

If a third point, not in a line with the other two, be fixed, 
the body is fixed. 

198. If one point of the rigid system is forced to remain 
on a smooth surface, one degree of freedom is lost; there remain 
five, two displacements in the tangent plane to the surface, and a4 
three rotations. As an additional degree of freedom is lost by 
each successive limitation of a point in the body to a smooth 
surface, stx such conditions completely determine the position 
of the body. Thus if six points properly chosen on the barrel 
and stock of a rifle be made to rest on six convex portions of 
the surface of a fixed rigid body, the rifle may be replaced any 
number of times in precisely the same position, for the pur- 
pose of testing its accuracy. 

199. If one point be constrained to remain in a curve, there 
remain four degrees of freedom. 

If two points be constrained to remain in given curves, there 
are four degrees of constraint, and we have left two degrees of 
freedom. One of these may be regarded as being a simple 
rotation about the line joining the constrained points, a motion 
which, it is clear, the body is free to receive. It may be shown 
that the other possible motion is of the most general character 
for one degree of freedom; that is to say, translation and rota- 
tion in any fixed proportions as of the nut of a screw. 

If one line of a rigid system be constrained to remain parallel 
to itself, as, for instance, if the body be a three-legged stool 
standing on a perfectly smooth board fixed to a common window, 
sliding in its frame with perfect freedom, there remain three dis- 
placements and one rotation. 

But we need not further pursue this subject, as the number 
of combinations that might be considered is almost endless ; 
and those already given suffice to show how simple is the 
determination of the degrees of freedom or constraint in any 
case that may present itself. 

200. One degree of constraint of the most general character, One degree 


of constraint 


is not producible by constraining one point of the body to a of the most 


general cha- 


curve surface; but it consists in stopping one line of the body racter. 


One degree 

of constrain 
of the most 
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from longitudinal motion, except accompanied by rotation round 
this line, in fixed proportion to the longitudinal motion, every 
other motion being left unimpeded ; that is to say, free rotation 
about any axis perpendicular to this line (two degrees freedom) ; 
and translation in any direction perpendicular to the same line 
(two degrees freedom). These last four, with the one degree of 
freedom to screw, constitute the five degrees of freedom, which, 
with one degree of constraint, make up the six elements. 

201. Let a screw be cut on one shaft of a Hooke’s joint, and 
let the other shaft be joined to a fixed shaft by a second Hooke’s 
joint. A nut turning on that screw shaft has the most general 
kind of motion admitted when there is one degree of constraint. 
Or it is subjected to just one degree of constraint of the most 
general character. It has five degrees of freedom; for it may 
move, lst, by screwing on its shaft, the two Hooke’s joints being 
at rest; 2d, it may rotate about either axis of the first Hooke’s 
joint, or any axis in their plane (two more decrees of freedom : 
being freedom to rotate about two axes through one point) ; 
3d, it may, by the two Hooke’s joints, each bending, have 
translation without rotation in any direction perpendicular to 
the link, or shaft between the two Hooke’s joints (two more 
degrees of freedom). But it cannot have a motion of transla- 
tion parallel to the line of the link without a definite propor- 
tion of rotation round this line; nor can it have rotation round 
this line without a definite proportion of translation parallel 
to it. 

No simpler mechanism can be easily imagined for producing 
one degree of constraint, of the most general kind. 

Particular case («).—Step of screw infinite (straight rifling), 
ie. the nut may slide freely, but cannot turn. Thus the 
one degree of constraint is, that there shall be no rotation about 
a certain axis. This is the kind and degree of freedom enjoyed 
by the outer ring of a gyroscope with its fly-wheel revolving 
infinitely fast. The outer ring cannot revolve about an axis 
perpendicular to the plane of the inner ring, but it may re- 
volve freely about either of two axes at right angles to this, 
namely, the axis of the fly-wheel, and the axis of the outer, 
relative to the inner, ring; and it is of course perfectly free to 


D)? 
translation in any direction. 
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Particular case (b).—Step of the screw = 0. In this case 


Mechanical 


. illustration. 


the nut may run round freely, but cannot move along the axis 
of the shaft. Hence the constraint is simply that the body 
can have no translation parallel to the line of shafts, but may 
have every other motion. This is the same as if any point of the 
body in this line were held to a fixed surface. This constraint 
may be produced less frictionally by not using a guiding sur- 
face, but the link and second Hooke’s joint of the present 
alrangement, the first Hooke’s joint being removed, and by 
pivoting one point of the body in a cup on the end of the 
link. Otherwise, let the end of the link be a continuous 
surface, and let a continuous surface of the body press on it, 
rolling or spinning when required, but not permitted to slide. 


A single degree of constraint is expressed by a single equation 
among the six co-ordinates specifying the position of one rigid 
body, relatively to another considered fixed. The effect of this 
on the body in any particular position is to prevent it from getting 
out of this position, except by means of component velocities (or 
infinitely small motions) fulfilling a certain linear equation among 


themselves. 
Thus if zi, «3, #3, 74, @3, za be the six co-ordinates, and 
| ene )=0 the condition, 
dF 
ie EET =0 


is the linear equation which binds the motion through any par- 

ticular position, the special valucs of «,, =a, w;, ete., for the 

particular position, being used in and in each of the other 
“1 

partial differential co-efficients of F. 

Now, whatever may be the co-ordinate system adopted, we 
may, if we please, reduce this equation to one between three 
velocitics of translation u, v, w, and three angular velocities 
Wi, Wg, Ws. 

Let this equation be 

Aut Bo+ Cw+ A'o,+ Bw, + Cw, =0. 
This is equivalent to the following :— 
q+ aw=0, 
if q denote the component velocity along or parallel to the line 
whose direction-cosines are proportional to 
A, B, C, 
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w the component angular velocity round an axis through the 
origin and in the direction whose direction-cosines are propor- 


tional to A. BAC, 
A” +B” 
and lastly, i a ; 


It might be supposed that by altering the origin of co-ordinates 
we could do away with the angular velocities, and leave only a 
linear equation among the components of velocity of translation. 
It is not so; for let the origin be shifted to a point whose co- 
ordinates are £, n, ¢ The angular velocities about the new axes, 
parallel to the old, will be unchanged; but the linear velocities 
which, in composition with these angular velocities about the 
NeW axes, give w,, W,, Ws, U, V, w, With reference to the old, are 
(§ 89) 

u— wat otu", 
v—w (+u,E=v, 
w= wt onu. 
Hence the equation of constraint becomes 
Au + Bo’ + Cw’ +(A’+BE— Cy)o, +ete.=0. 

Now we cannot generally determine €, 7, ¢ so as to make w,, 
etc., disappear, because this would require three conditions, 
whereas their co-efficients, as functions of Ẹ, 7, Ġ are not in- 
dependent, since there exists the relation 

A( BE— Cy) + B(CE— AQ + C4 — BO=0. 
The simplest form we can reduce to is 
lu’ + mv’ +nw’+a(lo, +mw,+nw;)=0, 
that is to say, every longitudinal motion of a certain axis must be 
accompanicd by a definite proportion of rotation about it. 


202. These principles constitute in reality part of the general 
theory of “co-ordinates” in geometry. The three co-ordinates 
of either of the ordinary systems, rectangular or polar, required 
to specify the position of a point, correspond to the three 
degrees of freedom enjoyed by an unconstrained point. The 
most general system of co-ordinates of a point consists of 
three sets of surfaces, on one of each of which it les. When 
one of these surfaces only is given, the point may be any- 
where on it, or, in the language we have been using above, it 
enjoys two degrees of freedom. If a second and a third sur- 
face, on each of which also it must lie, it has, as we have seen, 
no freedom left: in other words, its position is completely 
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specified, being the point in which the three surfaces meet. 
The analytical ambiguities, and their interpretation, in cases in 
which the specifying surfaces meet in more than one point, 
need not occupy us here. 


Generalized 
co-ordinates. 


To express this analytically, let p=a, d=8, 6=+y where ofa point. 


¥, $, 0 are functions of the position of the point, and a, £, y 
constants, be the equations of the three sects of surfaces, differ- 
ent values of each constant giving the different surfaces of the 
corresponding set. Any one value, for instance, of a, will de- 
termine one surface of the first set, and so for the others: and 
three particular values of the three constants, specify a parti- 
cular point, P, being the intersection of the three surfaces which 
they determine. Thus a, $, y are the “co-ordinates” of P; 
which may be referred to as “the point (a, B, y)” The form of 
the co-ordinate surfaces of the (ap, ¢, 6) system is defined in 
terms of co-ordinates (x, y, z) on any other system, plane rect- 
angular co-ordinates for instance, if , ¢, 0 are given each as 
a function of (x, y, 2). 

203. Component velocitics of a moving point, parallel to the 
three axes of co-ordinates of the ordinary rectangular system, are, 
as we have seen, the rates of augmentation of the correspond- 
ing co-ordinates. These, according to the Newtonian fluxional 
notation, are written 2, y,Z; or, according to Leibnitz’s notation, 
OH? oY , T: Lagrange has com- 
bined the two notations with admirable skill and taste in his 
Mécanique Analytique, as we shall see in Chap. 1L In specify- 


which we have used above 


Origin of the 
differential 
calculus. 


ing the motion of a point according to the generalized system . 


of co-ordinates, 4, p, @ must be considered as varying with the 


-. . dp db dO. 
time: y, $, 0, or zy? qp? z> will then be the generalized 


dt at 
te tea db db dé 

components of velocity: and 4, ¢, 0, o ae od a? T 
dy dp d0 . 
Aa ' pi » a will be the generalized components of accelera- 
tion. 

204. On precisely the same principles we may arrange sets of 
co-ordinates for specifying the position and motion of a material 
system consisting of any finite number of rigid bodies, or 


Co-ordinates 
of any 
system. 
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Co-ordinates Material points, connected together in any way. Thus if y, œ, @, 


of any 
system. 


Generalized 
components 
of velocity. 


Examples. 


etc., denote any number of elements, independently variable, 
which, when all given, fully specify its position and configura- 
tion, being of course equal in number to the degrees of freedom 
to move enjoyed by the system, these elements are its co-ordin- 
ates. When it is actually moving, their rates of variation per 


unit of time, or TA d, etc., express what we shall call its gener- 
alized component velocities; and the rates at which 4, d, etc., 


augment per unit of time, or y, œ, etc., its component accelera- 
tions. Thus, for example, if the system consists of a single 
rigid body quite free, a, ¢, etc., in number six, may be three 
common co-ordinates of one point of the body, and three 
angular co-ordinates (§ 100, above) fixing its position relatively 


to axes ina given direction through this point. Then 4, œ, ete., 


will be the three components of the velocity of this point, and 
the velocities of the three angular motions explained in § 100, 
as corresponding to variations in the angular co-ordinates. Or, 
again, the system may consist of one rigid body supported on a 
fixed axis; a second, on an axis fixed relatively to the first; a 
third, on an axis fixed relatively to the second, and so on. 
There will be in this case only as many co-ordinates as there 
are of rigid bodies. These co-ordinates might be, for instance, 
the angle between a plane of the first body and a fixed plane, 
through the first axis; the angle between planes through the 
second axis, fixed relatively to the first and second bodies, and 


so on; and the component velocities, af, d, etc. would then be 
the angular velocity of the first body relatively to directions 
fixed in space ; the angular velocity of the second body re- 
latively to the first; of the third relatively to the second, and 
so on. Or if the system be a set, 7 im number, of material 
points perfectly free, one of its 32 co-ordinates may be the surn 
of the squares of their distances from a certain point, either 
fixed or moving in any way relatively to the system, and the 
remaining 3 — 1 may be angles, or may be mere ratios of dis- 
tances between individual points of the system. But it is 
needless to multiply examples here. We shall have illustra- 
tions enough of the principle of generalized co-ordinates, by 
actual use of it in Chap. IL, and other parts of this book, 
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APPENDIX TO CHAPTER I. 


A.—EXTENSION OF GREEN'S THEOREM. 


IT is convenient that we should here give the demonstration 


of a few theorems of pure analysis, of which we shall have 
many and most important applications, not only in the subject 
of spherical harmonics, which follows immediately, but in the 
general theories of attraction, of fluid motion, and of the con- 
duction of heat, and in the most practical investigations regard- 
ing electricity, and magnetic and electro-magnetic force. 


(a) Let U and U’ denote two functions of three independent 
variables, x, y, z, which we may conveniently regard as rect- 
angular co-ordinates of a point P, and let a denote a quantity 
which may be cither constant, or any arbitrary function of the 
variables. Let ///dxdydz denote integration throughout a limited 
space bounded by a closed surface S; let //dS denote integration 
over the whole surface S; and let 0, prefixed to any function, 
denote its rate of variation at any point of S, per unit of length 
in the direction perpendicular to S outwards. 

Then 


_@U dU’ dUdU' dU dU' : 
v ie dx + To dz pera yee 


Men 
te) ara) Ue, 
=//dS.U'a200—fffU' { a = dy + ds — } dadyd: 
ax ; (1) 
U7". ` dU" dU 
i dhay ) dia” gy ) d(a? de ) 
=//dS.UaU' —fffU § ae saa aia -—y, ~ }dedyd:z 


For, taking one term of the first member alone, and integrating 
“by parts,” we have 


dU 
7 v l : d(a?- -) 
Mer dxdydz = [U's a dydz —f{ffU' i dadydz, 


the first integral being between limits corresponding to the sur- 
face S; that is to say, being from the negative to the positive 
end of the portion within S, or of each portion within S, of the 
line x through the point (0, y, 2). Now if A, and A, denote the 
inclination of the outward normal of the surface to this line, at 
points where it enters and emerges from S respectively, and if 


@ Constant 
tives a 
theorem: of 
Green's, 
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a constant dS, and dS, denote the elements of the surface in which it is cut 
theorem of at these points by the rectangular prism standing on dydz, we 
Green's. 

have 


dydz=—cos A,dS,=cos A,d8,. 
Thus the first integral, between the proper limits, involves the 


elements U a cos A,dS,, and— U’ ati cos AdS, ; the latter 


of which, as corresponding to the lower limit, is subtracted. 
Hence, there being in the whole of S an element dS, for each 
element dS,, the first integral is simply 


JU wo cos dS, 


for the whole surface. Adding the corresponding terms for y 
and z, and remarking that 
T- oos A+ cos B+ cos C=0U 

where B and C denote the inclinations of the outward normal 
through dS to lines drawn through dS in the positive directions 
parallel to y and z respectively, we perceive the truth of (1). 

(b) Again, let U and U’ denote two functions of x, y, z, which 
have equal values at every point of S, and of which the first 
fulfils the equation 


dU dU dU 
Te ae) E a ae 
tion of heat. dx dy me T 0 (2), 
for every point within S. 
Then if U'—U=u, we have 
dU’, dU’? dU’? ~7 aU, dU,’ dU3 
H! (aiz) F +e) sdxdydz:= JJJ (o ),) Pegy Hag) ydxdyd: 
du, 3 du,? dua3 
f y CEA ames U. l ‘ 
+Ø la 1.) + ci + (a5-) j dædydz (3) 


For the first number is equal identically to the second member 
with the addition of 
dU du dU du dU du 
3 seis tele ~ — \dxdydz. 
AN ede ay dy Tea 


But, by (1) this is equal to 


d(a SE) dia) dqa t) 
2/fdS.ua%d U—Uffus a as dy + = t dxdyd:z, 


of which cach term vanishes; the first, or the double integral, be- 
cause, by hypothesis, u is equal to nothing at every point of S, and 
the second, or the triple integral. because of (2). 
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(c) The second term of the second member of (3) is essentially Property of 
2a ° -o solution with 
positive, provided a has a real value, whether positive, zero, or U given over 
negative, for every point (x, y, z) within S. Hence the first À 
member of (3) necessarily exceeds the first term of the second 
member. But the sole characteristic of U is that it satisfies (2). Solution 
Hence U’ cannot also satisfy (2). That is to say, U being any Actoni 
one solution of (2), there can be no other solution agreeing with 
it at every point of S, but differing from it for some part of the 
space within 8. 
(d) One solution of (2) exists, satisfying the condition that U proved to be 
has an arbitrary value for every point of the surface S. For let "°°" 
U denote any function whatever, which has the given arbitrary 
value at each point of S; let u be any function whatever which is 
equal to nothing at each point of S, and which is of any real 
finite or infinitely small value, of the same sign as the value of 


dU, aU dU 
Mera) A ay) We 
dx dy dz 


at each internal point, and therefore, of course, equal to nothing 
at every internal point, if any, for which the value of this expres- 
sion is nothing; and let U’ = U + 0u, where 0 denotes any con- 
stant. Then, using the formule of (òb), modified to suit the 
altered circumstances, and taking Q and Q’ for brevity to denote 
HK aiy + ep? + (a) `} dxdydz, 
and the corresponding integral for U’, we have 
=Q- Fe) +5 ae) + $ (at) )drdyd: 
FO Gey (age + (age) dedyd:. 
The co-efficient of — 20 here is essentially positive, in conse- 
quence of the condition under which u is chosen, unless (2) is 
satisfied, in which case it is nothing; and the coefficient of 0° is 
essentially positive, if not zero, because all the quantities in- 
volved are real. Hence the equation may be written thus :— 
Q = Q — m(n — 0) 

where m and n are each positive. This shows that if any positive 
value less than n is assigned to 0, Q’ is made smaller than Q; that 
is to say, unless (2) is satisfied, a function, having the same value 
at Sas U, may be found which shall make the Q integral smaller 
than for U. In other words, a function U, which, having 
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theorem.” 
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any prescribed value over the surface S, makes the integral Q 
for the intcrior as small as possible, must satisfy equation (2). 
But the Q integral is essentially positive, and therefore there is a 
limit than which it cannot be made smaller. Hence there is a 
solution of (2) subject to the prescribed surface condition. 

(e) We have seen (c) that there is, if one, only one, solu- 
tion of (2) subject to the prescribed surface condition, and now 
we see that there is one. To recapitulate,—we conclude that, 
if the value of U be given arbitrarily at every point of any closed 
surface, the equation 

d , dau atl Dt: dU 

ia ft ay E dy) * a rl re 
determines its value without ambiguity for every point within 
that surface. That this important proposition holds also for the 
whole infinite space without the surface S, follows from the pre- 
ceding demonstration, with only the precaution, that the different 
functions dealt with must be so taken as to render all the triple 
integrals convergent. S need not be merely a single closed 
surface, but it may be any number of surfaces enclosing isolated 
portions of space. The extreme case, too, of S, or any detached 
part of S, an open shell, that is a finite unclosed surface, is clearly 
included. Or lastly, S, or any detached part of S, may be an 
infinitely extended surface, provided the value of U arbitrarily 
assigned over it be so assigned as to render the triple aud double 
integrals involved all convergent. 


= 


B.—SPuERICAL HARMONIC ANALYSIS. 


THE mathematical method which has been commonly re- 
ferred to by English writers as that of “ Laplace’s Co-efficients,” 
but which is here called spherical harmonic analysis, has for its 
object the expression of an arbitrary periodic function of two 
independent variables in the proper form for a large class of 
physical problems involving arbitrary data over a spherical 
surface, and the deduction of solutions for every point of space. 


(a) A spherical harmonie function is defined as a homogeneous 
function, V, of x, y, z, which satisfies the equation 
ever ar, a 
dx? dy? dz i 
Its degree may be any positive or negative integer; or it may 
be fractional; or it may be imaginary. 
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(b) A spherical surface harmonic is the function of two Definitions. 
angular co-ordinates, or spherical surface co-ordinates, which a 
spherical harmonic becomes at any spherical surface described 
. from O, the origin of co-ordinates, as centre. Sometimes a func- 
tion which, according to the definition (a), is simply a spherical 
harmonic, will be called a spherical solid harmonic, when it 
is desired to call attention to its not being confined to a spherical 
surface. 

(c) A complete spherical harmonic is one which is finite and 
of single value for all finite values of the co-ordinates. 

An incomplete spherical harmonic is a spherical harmonic 
which either does not satisfy the fundamental equation (4) for 
space completely surrounding the centre, or does not return to 
the same value in going once round every closed curve. 

(d) It will be shown, later, that a complete spherical harmonic is Alzebraic 
neccessarily either a rational integral function of the co-ordinates, cone te 
or reducible to one by a factor of the form (x*-+-4?-+-21)™, rae 

(e) The general problem of finding harmonic functions is most Ditferential 


tions of 
concisely stated thus :— a harmonie 
e . Ol Gepree n. 
To find the most general integral of the equation la 
du du du 
ss = 4 
dx? T dy? y? T dz? (4) 
subject to the condition 
oo 
tad = 5 
z tY vy Mp nu (5) 


the second of these on nat merely the analytical expres- 
sion of the condition that u is a homogeneous function of x, y, z 
of the degree n, which may be any whole number positive or 
negative, any fraction, or any imaginary quantity. 

(f) Analy tical expressions in various forms for an absolutely Value of 
gencral integration of these equations, may probably be found Srinbolical 
without much difficulty ; but with us the only value or interest “P**'’"* 
which any such investigation can have, depends on the avail- 
ability of its results for solutions fulfilling the conditions at 
bounding surfaces presented by physical problems. In a very vee a 
large and most important class of physical problems regard- fale 
ing space bounded by a complete spherical surface, or by two iigaieat 
complete concentric spherical surfaces, or by closed surfaces !""™* 
differing very little from spherical surfaces, the case of n any 
positive or negative integer, integrated particularly under the 


restriction stated in (d) is of paramount importance. It 


Uses of in- 
complete 
spherical 
harmonies 
in physical 
problems. 


Working 
formulæ. 
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will be worked out thoroughly below. Again, in similar pro- 
blems regarding sections cut out of spherical spaces by two 
diametral planes making any angle with one another not a sub- 
multiple of two right angles, or regarding spaces bounded by two 
circular cones having a commor vertex and axis, and by the 
included portion of two spherical surfaces described from their 
vertex as centre, solutions for cases of fractional and imaginary 
values of n are useful. Lastly, when the subject is a solid or 
fluid, shaped as a section cut from the last mentioned spaces by 
two planes through the axis of the cones, inclined to one another 
at any angle, whether a sub-multiple of ~ or not, we meet with 
the case of n either integral or not, but to be integrated under a 
restriction differing from that specified in (d). We shall ac- 
cordingly, after investigating general expressions for complete 
spherical harmonics, give some indications as to the determina- 
tion of the incomplete harmonics, whether of fractional, of 
imaginary, or of integral degrees, which are required for the 
solution of problems regarding such portions of spherical spaces 
as we have just described. 

A few formulz, which will be of constant use in what follows, 
are brought together in the first place. 

(g) Calling O the origin of co-ordinates, and P the point 
x, y, z, let OP=r, so that x?+y?4:!=r', Let ð, prefixed to 
any function, denote its rate of variation per unit of space in 
the direction OP; so that 
va de ee (6). 
r dr rdy rd: 

If H,, denote any homogeneous function of x, y, z of order n, we 
have clearly 


M= Hn (7) ; 
whence zs ln + ye $n = nll, (5) or (8) 
y . 


the well known fone equation of a homogeneous function ; 
in which, of course, n may have any value, positive integral, 
negative, fractional, or imaginary. Again, denoting, for brevity, 
a â Ë di 
a at ays F by V*, we have, by differentiation 

V'(r™) =m(m+1)r™—4 (9). 
Also, if u, u’ denote any two functions, 


Dn’ y=u' up du’. du du’. du dw 


te tu’ 10): 
b a Taea a 


de du 
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whence, if u and «’ are both solutions of (4), 
du du’ du du’, du du’ | 
=? Sg CUA . 
VouS Ge di dx ' dy dy ' dz dz’ (HA 
or, ” ai u= Vn, a Pe of degree n, and w =r”, 


Vn dV E 
yY dy +z dz + VnV (r ), 


or, by a and (9), 

Vi (r™V,)=m(2n-+-m+1)r™-*V, (12). 
From this last it follows that r—**-!V, is a harmonic; which, 
being of degree —n—1, may be denoted by V_y_,, so that 


we have 
Vn- =r Vn 


Vy V, 
or aT =n (13), 
if n+n'=—1 


a formula showing a reciprocal relation between two solid har- 
monics which give the same form of surface harmonic at any 
spherical surface described from O as centre. Again, by taking 
m= —1, in (9), we have 
v= 


r 


0 (14). 


Hence Lis a harmonic of degree —1. We shall see later that 


it is the only complete harmonic, of this degree. 
If u be any solution of the equation y*u = 0, we have also 


2 du 
v dz =O? 
and so on for any number of differentiations. Hen if V, is 
' j+k+l 
a harmonic of any degree +, aaa ee is a harmonic of degree 
t—j—k—Il; or, a8 we may write it, 
Gitk+ly, 
dxidykdz! 7 =Vi-jy— 1 (15). 


Again, we have a most important theorem expressed by the 
following equations :— 

YS Sida=0 (16) 
where da denotes an element of a spherical surface, described 
from O as centre with radius unity; // an integration over the 
whole of this surface; and S;, Si: two complete surface harmonics, 
of which the degrees, 7 and 7’, are neither equal to one another 
nor such that i + i? = — 1. For, denoting the solid harmonics 


PON ii, aL ey 
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riS; and ri'S; by Vi and Vy for any point (x, y, 2), we have, by 
the general theorem (1) of A (a), above, applied to the space 
between any two spherical surfaces having O for their common 
centre, and a and a, their radii ;— 


dV, dVi 1G dVi dVi 


ep Nie “Wyedo=//Vy OV; da. 
Wa ap T iydrdydz=//V:;ðF vdo =/f do 


But, M to (7), Sai, and WSs. And for the 


portions of the bounding surface constituted by the two spherical 
surfaces respectively, de=a’dz, and do=a,*dz. Hence the two 
last equal members of the preceding double equations become 
i(aitt + = a tE S:S: da = 1 (aiti + — g,iti+1) 78,8; dz 

to satisfy which, when ¢ differs from 2’, and aiti'+! from a ititi, 
(16) must hold. 

The corresponding theorem for incomplete spherical harmonics 
is this :— 

Let S;, S; denote any two incomplete spherical surface har- 
monics of degrees 1, i’, differing from one another, and having 
their sum different from — 1; and further, fulfilling the condition 
that, at every point of the boundary of some one part of the 
spherical surface either each of them vanishes, or the rate of 
variation of cach of them perpendicular to this boundary vanishes, 
and that each is finite and single in its value at every point of 
the enclosed portion of surface; then, with the integration // 
limited to the portion of surface in question, equation (16) holds. 
The proof differs from the preceding only in this, that instead 
of taking the whole space between two concentric spherical sur- 
faces, we must now take only the part of it enclosed by the cone 
having O for vertex, and containing the boundary of the spherical 
area considered. 

(h) Proceeding now to the investigation of complete harmonics, 
we shall first prove that every such function is either rational and 
integral in terms of the co-ordinates x, y, z, or is made so by a 
factor of the form 7”. 

Let V be any function of x, y, z, satisfying the equation 

y’ V=0 (1 7) 
at every point within a spherical surface, S, described from O as 
centre, with any radius a. Its value at this surface, if a known 
function, of any arbitrary character, may be expanded according 
to the general theorem of § 51, below, in the following series :— 


(r=a), V=S,+8,4+8,4...... + 8;+ ete. (18) 
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where S,, S,,....8; denote the surface values of solid spherical 
harmonics of degrees 1, 2,...7, each a rational integral function 
for every point within S. But 


solution of 

Green's AN 
7 . i wa blem for the 
ix a function fulfillmg these conditions, and therefore, as was space within 


$ ‘ «© aspherical 
proved above, A(c), V cannot differ from it. Now, as a parti- suface. 


cular case, let V be a harmonic function of positive degree ¢, 


SSZ HS oom HS “+ ete. (19) Harmonic 


which may be denoted by S T; we must have 
at 


rt 


E A $80 + ote. 


This cannot be unless i= /, S:=S;, and all the other functions 
So, Si, Sa, ctc., vanish. Hence there can be no complete spheri- 


° ° o e e ri > 
DEA ; y. , Complete 
cal harmonic of positive degree, which is not, as Si— , of integral ponies 
a of positive 
degree and an integral rational function of the co-ordinates. ee 
: . - p = int rational and 
Again, let V be any function satisfying (17) for every point es ha 


without the spherical surface S, and vanishing at an infinite dis- 


tance in any direction; and let, as before, (18) express its surface Harmonie 
solution of 


value at S. We pri A that it cannot differ from Green’s pro- 
blem for 
itiq. space ex- 
AN, pre ues ee > ae ae S; +ete (20) ternal to a 
— seo pitt : * spherical 
surface, 


Hence if, as a ‘cates case, V be any complete harmonic 
r*S : . 
- “*, of negative degree «, we must have, for all points out- 
side S, 

r*a as, , aS, as, ait ts; 


weg bare ibe bay“ bete. 


ax r m r? 


which requires that k= — (i+ 1), Sx = S;, and that all the other func- 
tions So, S1, Sa, etc., vanish. Hence a complete spherical harmonic 


+19, i+1 Complete 

: A a , p'et 
of negative degree cannot be other than a — Kiri, harmonies 
riti piit of negative 

degree. 


where S;ri is not only a rational integral function of the co- 
ordinates, as asserted in the enunciation, but is itself a spherical 
harmonic. 

(i) Thus we have proved that a complete spherical harmonic, 
if of positive, is necessarily of integral, degree, and is, besides, a 
rational integral function of the co-ordinates, or if of negative 
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> 


e e . } e 
degree, — (i+ 1), is necessarily of the form —— , where V; 1s 
r- 


a harmonic of positive degree, & We shall therefore call the order 
of a complete spherical harmonic of negative degree, the degree 
or order of the complete harmonic of positive degree allied to it ; 
and we shall call the order of a surface harmonic, the degree or 
order of the solid harmonic of positive degree, or the order of the 
solid harmonic of negative degree, which agrees with it at the 
spherical surface. 

(j) To obtain general expressions for complete spherical har- 
monics of all orders, we may first remark that, inasmuch as a 
constant is the only rational integral function of degree 0, a com- 
plete harmonic of degree 0 is necessarily constant. Hence, by 
what we have just seen, a complete harmonic of the degree — 1 


is necessarily of the form A . That this function is a harmonic 


r 


we knew before, by (14). 
Hence, by (15), we see that 


a ditk+l 1 
E ~dxidy'd (ty? +z) (21), 
if j+k+/=i 


where V_;_, denotes a harmonic, which is clearly a complete 
harmonic, of degree —(i +1). The differential coefficient here in- 
dicated, when worked out, is easily found to be a fraction, of which 
the numerator is a rational integral function of degree iż, and the 
denominator is r?!+¥, By what we have just seen, the nume- 
rator must be a harmonic; and, denoting it by F;, we thus have 


qitk+t 1 


Jj rttt zee a er 
dxidy*dz! r 


(22). 


The number of independent harmonics of order 7, which we 


can thus derive by differentiation from 1 » is 2141. For, although 
r 


"19\(7 f f ; i+k4l 
there are (+2) +1) differential coeficients Me. for 
2 daxidy* dz! ’ 


which j+4+/=1, only 2/+1 of these are independent when ES 
r 
is the subject of differentiation, inasmuch as 


d? d ě d? 1 
E ES Deere. aeaiee 
‘dat dy a FAL r z oi 
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. ; q:™ 1 n d2 d: ” 1 
which gives — = (—) (5+) — _ (28), Relation 
az? r dx? dy’ r aa 
° r ifferential 
n being any integer, and shows that, coeficients 
: l l of hannonics 


LL. og 
2— , if J is even, 
r 


ee es E 

dxidy"dz' r oe diy dai ay?) 
veg Gd ,d° +5 A 2 1 

or =(—) didyt (35 aor dy) , if Z is odd. 

Hence, by taking /=0, and pe in first place, we have 


(24). 


k 
i+ 1 differential coefficients pa ; and = taking next 7=1, and 


j+k=i—1, we have č varieties of - ee 


Teid i ; that is to say, we have 


in all 2/+1 varieties, and no more, when + isthe subject. Itis 
r 


easily seen that these 27+ 1 varieties are in reality independent. 
We need not stop at present to show this, as it will be apparent 
in the actual expansions given below. 

Now if H; (x, y, z) denote any rational integral function of 
x, y, z of degree i, V’ Hi (x, y, z) is of degree i—2. Hence since 
a i{(i—1) 


terms, in V*//; there are - 9 


in H; there are 


spies i(i— 
Hence if V H;=0, we have — (È 1) equations among the constant Complete 
2 harmonie of 
any degree 
coefficients, and the number of independent constants remaining is investizated 
) algebraically, 


a inL Am » or 27-++1; that is to say, there are 2i+1 


constants in the general rational integral harmonic of degree iż. 
But we have seen that there are 2:+1 distinct varieties of dif- 


ferential coefficients of E order ¿, and that the numerator 
r 


of each is a harmonic of degree 7. Hence every complete har- 
monic of order 7 is expressible in terms of differential coefficients 


of}. It is impossible to form 2/+1 functions symmetrically 
r 


among three variables, except when 27-+-1 is divisible by 3; that 
is to say, when i=3n+ 1, n being any integer, a class of cases 
deserving special attention. But for every value of ¢ the general 
harmonic may be exhibited as a function, with 2/4+1 constants, 
involving two out of the three variables symmetrically. This 
may be done in a variety of ways, of which we choose the two 
following, as being the most useful .—First, 
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cent Vi radya dd yd a 
templets piit Aol) +- (a) a ao vay’ meTag! } r 25) 
Armonie 953 
ORDUN i. d i~ di~ qd d ‘73 d i—i dil 
HBn) HBI are T a T. PA 
Secondly, let x+yv=$, r—yv=y (26), 
where, as formerly, v is taken to denote 7 — 1. 
TEN 1 
This gives r=HE+n), y= €n) | 
g (27); 
Le 
r a | 
Imaginary d a d d \ 
Cea a EN ae a tebe ge j= E LE a] | 
(28), 
d d d 
dÈ [é, Me ae gg Coe) ay oe nen! Ea { 
where [x, y] and [£, 7] denote the same quantity, expressed in 
terms of x, y, and of £, 7 respectively. From these we have, 
further, 
d’ d’ pa 
Gat ae +53 ley l= Ogg t Gelb 0 2h | 
or, according to our abbreviated notation, (29) 
2 , a. @v 
V Stigt dst | 
Then, as before, 
“td d it d? dil 
BAS Mae) +À. (ap) dì ve ( i) + FBG) bs 
Hey 4G) 248) T a 
{ Bo dÈ Bae Ft Bl Fr ) +.. -+ Dix = dn dz F 
Ea The differentiations here are performed with great ease, by the 


term. aid of Leibnitz’s theorem. Thus we have 


dmtn 1 mn 
20on+n)+1 aa m+al a SEA men mel pea 
j dg”dn" -a ) (npn) [nE l. in--n—3)” 


m(m—l).n(n—1) genet 
Fy 2. m--n—d} (m+ n—})" age reeled 
and (31). 
qmin+] 1 
Yeu ESNI n mH ED 220 — EFT, za a 1r? 
m m—l).nin—t) 


+ 1.2. m-n} (mẸn—}ġ" 


pantry t 


mgn —2ri—ete J 
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This expression leads at once to a real development, in terms of Polar trans- 


polar co-ordinates, thus :—Let one 
z=rcos6, r=r sin ĝ cos ġ, y=r sin ô sin d (32) ; 

so that =r sin Oe’? y=r sin 0e"? (33). 

Then, since En =x +y =r’? sind, 


and 
Enna = (En) ™E*=(En)™(r sin 0)8(cos p+ vsin f)*=(r sin 0)™+"(cossp-+ vsin sd), 
where s=n —m ; and if, further, we take 
dint Am=As, (An—Am)v=Ae \ 2 (34) 
Bat m= Bs, (Ba — B,,)v= B, 
we have | 
n qmin n Trigono- 
pa > -= + An- derd" 7=(—)""y $.4...(m—-n—g)r—(m+"4+)( A, cos 86-- A, sin ag) metrical 
_m(m—1).n(n—1) č n sions; 
Lap) (mpag) (pan Fete 35 
, dhtml 1 dm+n+1 1 er ers ne ; (35). 
“demdardz r + 3%, déndgder =(—) àt oe (mpn+h) r (B,cos «@-+-B, sin s¢)cos 
m(m—1).n(n—1) 
+n 
Sted a o 
Setting aside now constant factors, which have been retained 
hitherto to show the relations of the expressions we have investi- 


An 


[sin™+"9 — e ginmtn— 296+ — 


sin” +"—49—etc. | 


gated, to differential co-efficients of bor and taking 2 to denote 
r 


summation with respect to the arbitrary constants, A, A’, B, B’, 
we have the following perfectly general expression for a complete 
surface harmonic of order ¢:— 


S; = p (A cos s?-+-A, sin 24) Om, ei "S7 B. cos 86-+-B, sin sf) cos OZim, n) 
where s=mewn, and (36) 


m(m—1).n(r—1 

1. Teter acai OF 2. pet opa piin ete, 
while Zim,n) differs from @(m.n) only in having m-+-n+1 in place 
of m+n, in the denominators. 

The formula most commonly given for a spherical harmonic 
of order i (Laplace, Mécanique Celeste, livre 111. chap. 11., or 
Murphy’s Electricity, Preliminary Prop. xi.) is somewhat simpler, 
being as follows :— 


Om, n= Sint” — 


tui 


(A, cos sp + B, sin sp) OP (37) 


a entet ete] (33). 


tt unap anus —e Goten. i—s-2 
©, =sin’b| cosi- — gi °° 1-20- 
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: (s) . 

Trigono- where it may be remarked that 0, means the same as O(n) if 
metrica 

expansions. m+n=i, and mœn=s, or as cosOZimn) if m+n+1=2 and 


mewn=s. This may be derived from the preceding, by algebraic 
modification; or it may be obtained directly by the method of 
differentiation followed above, varied suitably. But it may also 
be obtained by assuming (with a, and b, as arbitrary constants) 

Vi=Siri= das +b,y) (214 pr zi 4 qrtz'#*-4 +. ete.), 
which is obviously a proper form; and determining p, q, ete., by 
the differential equation Y% 1i=0, with (29). 

Another form, perhaps the most useful, may be obtained with 
even greater case, thus: Assuming 

V;= 2(as&°+5,n') (zis 4+ p,z'—*—-*En + pezi—#§—*£? 9)? + etc.) 
and determining pı, ps, etc., by the differential equation, we 
have 

=E (a'H 8,7") [2 — = epee a ss via epost ete: (39. 

which might also have been found easily by the differentiation of 


a Hence, eliminating imaginary symbols, and retaining the 
notation of (37) and (38), we have 


O"=C sin’é [cost spat 1) cos ——390 sin? 


4.(s+1) 
(1— 8) (3 —s—1\(;—s—? (i —8 — 3) : 
ee cosy_» 40 sint6— etc.) (40) 
2 Pst?) -s 
where e= (PFI) (28-2)... ps) 


~(2x--1)(28-3)...(2i—1) 
This value of C is found either by comparing with (38), of which 
the present formula is an algebraic modification ; or, perhaps more 
easily, thus :— We have, by (29), 


i—s 
di l X aig dt | ee one 
A SN OE eee a oe 
adr (—)*2 Mr if ¿—s Is even, 
d ? dy ? 
(41) 
i—s—l di 1 
EN oe 2 ° —] t 
or Da. ne Ea ae 
d:d 2 dy 2 


Expanding the first member in terms of z, €, y, by successive 
differentiation, with reference first to 7, s times, and then z, :—s 
times, we find 

(—)* }.3...(s —4)(28s+1)(2s-+2)(2s+3)...(7-+s)2i-sgs (42) 
for a term in its numerator; whence by (41), (35), 39), (40) we 
find C. 
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(k) It is very important to remark, first, that Important 
MS U:U;do=0 (48) Bementary 

where Ui and U; denote any two of the clements of which V is kaxi 

composed in one of the preceding expressions; and secondly, that ‘’ten* 


| "OP OVsingdo=0 (44) 
0 


the case of i=} being of course excluded. For, taking r=a, 
the radius of the spherical surface; and do=a*dz, as above; 
we have da =sin Od6d¢, etc., the limits of 0 and ¢, in the inte- 
gration for the whole spherical surface, being 0 to r, and 0 to 2z, 


T 
respectively. Thus, since i cosso cos s'p dp=0, we see the 
0 


truth of the first remark; and from (16) and (36) we infer the ` 
second, which the reader may verify algebraically, as an exercise. 

(7) Each one of the preceding series may be taken by either end, Fxpanstons 
and used with j, m, n, or s, one, any, or all of them fractional or plete har- 
° : + . . oer oe monies for 
imaginary. Whether finite or infinite in its number of terms, any cones and 


. . e ° . o wedges. 
series thus obtained expresses a harmonic of degree 7; since it is of “°” 


degree i, and satisfies V7V;=0. In some of these cases it remains 
a finite series, and if it docs, its application is obvious. If it does 
not, it may be used if it converges, and, except for particular limit- 
ing values of the variables, the infinite series obtained from any 
one of the preceding finite expressions taken by one of its two 
ends will converge. Thus cach of the finite expressions always 
provides a series which converges, for any of the fractional or 
imaginary values now proposed. (It is easily proved, in fact, 
that when taken by one end it gives a divergent infinite series, 
and a convergent serics when taken by the other end.) The deter- 
Electric 


en. te ; i (3) d (8) d 
mination of values of ¿—s, which shall make O, or 70 ) vanish induction, 
t motion of 


for each of two stated values of 0, is an analytical problem of high wter, ete., 
in space be- 


interest in connexion with these extensions of spherical harmonic tween two 
analysis: and is essentially involved in the physical application cones. 
referred to above where the spaces concerned are bounded partly 
by coaxal cones. When the boundary is completed by the in- 
tercepted portions of two concentric spherical surfaces, functions 
of the class described in (0) below also enter into the solution. 
When prepared to take advantage of physical applications we 
shall return to the subject; but it is necessary at present to re- 
strict ourselves to these few observations. 

(m) If, in physical problems such as those already referred 
to, the space considered is bounded by two planes meeting, at 


Fleetric 
iuduetion, 
motion of 
water, ete., 
in space 
between 
spherical 
surface and 
two planes 
meeting in 
u diameter. 


Harmonie 
functions of 
all degrees 
derived from 
that of de- 
gree -- 1] by 
generalized 
differentia- 
tiun. 
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r ; : 4 ; 
any angle — , in a diameter. and the portion of spherical surface 
l 


in the angle between them (the case of «<1, that is to say, the 
sase of angle exceeding two right angles, not being excluded) the 
harmonics required are all of fractional degrees, but each a finite 
algebraic function of the co-ordinates £, y. ¢ if ¢ is any incommen- 
surable number. Thus, for instance, if the problem be to find 
the internal temperature at any point of a solid of the shape in 
question, when each point of the curved portion of its surface is 
maintained permanently at any arbitrarily given temperature, 
and its plane sides at one constant temperature, the forms and 
the degrees of the harmonics referred to are as follows :— 


Degree, Harmonie. '| Degree. | Harmonic. Degree. ` Harmonic. 
t £ | 24, | | Be, g~ 
od, rets. = na u41, i pats - ae | se+1, ene ra 
i 2 ĉu |. 
ae eee fe M+, ree ae a ! 
t43, | ett a 3E 2+5, puts e | incu 
dz3 putt G23 peti | i 


eeseteetsesenesee 


These harmonics are expressed, by various formule (36)-(40), 
ete., in terms of real co-ordinates, in what precedes. 

(n) It is worthy of remark that these, and every other spherical 
harmonic, of whatever degree, integral, real but fractional, or 
imaginary, are derivable by a general form of process, which in- 


’ ae : ee AR 
cludes differentiation as a particular case. Thus if ( He! denotes 


an operation which, when + is an integer, constitutes taking the 
u* differential coefficient, we have clearly 
ates 

n (En+:°)} 
where P, denotes a function of 4, which, when ¢ is a real integer, 
becomes (—}¥ 4.3.4.. .(0— $). 
The investigation of this generalized differentiation presents diffi- 
culties which are confined to the valuation of P,, and which have 
formed the subject of highly interesting mathematical investiga- 
tions by Liouville, Gregory, Kelland, and others. 

If we set aside the factor /’,, and satisfy ourselves with deter- 
minations of forms of spherical harmonics, we have only to apply 


et al 
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Leibnitz’s and other obvious formule for differentiation with any Expansions 
of neon- 


fractional or imaginary number as index, to see that the equiva- plete har- 


lent expressions above given for a complete spherical harmonic (itained 


by common 


. 1 
E ; z . formule, 
of any degree, are derivable from ms by the process of general- form ae 
alized in- 


ized differentiation now indicated, so as to include every possible ‘ices 
incomplete harmonic, of whatever degree, whether integral, or 
fractional and real, or imaginary. But, as stated above, those 
expressions may be used, in the manner explained, for incomplete 
harmonics, whether finite algebraic functions of Ẹ, n, ¢, or tran- 
scendents expressed by converging infinite series; quite irrespec- 
tively of the manner of derivation now remarked. l 

(o) To illustrate the use of spherical harmonics of imaginary Imaginary 
degrees, the problem regarding the conduction of heat specified fatwner S 


ul when 


above may be varied thus:—Let the solid be bounded by two pity, 


concentric spherical surfaces, of radii a and a’, and by the two ovr art be 
cones or planes, and let every point of each of these flat or conical 
sides be maintained at any arbitrarily given temperature, and 
the whole spherical portion of the boundary at one constant tem- 


perature. Harmonics will enter into the solution, of degree 


where : denotes any integer. Converging series for these and 
the others required for the solution are included in our general 
formulæ (36)-(40), ete. 


(p) The method of finding complete spherical harmonics by the Derivation 
f any har- 

e e e 1 . . . k ia 7 
differentiation of — , investigated above, has this great advantage, tht op 
a degree — 1 


that it shows immediately very important properties which they ilicates the 


character 
possess with reference to the values of the variables for which 27d munier 


1 
they vanish. Thus, inasmuch as m and all its differential coeffi- 


cients vanish for either r= +t œ, or y=tŁ x, or z=Ł œ, it 
follows that 
qitk+l 1 
dxidykdz r 
vanishes j times when z is increased from — « to + « 


?) k +P] J 2) 2) ”? ”? 
and +B] l 7 z 2) +P] ?) 


7) 
The reader who is not familiar with Fourier’s theory of equations, 


Expression 
of an arbi- 
trary func- 
tion ina 
series of 
Surface 
harmonics. 
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will have no difficulty in verifying for himself the present applica- 
tion of the principles developed in that admirab‘e work. 

Thus it appears that spherical harmonies belong to the general 
class, to which Sir William R. Hamilton has applied the designa- 
tion “ Fluctuating Functions.” This property is essentially in- 
volved in their capacity for expressing arbitrary functions, to the 
demonstration of which we now proceed, in conclusion. 

(r) Let C be the centre and a be the radius of a spherical 
surface, which we shall denote by S. Let P be any external or 
internal point, and let f denote its distance from C. Let do de- 
note an element of S, at a point E, and let EP=D. Then, // 
denoting an integration extended over S, it is easily proved that 


| i p= is Fos when P is external to S 


s —a? 
(45). 


when P is within S 


sid | do fa 


Dea ft 
This is merely a particular case of a very general theorem of 
Green's, included in that of A (a), above, as will be shown when 
we shall be particularly occupicd, later, with the general theory 
of Attraction: a geometrical proof of a special theorem, of which 
it is a case, will occur in connexion with clementary investiga- 
tions regarding the distribution of electricity on spherical con- 
ductors: and, in the meantime, the following direct evaluation of 
the integral itself is given, in order that no part of the important 
investigation with which we are now engaged may be even 
temporarily incomplete. 

Choosing polar co-ordinates, 0= ECP, and ¢ the angle between 
the plane of ECP anda fixed plane through CP, we have 

do =a? sin 0d0dd. 

Hence, by integration from ¢=0 to $6=27, 


f do PEE T sin 040 
IJD = h D 
But D? =at? — 2af cos0 +f? ; 
and therefore sin nOdG— ee? - ; 

af 


the limiting values of D in the integral being 


f—a, fa, when f>a 


and a—f,a+f, when f<a. 
Hence we have 
dc 2mra, 1 l ord, 1 1 
feat 2, E 
Di f oa ja T ‘af aF 


in the two cases respectively, which proves (45). 
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(s) Let now F(E) denote any arbitrary function of the position A 
of E on S, and let Senin 


for case of 


~ aq? spherica 
u= | [FP a Nee (46). ie ex 

When fis infinitely nearly ad to a, every element of this in- integral 
tegral will vanish except those for which D is infinitely small. 
Hence the integral will have the same value as it would have if 
F(E) had everywhere the same value as it has at the part of S 
nearest to P; and, therefore, denoting this value of the arbitrary 
function by F(P), we have 


u=F(P) | | a, when f differs infinitely litile from a ; 


or, by (45) u=iral(P) (467). 
Now, if e denote any positive quantity less than unity, we have, Its expan- 
by expansion in a convergent scries, harmonic 
series, 
1 
=1+Q,e+ Qe ete. (47), 


(ive cose)! 
Qi, Qa, ete., denoting functions of 6, for which expressions will be 
investigated below. Each of them is equal to +1, when 0=0, 
and they are alternately equal to — 1 and +1, when 6=z. It 
is easily proved that cach is > — 1 and < +1, for all values of 
6 between O and m. Hence the series, which becomes the 
geometrical series 1 + e+e? + ete., in the extreme cases, con- 
verges more rapidly than the geometrical serics, except in those 
extreme cases of 6=0 and 6=z. 


l 
Hence En =— (1+4+- adhe pe + etc.) when f> a 
and J! 1 Qf, af | 
Boa a T `- + ete.) when f< a 
d 1 
D acosd—f 
Now we have gD = 
d5 
and therefore S z -e2 
Hence by (48), differentiated, ote., 
3QQy 3 
fo. ae - ue F.. ) when f>a 
: (49). 
and a? — f’ : ee 5Q, f 


D? ee e —— ++ ~—3--+.........) when fx a 


a 
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Hence, for u (46), we have the following expansions :-— 
3 5a? 
FE ydo + IQ FEE s, [{Q:F(E)do+...}, when f >a, 


and (a1 
3 
=H F(E) do +a, F(E)do+ Y MQF F(E)do+.....}, when f <a 
These series being clearly convergent, except in the case of f=a 
and, in this limiting case, the unexpanded value of u having 
been proved (46') to be finite and equal to 4raF (P), it follows 
that the sum of each series approaches more and more nearly to this 
ae when f approaches to equality with a. Hence, in the limit, 


P= 5 -y F(E \do +3//Q, F(E jde +5//Q:F (Ejde +ete.,} (52 


P is the celebrated development of an arbitrary function in a 
series of “ Laplace’s coefficients,’ or, as we now call them, 
spherical harmonics. 

(t) The preceding investigation shows that when there is one 
determinate value of the arbitrary function F for every point of 
N, the series (52) converges to the value of this function at P. 
The same reason shows that when there is an an abrupt transition 
in the value of F, across any line on S, the series cannot con- 
verge when P is eractly on, but must still converge, however near 
it may be to, this line. 

Later we shall derive a rule for the degree of convergence of 


of the series (52) in any case according to the character of F. 
1 


1 — 2e cosO+e? j) 
ents of e, e*,...e#, are clearly rational integral functions of cos @, of 
degrees 1, 2...7, respectively. They are given explicitly below 
n (60) and (61), with @=0. But, if x, y, z and 2’, y’, 2’ 
denote rectangular co-ordinates of P and of F respectively, we 


have we yy +: 
l ga TS 
rr 


(u) In the development (47) of ( > the coeffici- 


where r=(x'+y?+:27)}, and r'=(x° 4y" +: Hence, de- 
noting, as above, by Q; the coefficient of ei in the development, 
we have 

Q;= H;i [(z, Y, ? ), (x x’, y',= )] (53), 

rin! 

H1{(x, y, 2), (x,y,z )] denoting a symmetrical function of (x. y, =) 
and (.c’, y’, z’), which is homogeneous with reference to either set 
alone. An explicit expression for this function is of course found 
from the expression for Q; in terms of cos 6. 
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Viewed as a function of (x, y, z), Qirir’’ is symmetrical Biaxal har- 
round OE; and as a function of (z’, y’, z’) it is symmetrical ™°™® 
round OP. We shall therefore call it the biaxal harmonic of 
(x, y, z) (x, y’, z’) of degree i; and Q; the biaxal surface har- 
monic of order z. 

(v) But it is important to remark, that the coefficient of any Expansion 
term, such as xy’kz"!, in it may be obtained alone, by means of ° a »Y 
Taylor’ s theorem, anplied to a function of three variables, thus :— Taylor's 

1 r 
(1—2e cos ote (i2 rr'cos OFr [ (x—z’ )+( rae TE eee )*}4 
Now if F(x, y, z) denote any function of x, y, and z, we have 
j=» k=2l=» igh} a L,Y, 2 
Bc ae ai aa D a T ia EIS. teat l; 
where it must be remarked that the se AT E of 1.2...7, when 
j =0, is unity, and so for k and l also. Hence, by taking 


1 
F = —___—____ , we have 
(x, Y, 2) ery te ; , y 
1 sy (itty tet ities 
[(z—2’ ++ (y—y’ )?-++-(z—2z (2—z f 1.2.. J: 1.2...4.1.2...1 dzidytdz! (22+ y?-+2*)4 


a development which, 5 comparing it with (48), ahove, we see 
to be convergent E 
x Hy’ 42% a a Hy He. 
ii +k+l +k+lyjy'kz’l qjtk+l A 
(rr’ yt Qi pit ory $ pA Oe 2o —a ne (54) ATON 
J-1.2...k.1.2.. l dxidytdz (x° +y’ +27) ? deduced. 
the summation including all terms which fulfil the indicated con- 
dition (j+4+/=:). It is easy to verify that the second member 
is not only integral and homogeneous of the degree ñ, in x, y, z 
as it is expressly in x’, y’, 2; but that it is symmetrical with 
reference to these two sets of variables. Arriving thus at the 
conclusion expressed above by (53), we have now, for the function 
there indicated, an explicit expression in terms of differential co- 
efficients, which, further, may be immediately expanded into an 
algebraic form with ease. 
(v’) In the particular case of z’=0 and y =0, (54) becomes 
reduced to a single term, a function of x, y, z symmetrical about 
the axis OZ; and, dividing each member by rt, or its equal, z”, 
we have 
en _(-— l)irtit! di 1 2 
r= agi dei (xtty 2) ee 
By actual differentiation it is easy to find the law of succcssive 
derivation of the numerators; and thus we find, with about equal 
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ease, either of the expansions (31), (40), or (41), above, for the 
case m=n, or the trigonometrical formule, which are of course 
obtained by putting z = r cos 0 and z? + y! = r°? sin’. 
cx’ tyy Azz 
E 


(w) If now, we put in these, cos 0 = » introduc- 


ing again, as in (u) above, the notation (x, y, z), (x, y’, z), we 
arrive at expansions of Q; in the terms indicated in (53). 

(x) Some of the most useful expansions of Q; are very readily 
obtained by introducing, as before, the imaginary co-ordinates 
(€, 7) instead of (x, y), according to equations (26) of (j), and 
similarly, (£, 7’) instead of (x', y’). Thus we have 

Di=(E—€) (a—W) +=}. 


Ience, as above, 


1 EES N S+EFIE Sy ho't — qitktt 1 
(EE) (na Fee FE O22 Ld esd gd! (En 2? 4 
Hence 
(j4h4l= =D ee aes qitk+t 1 


eee 100); 
soup: 1.2...A.1.2.. d déid dz! (£y +2°)8 ( ) 


Of course we have in this case 
r=) tz, r =EN +2" 
, , , 
and cos O= En + 3 TESZ 
l rr 
And, just as above, we see that this expression, obviously a homo- 
geneous function of £’, 7’, 2’, of degree ¢, and also of y, &, z, 


involves these two systems of variables symmetrically. 
Now, as we have scen above, all the 2” differential coefficients 


of 1 are reducible to the 2i +1 independent forms 
r 


ditd1 di-? @ 21 
air “Ge ar’? E “Ge 
(r? daidi diad 

Hence r‘ Q;, viewed as a function of z, £, n, is expressed by 
these 2:-+1 terms, each with a cocfficient involving 2’, £', 7’. 
And because of the symmetry we sce that this coefficient must 
be the same function of z’, 7’, €, into some factor involving 
none of either set of variables (z, & 7), (z, 7, &'). Also, by 
the symmetry with reference to £, 7 and y, £’, we see that the 
numerical factor must be the same for the terms similarly involv- 
ing é, 7’ on the one hand, and y, Ẹ' on the other. Hence, 


es eo. 


Q= 
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Q=rr tL ($ Di LS 
s=t 
(s) 1 d 1, ë 1 d 1 
+2E, amy aE s y’ disd? r rT r’ dz'—Sdyf r 
where 


hos 1 
i 


1.2...8 1.2...(i—s).$.3...(s—$).(28+1)(28+2)...(745) 
The value of EY ) is obtained thus :—Comparing the coefficient 
of the term (zz’)'*(£n’}* in the numerator of the expression 
which (56) becomes when the differential coefficient is expanded, 
with the coefficient of the same term in (57), we have 


(—)M A) yas 
oo aa (58) 


where M denotes the coefficient of zi—*£* in R an T, 
-sds r 
which is the same, the coefficient of zis in r’2t+1___ di 1 
dz'i=sdë r` 


From this, with the value (42) for M, we find E? as above. 


(y) We are now ready to reduce the expansion of Q, to a real 
trigonometrical form. First, we have, by (33), 
(En')' + (’)"=2 (rr’ sind sin6’)> coss(—4') (59), 
Let now 
= sin“ cos'**6 — (Jas = a 1) sosi——+9 sind 
(i —s)(i—s— 1) (i—s— 2) (i—s—3) 


4?(s-++-1)(s+2) 


(that is to say, cy = o” , In accordance with the previous no- 


+ cost—!—10 sin*O—etc.] (60); 


tation,) and lct the corresponding notation with accents apply 
to 0’. Then, by the aid of (57), (58), and (59), we have 


ay th i—$) (2s+1) (2s-+2)...(2s+7— 

gp 2a 1.2. G24) 
of which, however, the first term (that for which s=0) must be 
halved. 

(z) As a supplement to the fundamental proposition //S,S;dz=0, 
(17) of (g), and the corresponding propositions, (43) and (44), 
regarding elementary terms of harmonics, we are now prepared to 
evaluate //S; ds. 


First, using the general expression (37) investigated above fur 
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S, and modifying the arbitrary constants to suit our present nota- 
tion, we have 


S= > A,cos(sp+a,)9 (62). 
s=0 
Hence 
ty? [Tas | +3 
JS, da=rSA; | (9P) sin 0d (63). 
U - 0 


To evaluate the definite integral in the second member, we have 
only to apply the general theorem (52) for expansion, in terms of 
surface harmonics, to the particular case in which the arbitrary 
function F(E) is itself the harmonic, cos so g”, Thus, remem- 
bering (16), we have 
(s) 2+)" . 0.0. fer Lo (8) 
cox sp, = Fl sind ao fi dd cosse S, Q. . (6-4). 
Using here for Q; its trigonometrical expansion just investigated, 
and performing the integration for ¢’ between the stated limits, 
we find that cos spy” may be divided out, and (omitting the 
accents In the residual definite integral) we conclude, 
228) 5), 
2i+1 $.3...(s—4$)  (2s+1)(2s4+2)...2sfi—s) > | 
This holds without exception for the case s = 0, in which 


2 s e 
the second member becomes pr It is convenient here to 
i 


recal equation (44), which, when expressed in terms of S 
instead of O(m.n) becomes 
w . s 
[sin a9? u00 (66), 
0 
where ¢ and? must be different. The properties expressed by 
these two equations, (60) and (66), may be verified by direct 
integration, from the explicit expression (60) for 9; and to 


do so will be a good, although possibly not a very easy, analytical 
exercise. 


CHAPTER II. 
DYNAMICAL LAWS AND PRINCIPLES. 


205. In the preceding chapter we considered as a subject of Ideas of 
pure geometry the motion of points, lines, surfaces, and volumes, force intro- 
whether taking place with or without change of dimensions and ““~ 
form ; and the results we there arrived at are of course altogether 
independent of the idea of matter, and of the forces which matter 
exerts. We have heretofore assumed the ezistence merely of 
motion, distortion, etc. ; we now come to the consideration, not 
of how we might consider such motion, etc., to be produced, but 
of the actual causes which in the material world do produce 
them. The results of the present chapter must therefore be 
considered to be due to actual experience, in the shape either 
of observation or experiment. How such experience is to be 
conducted will form the subject of a subsequent chapter. 

206. We cannot do better, at all events in commencing, than 
follow Newton somewhat closely. Indeed the introduction to 
the Principia contains in a most lucid form the general founda- 
tions of Dynamics. The Definitiones and Azxiomata sive Leges 
Motús, there laid down, require only a few amplifications and 
additional illustrations, suggested by subsequent developments, 
to suit them to the present state of science, and to make a much 
better introduction to dynamics than we find in even some of 
the best modern treatises. 

207. We cannot, of course, give a definition of Matter which Matter. 
will satisfy the metaphysician, but the naturalist may be con- 
tent to know matter as that which can be perceived by the senses, 
or as that which can be acted upon by, or can exert, force. The 
latter, and indeed the former also, of these definitions involves 
the idea of Force, which, in point of fact, is a direct object of Force. 

L 
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sense; probably of all our senses, and certainly of the “ mus 
cular sense.” To our chapter on Properties of Matter we must 
refer for further discussion of the question, What ts matter ? 

208. The Quantity of Matter in a body, or, as we now call 
it, the Mass of a body, is proportional, according to Newton, to 
the Volume and the Density conjointly. In reality, the defini- 
tion gives us the meaning of density rather than of mass; for 
it shows us that if twice the original quantity of matter, air for 
example, be forced into a vessel of given capacity, the density 
will be donbled, and so on. But it also shows us that, of 
matter of uniform density, the mass or quantity is proportional 
to the volume or space it occupies. 


Let M be the mass, p the density, and V the volume, of a homo- 

geneous body. ‘Then 

M=Vp; ` 
if we so take our units that unit of mass is that of unit volume of 
a body of unit density. 

If the density vary from point to point of the body, we have 
evidently, by the above formula and the elementary notation of 
the integral calculus, 

M =///p dxdydz, 
where p is supposed to be a known function of x, y, z, and the 
integration extends to the whole space occupied by the matter of 
the body whether this be continuous or not. 


It is worthy of particular notice that, in this definition, 
Newton says, if there be anything which freely pervades the 
interstices of all bodies, this is not taken account of in estimat - 
ing their Mass or Density. 

209. Newton further states, that a practical measure of the 
mass of a body is its Weight. His experiments on pendulums, 
by which he establishes this most important remark, will be 
described later, in our chapter on Properties of Matter. 

As will be presently explained, the unit mass most conveni- 
ent for British measurements is an imperial pound of matter. 

210. The Quantity of Motion, or the Momentum, of a rigid 
body moving without rotation 1s proportional to its mass and 
velocity conjointly. The whole motion is the sum of the motions 
of its several parts. Thus a doubled mass, or a doubled velocity, 
would correspond to a double quantity of motion ; and so on. 
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Hence, if we take as unit of momentum the momentum of momentum. 
a unit of matter moving with unit velocity, the momentum of a 
mass Af moving with velocity v is Mv. 


211. Change of Quantity of Motion, or Change of onan Change of 
is proportional to the mass moving and the change of its velo- ™™""""" 
city conjointly. 

Change of velocity is to be understood in the general sense 
of § 27. Thus, in the figure of that section, if a velocity re- 
presented by OA be changed to another represented by OC, the 
change of velocity is represented in magnitude and direction 
by AC. 

212. Rate of Change of Momentum, or Acceleration of Momen- Accetera. 
tun, is proportional to the mass moving and the acceleration of manent 
its velocity conjointly. Thus (§ 35, b) the rate of change of mo- 
mentum of a falling body is constant, and in the vertical direc- 
tion. Again (§ 35,a) the rate of change of momentum of a 
mass M, describing a circle of radius Xè, with uniform velocity 


ae | 2 
Y, is ee and is directed to the centre of the circle; that 


is to say, it is a change of direction, not a change of speed, of 
the motion. 
Generally (§ 29), for a body of mass M moving anyhow in 


ds, : 
space there is change of momentum, at the rate, M dp ™ the dirce- 


. i v? 
tion of motion, and M towards the centre of curvature of the 


path; and, if we choose, we may exhibit the whole air S 


dx 
of momentum by its three rectangular components M-je? MÊ 7 A : 


M A » or, according to the Newtonian notation, Mz, Mọ, MZ. 

213. The Vis Viva, or Kinetic Energy, of a moving body is Kinetic 
proportional to the mass and the square of the velocity, con- 7™ 
jointly. If we adopt the same units of mass and velocity as 
before, there is particular advantage in defining kinetic energy 
as half the product of the mass and the square of its velocity. 

214. Rate of Change of Kinetie Energy (when defined as 
above) is the product of the velocity into the component of 


acceleration of momentum in the direction of motion. 


For d oO) = oe . 
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215. It is to be observed that, in what precedes, with the 
exception of the definition of mass, we have taken no account 
of the dimensions of the moving body. This is of no con- 
sequence so long as it does not rotate, and so long as its parts 
preserve the same relative positions amongst one another. In 
this case we may suppose the whole of the matter in it to be 
condensed in one point or particle. We thus speak of a material 
particle, as distinguished from a geometrical point. If the body 
rotate, or if its parts change their relative positions, then we 
cannot choose any one pomt by whose motions alone we may 
determine those of the other points. In such cases the momen- 
tum and change of momentum of the whole body in any direc- 
tion are, the sums of the momenta, and of the changes of 
momentum, of its parts, in these directions; while the kinetic 
energy of the whole, being non-directional, is simply the sum 
of the kinetic energies of the several parts or particles. 

216. Matter has an innate power of resisting external in- 
fluences, so that every body, as far as it can, remains at rest, or 
moves uniformly in a straight line. 

This, the Inertia of matter, is proportional to the quantity of 
matter in the body. And it follows that some cause is requisite 
to disturb a body’s uniformity of motion, or to change its direc- 
tion from the natural rectilinear path. 

217. Impressed Force, or Force, simply, is any cause which 
tends to alter a body’s natural state of rest, or of uniform motion 
in a straight line. 

Force is wholly expended in the Actzon it produces; and the 
body, after the force ceases to act, retains by its inertia the 
direction of motion, and the velocity which were given to it. 
Force may be of divers kinds, as pressure, or gravity, or friction, 
or any of the attractive or repulsive actions of electricity, mag- 
netism, etc. 

218. The three elements specifying a force, or the three 
elements which must be known, before a clear notion of the 
force under consideration can be formed, are, its place of appli- 
cation, its direction, and its magnitude. 

(a.) The place of application of a force. The first case to be 
considered is that in which the place of application is a point. 
It has been shown already in what sense the term “ point” 
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is to be taken, and, therefore, in what way a force may be piace ur 
imagined as acting at a point. In reality, however, the place of "?P'*4"" 
application of a force is always either a surface or a space of 
three dimensions occupied by matter. The point of the finest 
needle, or the edge of the sharpest knife, is still a surface, and 

acts as such on the bodies to which it may be applied. Even 

the most rigid substances, when brought together, do not touch 

at a point merely, but mould each other so as to produce a 
surface of application. On the other hand, gravity is a force 

of which the place of application is the whole matter of the 
body whose weight is considered ; and the smallest particle of 
matter that has weight occupies some finite portion of space. 

Thus it is to be remarked, that there are two kinds of force, 
distinguishable by their place of application — force, whose 
place of application is a surface, and force, whose place of 
application is a solid. When a heavy body rests on the ground, 

or on a table, force of the second character, acting downwards, 

is balanced by force of the first character acting upwards. 

(b.) The second element in the specification of a force is its Direction. 
direction. The direction of a force is the line in which it acts. 
If the place of application of a force be regarded as a point, a 
line through that point, in the direction in which the force 
tends to move the body, is the direction of the force. In the 
case of a force distributed over a surface, it 1s frequently pos- 
sible and convenient to assume a single point and a single line, 
such that a certain force acting at that point in that line would 
produce the same effect as is really produced. 

(c.) The third element in the specification of a force is its Magnitude. 
magnitude. This involves a consideration of the method 
followed in dynamics for measuring forces. Before measur- 
ing anything, it is necessary to have a unit of measurement, 
or a standard to which to refer, and a principle of numerical 
specification, or a mode of referring to the standard. These - 
will be supplied presently. See also § 258, below. 

219. The Accelerative Effect of a Force is proportional to accelerative 
the velocity which it produces in a given time, and is measured * = 
by that which is, or would be, produced in unit of time; in 
other words, the rate of change of velocity which it produces. 

This is simply what we have already defined as acceleration, § 28. 
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220. The Measure of a Force is the quantity of motion 
which it produces in unit of time. 

The reader, who has been accustomed to speak of a force of so 
many pounds, or so many tons, may be reasonably startled when 
he finds that Newton gives no countenance to such expres- 
sions. The method is not correct unless it be specified at what 
part of the earth’s surtace the pound, or other definite quantity 
of matter named, is to be weighed; for the weight of a given 
quantity of matter differs in different latitudes. The clumsi- 
ness of this system is in great contrast to the clear and simple 
accuracy of the absolute method as stated above, to which 
we shall uniformly adhere, except when we wish, in describing 
results, to state forces in terms of the vernacular of engineers 
in any locality. Thus, let W be the mass of a body in pounds, 
q the velocity it would acquire iu falling for a second under the 
influence of its weight, or the earth’s attraction, and P the force 
of gravity upon it, measured in kinetic or absolute units. We 
thus have 

P= Wy. 

221. According to the common system followed in modern 
mathematical treatises on dynamics, the unit of mass is g 
tines the mass of the standard or unit weight. This de- 
finition, giving a varying and a very unnatural unit of mass, 
is exceedingly inconvenient. In reality, standards of weight 
are musses, not forces. They are employed primarily in com- 
merce for the purpose of measuring out a definite quantity of 
matter; not an amount of matter which shall be attracted by 
the earth with a given force. 

Whereas a merchant, with a balance and a set of standard 
weights, would give his customers the same quantity of the same 
kind of matter however the earth’s attraction might vary, de- 
pending as he does upon masses for his measurement; another, 
using a spring balance, would defraud his customers in high 
latitudes, and himself in low, if his instrument (which depends 
on forces and not on masses) were correctly adjusted in London. 

It is a secondary application of our standards of weight to 
employ them for the measurement of forces, such as steam 
pressures, muscular power, etc. In all cases where great ac- 
curacy is required, the results obtained by such a method have 
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to be reduced to what they would have been if the measure- Standards of 


Weight are 


ments of force had been made by means of a perfect spring- masses, and 
not primarily 


balance, graduated so as to indicate the forces of gravity on the intended for 


measure- 


standard weights in some conventional locality. ment of 
It is therefore very much simpler and better to take the 
imperial pound, or other national or international standard 
weight, as, for instance, the gramme (see the chapter on 
Measures and Instruments), as the unit of mass, and to derive 
from it, according to Newton’s definition above, the unit of 
force. This is the method which Gauss has adopted in his 
great improvement of the system of measurement of forces ; 
and by it we have, and by it only can we have, an absolute unit 


of force. 

. 222. The formula, deduced by Clairault from observation, Ciairaut's 
and a certain theory regarding the figure and density of the the amount 
earth, may be employed to calculate the most probable value as 
of the apparent force of gravity, being the resultant of true 
gravitation and centrifugal force, in any locality where no 
pendulum observation of sufficient accuracy has been made. 

This formula, with the two coefficients which it involves, 
corrected according to the best modern pendulum observations 
(Airy, Encyc. Metr., Figure of the Earth), is as follows :— 

Let G be the apparent force of gravity on a unit mass at the 
equator, and g that in any latitude A; then 


g= G(1-+4-005138 sin*A). 


The value of G, in terms of the absolute unit, to be explained 


immediately, is 
32:088. 


According to this formula, therefore, polar gravity will be 
g =32:088 x 1:005133 =32:2527. 


228. Gravity having failed to furnish a definite standard, 
independent of locality, recourse must be had to something else. 
The principle of measurement indicated as above by Newton, 
but first introduced practically by Gauss, furnishes us with Gauns's abno 
what we want. According to this principle, the unit force is l 
that force which, acting on a national standard unit of matter 


during the unit of time, generates the unit of velocity. 
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This is known as Gauss’s absolute unit; absolute, because 
it furnishes a standard force independent of the differing 
amounts of gravity at different localities. 

224. Tlie absolute unit depends on the unit of matter, the 
unit of time, and the unit of velocity ; and as the unit of velo- 
city depends on the unit of space and the unit of time, there 
is, in the definition, a single reference to mass and space, but a 
double reference to time; and this is a point that must be par- 
ticularly attended to. 

225. The unit of mass may be the British imperial pound ; 
the unit of space the British standard foot; and the unit of 
time the mean solar second. 

We accordingly define the British absolute unit force as “the 
force which, acting on one pound of matter for one second, 
generates a velocity of one foot per second.” 

226, To render this standard intelligible, all that has to be 
done is to find how many absolute units will produce, in any 
particular locality, the same effect as the force of gravity on a 
given mass, The way to do this is to measure the effect of gravity 
in producing acceleration on a body unresisted inany way. The 
most accurate method is indirect, by means of the pendulum. The 
result of pendulum experiments made at Leith Fort, by Captain 
Kater, is, that the velocity acquired by a body falling unresisted 
for one second is at that place 32:207 feet per second. The 
preceding formula gives exactly 32:2, for the latitude, 55° 33’, 
which is approximately that of Edinburgh. The variation in 
the force of gravity for one degree of difference of latitude about 
the latitude of Edinburgh is only ‘0000832 of its own amount. 
It is nearly the same, though somewhat more, for every degree 
of latitude southwards, as far as the southern limits of the 
British Isles. On the other hand, the variation per degree 
would be sensibly less, as far north as the Orkney and Shetland 
Isles. Hence the augmentation of gravity per degree from south 
to north throughout the British Isles is at most about rroo of 
its whole amount in any locality. The average for the whole of 
Great Britain and Ireland differs certainly but little from 32-2. 
Our present application is, that the force of gravity at Edin- 
burgh is 32:2 times the force which, acting on a pound for 
a second, would generate a velocity of one foot per second ; in 
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other words, 32:2 is the number of absolute units which measures Comparison 


the weight of a pound in this latitude. Thus, speaking very 
roughly, the British absolute unit of force is equal to the weight 
of about half an ounce. 

221. Forces (since they involve only direction and magni- 
tude) may be represented, as velocities are, by straight lines in 
their directions, and of lengths proportional to their magnitudes, 
respectively. 

Also the laws of composition and resolution of any number 
of forces acting at the same point, are, as we shall show later 
(§ 255), the same as those which we have already proved to hold 
for velocities ; so that with the substitution of force for velocity, 
§§ 26, 27, are still true. 

228. The Component of a force in any direction, sometimes 
called the Effective Component in that direction, is therefore 
found by multiplying the magnitude of the force by the cosine 
of the angle between the directions of the force and the com- 
ponent. The remaining component in this case is perpen- 
dicular to the other. 

It is very generally convenient to resolve forces into com- 
ponents parallel to three lines at right angles to each other; 
each such resolution being effected by multiplying by the 
cosine of the angle concerned. 

229. The point whose distances from three planes at right 
angles to one another are respectively equal to the mean dis- 
tances of any group of points from these planes, is at a distance 
from any plane whatever, equal to the mean distance of the 
group from the same plane. Hence of course, if it is in motion, 
its velocity perpendicular to that plane is the mean of the 
velocities of the several points, in the same direction. 


Let (x, y1, 2,), etc., be the points of the group in number f; 
and Z, 7, Z be the co-ordinates of a point at distances respectively 
equal to their mean distances from the planes of reference; that 
is to say, let 


Lı +T +ete. i g= t3 tete. 21 +z2,+ ete. , 
i i i i 


T= , z= 


Thus, if p,, pa, etc., and p, denote the distances of the points in 
question from any plane at a distance a from the origin of co- 
ordinates, perpendicular to the direction (2, m, n), the sum of a 
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and p, will make up the projection of the broken line x.. y;, 2, 
on (l, m, n), and therefore 
p:=lr: 4 my, +nz,—a, ete. ; 
and similarly, p=lz+mj+ni—a. ` 
Substituting in this last the expressions for Z, 7, Z, we find 
poh Per ; 
which is the theorem to be proved. Hence, of course, 

nara H tete) 

280. The Centre of ma 4 a system of equal material 
points (whether connected with one another or not) is the point 
whose distance is equal to their average distance from any 
plane whatever (§ 229). 

A group of material points of unequal masses may always be 
imagined as composed of a greater number of equal material 
points, because we may imagine the given material points 
divided into different numbers of very small parts. In any 
case in which the magnitudes of the given masses are incom- 
mensurable, we may approach as near as we please to a rigorous 
fulfilment of the preceding statement, by making the parts into 
which we divide them sutticiently small. 

On this understanding the preceding definition may be applied 
to define the centre of inertia of a system of material points, 
whether given equal or not. The result is equivalent to this :— 

The centre of inertia of any system of material points what- 
ever (whether rigidly connected with one another, or connected in 
any way, or quite detached), is a point whose distance from any 
plane is equal to the sum of the products of each mass into its 
distance from the same plane divided by the sum of the masses. 

We also see, from the proposition stated above, that a point 
whose distance from three rectangular planes fulfils this con- 
dition, must fulfil this condition also for every other plane. 

The co-ordinates of the centre of inertia, of masses w,, ws, 
etc., at points (£1, Y1, 21), (a, Ys: Za), ete., are given by the follow- 
ing formule :— 

wc, + wr, +ete. we. uy Luz 

a w,+w,tete. =w) I" Se! T Se 

These formule are perfectly general, and can easily be put 
into the particular shape required for any given case. Thus. 
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suppose that, instead of a set of detached massive points, we Centre of 
have a continuous distribution of matter through certain definite '"'t* 
portions of space; the density at x, y, z being p, the elementary 
principles of the integral calculus give us at once 


z= H padadydz 
=a 
MM/pdxdydz 
where the integrals extend through all the space occupied by the 
mass in question, in which p has a value different from zero. 


The Centre of Inertia or Mass is thus a perfectly definite 
point in every body, or group of bodies. The term Centre of 
Gravity is often very inconveniently used for it. The theory 
of the resultant action of gravity which will be given under 
Abstract Dynamics shows that, except in a definite class of 
distributions of matter, there is no one fixed point which can 
properly be called the Centre of Gravity of a rigid body. In 
ordinary cases of terrestrial gravitation, however, an approxi- 
mate solution is available, according to which, in common 
parlance, the term “ Centre of Gravity” may be used as equi- 
valent to Centre of Inertia; but it must be carefully re- 
membered that the fundamental ideas involved in the two 
definitions are essentially different. 

The second proposition in § 229 may now evidently 1 be 
stated thus:—The sum of the momenta of the parts of the 
system in any direction is equal to the momentum in the same 
direction of a mass equal to the sum of the masses moving with 
a velocity equal to the velocity of the centre of inertia. 

231. The Moment of any physical agency is the numerical moment 
measure of its importance. Thus, the moment of a force round 
a point or round a line, signifies the measure of its importance 
as revards producing or balancing rotation round that point or 
round that line. 

232. The Moment of a force about a point is defined as the pro- monent of « 
duct of the force into its perpendicular distance from the point. ora" 
It is numerically double the area of the triangle whose vertex 
is the point, and whose base is a line representing the force in 
magnitude and direction. It is often convenient to represent, it 
by a line numerically equal to it, drawn through the vertex of 
the triangle perpendicular to its plane, through the front of a 
watch held in the plane with its centre at the point, and facing 
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so that the force tends to turn round this point in a direction 
opposite to the hands. The moment of a force round any axis 
is the moment of its component in any plane perpendicular to 
the axis, round the point in which the plane is cut by the axis. 
Here we imagine the force resolved into two components, one 
parallel to the axis, which is ineffective so far as rotation round 
the axis is concerned ; the other perpendicular to the axis (that 
is to say, having its line in any plane perpendicular to the axis). 
This latter component may be called the effective component of 
the force, with reference to rotation round the axis. And its 
moment round the axis may be detined as its moment round 
the nearest point of the axis, which is equivalent to the preced- 
ing definition. It is clear that the moment of a force round 
any axis, is equal to the area of the projection on any plane 
perpendicular to the axis, of the figure representing its moment 
round any point of the axis. 

233. The projection of an area, plane or curved, on any plane, 
is the area included in the projection of its bounding line. 

If we imagine an area divided into any number of parts, the 
projections of these parts on any plane make up the projection of 
the whole. But in this statement it must be understood that 
the areas of partial projections are to be reckoned as positive if 
particular sides, which, for brevity, we may call the outside of 
the projected area and the front of the plane of projection, face 
the same way, and negative if they face oppositely. 

Of course if the projected surface, or any part of it, be a plane 
area at right angles to the plane of projection, the projection 
vanishes. The projections of any two shells having a common 
edge, on any plane, are equal. The projection of a closed sur- 
face (or a shell with evanescent edge), on any plane, is nothing. 

Equal areas in one plane, or in parallel planes, have equal 
projections on any plane, whatever may be their figures. 

Hence the projection of any plane figure, or of any shell, 
edged by a plane figure, on another plane, is equal to its area, 
multiplied by the cosine of the angle at which its plane is in- 
clined to the plane of projection. This angle is acute or obtuse, 
according as the outside of the projected area, and the front of 
plane of projection, face on the whole towards the same parts, 
or oppositely. Hence lines representing, as above described, 
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moments about a point in different planes, are to be com- 
pounded as forces are—See an analogous theorem in § 96. 

204. A Couple is a pair of equal forces acting in dissimilar Cour'e 
directions in parallel lines. The Moment of a couple is the 
sum of the moments of its forces about any point in their plane, 
and is therefore equal to the product of either force into the 
shortest distance between their directions. This distance is 
called the Arm of the couple. | 

The Axis of a Couple is a line drawn from any chosen point 
of reference perpendicular to the plane of the couple, of such 
magnitude and in such direction as to represent the magnitude 
of the moment, and to indicate the direction in which the couple 
tends to turn. The most convenient rule for fulfilling the 
latter condition is this :—Hold a watch with its centre at the 
point of reference, and with its plane parallel to the plane of 
the couple. Then, according as the motion of the hands is 
contrary to, or along with the direction in which the couple 
tends to turn, draw the axis of the couple through the face or 
through the back of the watch. It will be found that a couple 
is completely represented by its axis, and that couples are to 
be resolved and compounded by the same geometrical construc- 
tions performed with reference to their axes as forces or velo- 
cities, with reference to the lines directly representing them. 

230. If we substitute, for the force in § 232, a velocity, we Moment of 
have the moment of a velocity about a point; and by intro- ral 
ducing the mass of the moving body as a factor, we have an 
important element of dynamical science, the Moment of Momen- Moment of 
tum. The laws of composition and resolution are the same . 
as those already explained ; but for the sake of some simple 
applications we give an elementary investigation. The moment Moment of 
of a rectilineal motion is the product of its length into the displace- 
distance of its line from the point. 

The moment of the resultant velocity of a particle about 
any point in the plane of the components is equal to the 
algebraic sum of the moments of the components, the proper 
sign of each moment being determined as above, § 233. The 
same is of course true of moments of displacements, of mo- 
ments of forces, and of moments of momentum. 

First, consider two component motions, AB and AC; and let 
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AD be their resultant (§ 27). Their half moments round the 
point O are respectively the areas OAB, OCA. Now OCA, 
together with half the area of the parallelogram CA BD, is 
equal to OBD. Hence the sum of the two half moments, 
together with half the area of the parallelogram, is equal to 
AOB together with BOD, that is to say, to the area of the 

O whole figure OABD. But ABD, a part 
a, of this figure, is equal to half the area of 
aN, the parallelogram ; and therefore the re- 
k : mainder, OA D, is equal to the sum of 
>D the two half moments. But OAD is halt 
the moment of the resultant velocity round 
the point O. Hence the moment of the 
resultant is equal to the sum of the moments of the two com- 
ponents. 

If there are any number of component rectilineal motions in 
one plane, we may compound them in order, any two taken 
together first, then a third, and so on; and it follows that the 
sum of their moments Is equal to the moment of their resultant. 
It follows, of course, that the sum of the moments of any number 
of component velocities, all in one plane, into which the velo- 
city of any point may be resolved, is equal to the moment of 
their resultant, round any point in their plane. It follows also, 
that if velocities, in different directions all in one plane, be 
successively given to a moving point, so that at any time its 
velocity is their resultant, the moment of its velocity at any 
time is the sum of the moments of all the velocities which 
have been successively given to it. 

Cor.—lIf one of the components always passes through the 
point, its moment vanishes. This is the case of a motion in 
which the acceleration is directed to a fixed point, and we thus 
reproduce the theorem of § 36,a, that in this case the areas de- 
scribed by the radius-vector are proportional to the times ; for, 
as we have seen, the moment of velocity is double the area 
traced out by the radius-vector in unit of time. 

236, The moment of the velocity of a point round any axis 
is the moment of the velocity of its projection on a plane per- 
pendicular to the axis, round the point in which the plane is cut 
hy the axis. 
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The moment of the whole motion of’a point during any Moment of 


a whole 


time, round any axis, is twice the area described in that time motion, 
by the radius- vector of its projection on a plane perpendicular a 
to that axis. 

If we consider the conical area traced by the radius-vector 
drawn from any fixed point to a moving point whose motion is 
not confined to one plane, we see that the projection of this area 
on any plane through the fixed point is half of what we have just 
defined as the moment of the whole motion round an axis per- 
pendicular to it through the fixed point. Of all these planes, 
there is one on which the projection of the area is greater than on 
any other; and the projection of the conical area on any plane 
perpendicular to this plane, is equal to nothing, the proper in- 
terpretation of positive and negative projections being used. 

If any number of moving points are given, we may similarly 
consider the conical surface described by the radius-vector of 
each drawn from one fixed point. The same statement applics 
to the projection of the many-sheeted conical surface, thus pre- 
sented. The resultant axis of the whole motion in any finite Resultant 
time, round the fixed point of the motions of all the moving 
points, is a line through the fixed point perpendicular to the 
plane on which the area of the whole projection is greater than 
on any other plane; and the moment of the whole motion 
round the resultant axis, 1s twice the area of this projection. 

The resultant axis and moment of velocity, of any number of 
moving points, relatively to any fixed point, are respectively 
the resultant axis of the whole motion during an infinitcly 
short time, and its moment, divided by the time. 

The moment of the whole motion round any axis, of thie 
the motion of any number of points during any time, is equal 
to the moment of the whole motion round the resultant axis 
through any point of the former axis, multiplied into the cosine 
of the angle between the two axes. 

The resultant axis, relatively to any fixed point, of the whole 
motion of any number of moving points, and the moment of 
the whole motion round it, are deduced by the same elemen- 
tary constructions froin the resultant axes and moments of the 
individual points, or partial groups of points of the system, as 
the direction and magnitude of a resultant displacement, are 
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deduced from any given lines and magnitudes of component 
displacements. 

Corresponding statements apply, of course, to the moments 
of velocity and of momentum. 

237. If the point of application of a force be displaced 
through a small space, the resolved part of the displacement in 
the direction of the force has been called its Virtual Velocity. 
This is positive or negative according as the virtual velocity is 
in the same, or in the opposite, direction to that of the force. 

The product of the force, into the virtual velocity of its point 
of application, has been called the Virtual Moment of the force. 
These terms we have introduced since they stand in the history 
and developments of the science; but, as we shall show 
further on, they are inferior substitutes for a far more useful 
set of ideas clearly laid down by Newton. 

238. A force is said to do work if its place of application 
has a positive component motion in its direction ; and the work 
done by it is measured by the product of its amount into this 
component motion. 

Thus, in lifting coals from a pit, the amount of work done is 
proportional to the weight of the coals lifted; that is, to the 
force overcome in raising them; and also to the height through 
which they are raised. The unit for the measurement of work 
adopted in practice by British engineers, is that required to 
overcome a force equal to the weight of a pound through the 
space of a foot; and is called a Foot-Pound. 

In purely scientific measurements, the unit of work is not 
the foot-pound, but the kinetic unit force (§ 225) acting through 
unit of space. Thus, for example, as we shall show further on, 
this unit is adopted in measuring the work done by an electric 
current, the units for electric and magnetic measurements being 
founded upon the kinetic unit force. 

If the weight be raised obliquely, as, for instance, along a 
smooth inclined plane, the space through which the force has 
to be overcome is increased in the ratio of the length to the 
height of the plane; but the force to be overcome is not the 
whole weight, but only the resolved part of the weight parallel 
to the plane; and this is less than the weight in the ratio of 
the height of the plane to its length. By multiplying these 


~l 


DYNAMICAL LAWS AND PRINCIPLES. 17 


two expressions together, we find, as we might expect, that the Work ofa 
oree 


amount of work required is unchanged by the substitution of 
the oblique for the vertical path. 

289. Generally, for any force, the work done during an 
indefinitely small displacement of the point of application is 
the virtual moment of the force (§ 237), or is the product of the 
resolved part of the force in the direction of the displacement 
into the displacement. 

From this it appears, that if the motion of the point of 
application be always perpendicular to the direction in which 
a force acts, such a force does no work. Thus the mutual 
normal pressure between a fixed and moving body, as the 
tension of the cord to which a pendulum bob is attached, or 
the attraction of the sun ona planet if the planet describe a 
circle with the sun in the centre, is a case in which no work is 
done by the force. 

240. The work done by a force, or by a couple, upon a body 
turning about an axis, is the product of the moment of either 
into the angle (in circular measure) through which the body 
acted on turns, if the moment remains the same in all positions 
of the body. If the moment be variable, the above assertion 
is only true for indefinitely small displacements, but may be 
made accurate by employing the proper average moment of the 
force or of the couple. The proof is obvious. 

If Q be the moment of the force or couple for a position of the 
body given by the angle 0, Q(6,—9,) if Q is constant, or 


0 
| , Q0 = q(9,— 6,) where q is the proper average value of Q 
9 


when variable, is the work done by the couple during the rotation 
from 6, to 6,. 
241. Work done on a body by a force is always shown by 
a corresponding increase of vis viva, or kinetic energy, if no 
other forces act on the body which can do work or have work 
done against them. If work be done against any forces, the 
increase of kinetic energy is less than in the former case by the 
amount of work so done. In virtue of this, however, the body 
possesses an equivalent in the form of Potential Energy (§ 273), 


if its physical conditions are such that these forces will act 
equally, and in the same directions, if the motion of the system is 
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reversed. Thus there may be no change of kinetic energy 
produced, and the work done may be wholly stored up as 
potential energy. 

Thus a weight requires work to raise it to a height, a spring 
requires work to bend it, air requires work to compress it, ete. ; 
but a raised weight, a bent spring, compressed air, etc., are 
stores of energy which can be made use of at pleasure. 

242. In what precedes we have given some of Newton's 
Definitiones nearly in his own words; others have been enun- 
ciated in a form more suitable to modern methods; and some 
terms have been introduced which were invented subsequent 
to the publication of the Principia. But the Aaiomata, sive 
Leges Mots, to which we now proceed, are given in Newton's 
own words; the two centuries which have nearly elapsed since 
he first gave them have not shown a necessity for any addition 
or modification. The first two, indeed, were discovered by 
Galileo, and the third, in some of its many forms, was known 
to Hooke, Huyghens, Wallis, Wren, and others; before the 
publication of the Principia. Of late there has been a tendency 


_to split the second law into two, called respectively the second 


and third, and to ignore the third entirely, though using it 
directly in every dynamical problem; but all who have done so 
have been forced indirectly to acknowledge the completeness of 
Newton's system, by introducing as an axiom what is called 
D’Alembert’s principle, which is really Newton's rejected third 
law in another form. Newton's own interpretation of his third 
law directly points out not only D’Alembert’s principle, but 
also the modern principles of Work and Energy. 

243, An Axiom is a proposition, the truth of which must 
be admitted as soon as the terms in which it is expressed are 
clearly understood. But, as we shall show in our chapter on 
“ Experience,” physical axioms are axiomatic to those only who 
have sufficient knowledge of the action of physical causes to 
enable them to see at once their necessary truth. Without 
further remark we shall give Newton’s Three Laws; it being 
remembered that, as the properties of matter might have been 
such as to render a totally different set of laws axiomatic, these 
laws must be considered as resting on convictions drawn from 
observation and experiment, not on intuitive perception. 
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244. Lex I. Corpus omne persecerare in statu suo quiescendi Newton's 
vel movendt uniformiter in directum, nisi quatenus illud à viribus SE 
impressis cogitur statum suum mutare. 

Every body continues in its state of rest or of uniform motion 
in a straight line, except in so far as it may be compelled by im- 
pressed forces to change that state. 

245. The meaning of the term Rest, in physical science, Rest. 
cannot be absolutely defined, inasmuch as absolute rest nowhere 
exists in nature. If the universe of matter were finite, its 
centre of inertia might fairly be considered as absolutely at 
rest; or it might be imagined to be moving with any uniform 
velocity in any direction whatever through infinite space. But 
it is remarkable that the first law of motion enables us (§ 249, 
below) to explain what may be called directional rest. Also, 
as will be seen farther on, a perfectly smooth spherical body, 
made up of concentric shells, each of uniform material and 
density throughout, if made to revolve about an axis, will, in 
spite of impressed forces, revolve withuniform angularvelocity,and 
will maintain its axis of revolution in an absolutely fixed direc- 
tion. Or,as will soon be shown, § 267, the plane in which the 
moment of momentum of the universe (if finite) round its centre 
of inertia is the greatest, which is clearly determinable fron 
the actual motions at any instant, is fixed in direction in space. 

246. We may logically convert the assertion of the first law 
of motion as to velocity into the following statements :— 

The times during which any particular body, not compelled 
by force to alter the speed of its motion, passes through equal 
spaces, are equal, And, again— Every other body in the uni- 
verse, not compelled by force to alter the speed of its motion, 
moves over equal spaces in successive intervals, during which 
the particular chosen body moves over equal spaces. 

247. The first part merely expresses the convention uni- Time. 
versally adopted for the measurement of Time. The earth, in 
its rotation about its axis, presents us with a case of motion in 
which the condition, of not being compelled by force to alter 
its speed, is more nearly fulfilled than in any other which 
we can easily or accurately observe. And the numerical 
measurement of time practically rests on defining egual inter- 
vals of time, as times during which the earth turns through equal 
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angles. This is, of course, a mere convention, and not a law of 
nature; and, as we now see it, is a part of Newton’s first law. 
248. The remainder of the law is not a convention, but a 
great truth of nature, which we may illustrate by referring to 
small and trivial cases as well as to the grandest phenomena 


we can conceive. 


A curling-stone, projected along a horizontal surface of. ice, 
travels equal distances, except in so far as it is retarded by 
friction and by the resistance of the air, in successive intervals 
of time during which the earth turns through equal angles. 
The sun moves through equal portions of interstellar space in 
times during which the earth turns through equal angles, 
except in so far as the resistance of interstellar matter, and 
the attraction of other bodies in the universe, alter his speed 
and that of the earth's rotation. 

249. If two material points be projected from one position, 
A, at the same instant with any velocities in any directions, 
aud each left to move uninfluenced by force, the line joining 
them will be always parallel to a fixed direction. For the law 
asserts, as we have seen, that AP: AP’:: AQ: AQ, if P, Q, and 
again P’, Q are simultaneous positions; and therefore PQ is 
parallel to P'Q. Hence if four material points O, P, Q, R are 
all projected at one instant from one position, OP, OQ, OR 
are fixed directions of reference ever after. But, practically, 
the determination of fixed directions in space, § 267, is made to 
depend upon the rotation of groups of particles exerting forces 
on each other, and thus involves the Third Law of Motion. 

250. The whole law is singularly at variance with the tenets 
of the ancient philosophers, who maintained that circular motion 
is perfect. 

The last clause, “nis? quatenus,” ete., admirably prepares for 
the introduction of the second law, by conveying the idea that 
it is force alone which can produce a change of motion. How, 
we naturally inquire, does ‘the change of motion produced 
depend on the magnitude and direction of the force which 
produces it? And the answer is-— 

251. Lex IL. Mutationem motiis proportionalem esse vi 
motrici impress, et fieri secundum lineam rectam qua vis illa 
UMPrimilLUT. 
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Change of motion is proportional to the impressed force, and 
takes place in the direction of the straight line in which the force 
acts, 

202. If any force generates motion, a double force will 
generate double motion, and so on, whether simultaneously or 
successively, instantancously, or gradually applied. And this 
motion, if the body was moving beforehand, is either added to 
the previous motion if directly conspiring with it; or is sub- 
tracted if directly opposed; or is geometrically compounded 
with it, according to the kinematical principles already ex- 
plained, if the line of previous motion and the direction of the 
force are inclined to each other at any angle. (This is a para- 
phrase of Newton’s own comments on the second law.) 

203. In Chapter 1. we have considered change of velocity, 
or acceleration, as a purely geometrical element, and have 
seen how it may be at once inferred from the given initial and 
final velocities of a body. By the definition of quantity of 
motion (§ 210), we see that, if we multiply the change of 
velocity, thus geometrically determined, by the mass of the 
body, we have the change of motion referred to in Newton’s 
law as the measure of the force which produces it. 

It is to be particularly noticed, that in this statement there 
is nothing said about the actual motion of the body before it 
was acted on by the force: it is only the change of motion that 
concerns us. Thus the same force will produce precisely the 
same change of motion in a body, whether the body be at rest, 
or in motion with any velocity whatever. 

204. Again, it is to be noticed that nothing is said as to 
the body being under the action of one force only ; so that we 
may logically put a part of the second law in the following 
(apparently) amplified form :— 

When any forces whatever act on a body, then, whether the body 
be originally at rest or moving with any velocity and in any 


direction, each force produces in the body the exact change of 


notion which it would have produced if it had acted singly on 
the body originally at rest. 

255. A remarkable consequence follows immediately from 
this view of the second law. Since forces are measured by thie 
changes of motion they produce, and their directions assigned 
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Composition by the directions in which these changes are produced; and 

omet “since the changes of motion of one and the same body are in 
the directions of, and proportional to, the changes of velocity— 
a single force, measured by the resultant change of velocity, 
and in its direction, will be the equivalent of any number of 
simultaneously acting forces. Hence 

The resultant of any number of forces (applied at one point) is 
to be found by the same geometrical process as the resultant of any 
number of simultaneous velocities. 

256. From this follows at once (§ 27) the construction of 
the Parallelogram of Forces for finding the resultant of two 
forces, and the Polygon of Forces for the resultant of any num- 
ber of forces, in lines all through one point. 

The case of the equilibrium of a number of forces acting at 
one point, is evidently deducible at once from this; for if we 
introduce one other force equal and opposite to their resultant, 
this will produce a change of motion equal and opposite to the 
resultant change of motion produced by the given forces; that 
is to say, will produce a condition in which the point expe- 
riences no change of motion, which, as we have already seen, is 
the only kind of rest of which we can ever be conscious. 

207. Though Newton perceived that the Parallelogram of 
Forces, or the fundamental principle of Statics, is essentially 
involved in the second law of motion, and gave a proof which 
is virtually the same as the preceding, subsequent writers on 
Statics (especially in this country) have very generally ignored 
the fact; and the consequence has been the introduction of 
various unnecessary Dynamical Axioms, more or less obvious, 
but in reality included in or dependent upon Newton’s laws 
of motion. We have retained Newton’s method, not only on 
account of its admirable simplicity, but because we believe it 

t contains the most philosophical foundation for the static as well 
as for the kinetic branch of the dynamic science. 

Mensure- 258. But the second law gives us the means of measuring 
and mass. force, and also of measuring the mass of a body. 

For, if we consider the actions of various forces upon the 
same body for equal times, we evidently have changes of 
velocity produced which are proportional to the forces. The 
changes of velocity, then, give us in this case the means of 


DYNAMICAL LAWS AND PRINCIPLES. 183 


comparing the magnitudes of different forces. Thus the velo- Measure- 
cities acquired in one second by the same mass (falling freely) nd mass. 
at different parts of the earth's surface, give us the relative 
amounts of the earth’s attraction at these places. 

Again, if equal forces be exerted on different bodies, the 
changes of velocity produced in equal times must be inversely 
as the masses of the various bodies. This is approximately the 
case, for instance, with trains of various lengths started by the 
same locomotive: it is exactly realized in such cases as 
the action of an electrified body on a number of solid or hollow 
spheres of the same external diameter, and of different metals. 

Again, if we find a case in which different bodies, each acted 
on by a force, acquire in the same time the same changes of 
velocity, the forces must be proportional to the masses of the 
bodies. This, when the resistance of the air is removed, is the 
case of falling bodies; and from it we conclude that the weight 
of a body in any given locality, or the force with which the 
earth attracts it, is proportional to its mass; a most important 
physical truth, which will be treated of more carefully in the 
chapter devoted to “ Properties of Matter.” 

209. It appears, lastly, from this law, that every theorem of Translations 
Kinematics connected with acceleration has its counterpart in kinana 
Kinetics. 

For instance, suppose X, Y, Z to be the components, parallel 
to fixed axes of x, y, z respectively, of the whole force acting on 
a particle of mass M. We see by § 212 that 
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The second members of these AH are respectively the com- 
ponents of the impressed force, along the tangent (§ 9), perpen- 
dicular to the osculating plane (§ 9), and towards the centre of 
curvature, of the path described. 
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260. We have, by means of the first two laws, arrived at a 
definition and a measure of force; and have also found how to 
compound, and therefore also how to resolve, forces: and also 
how to investigate the motion of a single particle subjected to 
viven forces. But more is required before we can completely 
understand the more complex cases of motion, especially those 
in which we have mutual actions between or amongst two or 
more bodies ; such as, for instance, attractions, or pressures, oY 
transference of energy in any form. This is perfectly supphed 
by 

261. Lex LI]. Actioni contruriam semper et aqualean esse 
reactionem : sive corporum duorum actiones in se mutuod semper 
esse aquales et in partes contrarias dirigi 

To every action there is always an equal and contrary re 
action: or, the mutual actions of any two bodies are always equal 
and oppositely directed. 

262. If one body presses or draws another, it is pressed or 
drawn by this other with an equal force in the opposite direc- 
tion. If any one presses a stone with his finger, his finger is 
pressed with the same force in the opposite direction by the 
stone. A horse towing a boat on a canal is dragged back- 
wards by a force equal to that which he impresses on the 
towing-rope forwards. © By whatever amount, and in whatever 
direction, one body has its motion changed by impact upon 
another, this other body has its motion changed by the same 
amount in the opposite direction ; for at each instant during 
the impact the force between them was equal and opposite on 
the two. When neither of the two bodies -has any rotation, 
Whether before or after impact, the changes of velocity which 
they experience are inversely as their masses. 

When one body attracts another from a distance, this other 
attracts it with an equal and opposite force. This law holds 
not only for the attraction of gravitation, but also, as Newton 
himself remarked and verified by experiment, for magnetic 
attractions : also for electric forces, as tested by Otto-Guericke. 

268. What precedes is founded upon Newton's own com- 
ments on the third law, and the actions and reactions con- 
templated are simple forces. In the schohum appended, he 
makes the following remarkable statement, introducing another 
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specification of actions and reactions subject to his third law, xewton's 
the full meaning of which seems to have escaped the notice of YPY 
commentators :—- 

Si æstimetur agentis actio ex ejus vi et velocitate conjunctim ; 
ct similiter resistentis reactio æstimetur conjunctim ex ejus partium 
singularum velocitatibus ct viribus resistendi ab carum attritione, 
cohasione, pondere, et acceleratione oriundis; erunt actio et reactiv, 
in omni instrumentorum usu, sibi invicem semper equales. 

In a previous discussion Newton has shown what is to be 
understood by the velocity of a force or resistance; če., that it 
is the velocity of the point of application of the force resolved 
in the direction of the force, in fact proportional to the virtual 
velocity. Bearing this in mind, we may read the above state- 
ment as follows :—- 

If the Action of an agent be measured by tts amount and its 
velocity conjortntly ; and yf, similarly, the Reaction of the resistuncee 
be measured by the velocities of rts several parts and their several 
amounts conjointly, whether these arise from friction, cohesion , 
weight, or acceleration ;- -Action and Reaction, in all combina- 
tions of machines, will be equal and opposite. 

Farther on we shall give a full development of the conse- 
quences of this most important remark. 

264, Newton, in the passage just quoted, points out that pater. 
forces of resistance against acceleration are to be reckoned as "YON 
reactions equal and opposite to the actions by which the ac- 
celeration is produced. Thus, if we consider any one material 
point of a system, its reaction against acceleration must be 
equal and opposite to the resultant of the forces which that 
point experiences, whether by the actions of other parts of the 
system upon it, or by the influence of matter not belonging to 
the system. In other words, it must be in equilibrium with 
these forces. Hence Newton’s view amounts to this, that all the 
forces of the. system, with the reactions against acceleration of 
the material points composing it, form groups of equiltbrating 
systems for these points considered individually. Hence, by 
the principle of superposition of forces in equilibrium, all the 
forces acting on points of the system form, with the reactions 
against acceleration, an equilibrating set of forces on the whole 
system. This is the celebrated principle first explicitly stated, 
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known by his name. We have scen, however, that it is very 
distinctly implied in Newton's own interpretation of his third 
law of motion. As it is usual to investigate the general equa- 
tions or conditions of equilibrium, in dynamical treatises, before 
entering in detail on the kinetic branch of the subject, this 
principle is found practically most useful in showing how we 
may write down at once the equations of motion for any 
system for which the equations of equilibrium have been in- 
vestigated. 

260. Every rigid body may be imagined to be divided into 
indefinitely small parts. Now, in whatever form we may 
eventually find a physical explanation of the origin of the forces 
which act between these parts, it is certain that each such 
small, part may be considered to be held in its position 
relatively to the others by mutual forces in lines joining them. 

266. From this we have, as immediate consequences of the 
second and third laws, and of the preceding theorems relating 
to Centre of Inertia and Moment of Momentum, a number of 
important propositions such as the following :— 

(a) The centre of inertia of a rigid body moving in any 
manner, but free from external forces, moves uniformly in a 
straight line. 

(b) When any forces whatever act on the body, the motion of 
the centre of inertia is the same as it would have been had 
these forces been applied with their proper magnitudes and 
directions at that point itself. 

(c) Since the moment of a force acting on a particle is the 
same as the moment of momentum it produces in unit of time, 
the changes of moment of momentum in any two parts of a 
rigid body due to their mutual action are equal and opposite. 
Hence the moment of momentum of a rigid body, about any axis 
which is fixed in direction, and passes through a point which 
is either fixed in space or moves uniformly in a straight line, is 
unaltered by the mutual actions of the parts of the body. 

(d) The rate of increase of moment of momentum, when the 
body is acted on by external forces, is the sum of the moments 
of these forces about the axis. 

267. We shall for the present take for granted, that the 
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mutual action between two rigid bodies may in every case be Conserva- 
imagined as composed of pairs of equal and opposite forces mr ome Hei 
in straight lines. From this it follows that the sum of the mentor 
quantities of motion, parallel to any fixed direction, of two ae 
rigid bodies influencing one another in any possible way, re- 

mains unchanged by their mutual action; also that the sum 
of the moments of momentum of all the particles of the two 

bodies, round any line in a fixed direction in space, and passing 
through any point moving uniformly in a straight line in any 
direction, remains constant. From the first of these propositions 

we infer that the centre of inertia of any number of mutually 
influencing bodies, if in motion, continues moving uniformly 

in a straight line, unless in so far as the direction or velocity 
of its motion is changed by forces acting mutually between 
them and some other matter not belonging to them; also that 

the centre of inertia of any body or system of bodies moves 
just as all their matter, if concentrated in a point, would move 

under the influence of forces equal and parallel to the forces The«tvar- 


. : iia - œ able Plane” 
really acting on its different parts. From the second we infer is a plane 
: e è . through 
that the axis of resultant rotation through the centre of inertia the centre 
A i . of inertia, 
of any system of bodies, or through any point either at rest or perpendien- 
lar to the 


moving uniformly in a straight line, remains unchanged in resultant 
direction, and the sum of moments of momenta round it” 
remains constant if the system experiences no force from with- 

out. This principle is sometimes called Conservation of Areas, 

a very misleading designation. 

268. The foundation of the abstract theory of energy is laid EN 
by Newton in an admirably distinct and compact manner in the 
sentence of his scholium already quoted (§ 263), in which he 
points out its application to mechanics.’ The actio agentis, 
as he defines it, which is evidently equivalent to the product of 
the effective component of the force, into the velocity of the 
point on which it acts, is simply, in modern English phrase- 
ology, the rate at which the agent works. The subject for 
measurement here is precisely the same as that for which Watt, 

a hundred years later, introduced the practical unit of a “ Horse- Horse-power 


1 The reader will remember that we use the word ‘‘mechanics” in its true classical 
sense, the science of machines, the sense in which Newton himself used it, when he 
dismissed the further consideration of it by saying (in the scholium referred to), 
Ca lrrum mechanicam tractare non est hujus instituti. 
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33,000 times the weight of a pound through the space of a fout 
in a minute; that is, producing 550 fvot-pounds of work per 
second. The unit, however, which is most generally convenient is 
that which Newton's definition implies, namely, the rate of doing 
work in which the unit of enerey is produced in the unit of time. 

269. Looking at Newton’s words (§ 263) in this light, we 
see that they may be logically converted into the following 
form :— 

Work done on any system of bodies (in Newton's state- 
ment, the parts of any machine) has its equivalent in work done 
against friction, molecular forces, or gravity, if there be no 
acceleration ; but if there be acceleration, part of the work is 
expended in overcoming the resistance to acceleration, and the 
additional kinetic energy developed is equivalent to the work 
so spent. This is evident from § 214. 

When part of the work is done against molecular forces, as 
in bending a spring ; or against gravity, as in raising a weight ; 
the recoil of the spring, and the fall of the weight, are capable 
at any future time, of reproducing the work originally expended 
(§ 241). But in Newtons day, and long afterwards, it was 
supposed that work was absolutely lost by friction ; and, indeed, 
this statement is still to be found even m recent authoritative 
treatises. But we must defer the examination of this pomt till 
we consider in its modern form the principle of Conservation of 
Energy. 

270. If a system of bodies, given either at rest or in 
motion, be influenced by no forces from without, the sum of the 
kinetic energies of all its parts is augmented in any time by an 
amount equal to the whole work done in that time by the 
mutual forces, which we may imagine as acting between its 
points. When the lines in which these forees act remain all 
unchanged in length, the forces do no work, and the sum of the 
kinetic energies of the whole system remains constant. If, on 
the other hand, one of these lines varies in leneth during the 
motion, the mutual forces in it will do work, or will consume 
work, according as the distance varies with or against them. 

271. A limited system of bodies is said to be dynamically 
conservative (or simply consercative, When force is understood to 
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be the subject), if the mutual forces between its parts always 
perform, or always consume, the same amount of work during 
any motion whatever, by which it can pass from one particular 
configuration to another. 

272. The whole theory of energy in physical science is 
founded on the following proposition :— 

If the mutual forces between the parts of a material system 
are independent of their velocities, whether relative to one 
another, or relative to any external matter, the system must be 
dynamically conservative. 

For if more work is done by the mutual forces on the different 
parts of the system in passing from one particular configuration 
to another, by one set of paths than by another set of paths, let 
the system be directed, by frictionless constraint, to pass from 
the first configuration to the second by one set of paths and 
return by the other, over and over again for ever. It will be 
a continual source of energy without any consumption of 
materials, which is impossible. 

213. The potential energy of a conservative system, in the 
configuration which it has at any instant, is the amount of work 
that its mutual forces perform during the passage of the system 
from any one chosen configuration to the configuration at the 
time referred to. It is generally, but not always, convenient 
to fix the particular configuration chosen for the zero of reckon- 
ing of potential energy, so that the potential energy, in every 
other configuration practically considered, shall be positive. 

214. The potential energy of a conservative system, at any 
instant, depends solely on its configuration at that instant, 
being, according to definition, tle same at all times when the 
system is brought again and again to the same configuration. 
It is therefore, in mathematical language, said to be a function 
of the co-ordinates by which the positions of the different parts 
of the system are specified. If, for example, we have a con- 
servative system consisting. of two material points ; or two rigid 
bodies, acting upon one another with force dependent only on 
the relative position of a point belonging to one of them, and a 
point belonging to the other; the potential energy of the 
system depends upon the co-ordinates of one of these points 
relatively to lines of reference in fixed directions through the 
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other. It will therefore, in general, depend on three independent 
co-ordinates, which we may conveniently take as the distance 
between the two points, and two angles specifying the absolute 
direction of the line joining them. Thus, for example, let the 
bodies be two uniform metal globes, electrified with any given 
quantities of electricity, and placed in an insulating medium 
such as air, in a region of space under the influence of a vast 
distant electritied body. The mutual action between these two 
spheres will depend solely on the relative position of their 
centres. It will consist partly of gravitation, depending solely 
on the distance between their centres, and of electric force, 
which will depend on the distance between them, but also, in 
virtue of the inductive action of the distant body, will depend 
on the absolute direction of the line joining their centres. In 
our divisions devoted to gravitation and electricity respectively, 
we shall investigate the portions of the mutual potential energy 
of the two bodies depending on these two agencies separately. 
The former we shall find to be the product of their masses 
divided by the distance between their centres; the latter a 
somewhat complicated function of the distance between the 
centres and the angle which this line makes with the direction 
of the resultant electric force of the distant electrified body. 
Or avain, if the system consist of two balls of soft iron, in any 
locality of the earth’s surface, their mutual action will be partly 
gravitation, and partly due to the magnetism induced in them 
by terrestrial magnetic force. The portion of the mutual 
potential energy depending on the latter cause, will be a func- 
tion of the distance between their centres and the inclination 
of this line to the direction of the terrestrial magnetic force. 
It will avree in mathematical expression with the potential 
energy of electric action in the preceding case, so far as the 
inclination is concerned, but the law of variation with the 
distance will be less easily determined. 

275. In nature the hypothetical condition of § 271 is 
apparently violated in all circumstances of motion. A material 
system can never be brought through any returning cycle of 
motion without spending more work against the mutual forces 
of its parts than is gained from these forces, because no re- 
lative motion can take place without meeting with frictional 
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or other forms of resistance ; among which are included (1.) Noa ae 
oss TKY 


mutual friction between solids sliding upon one another; (2.) of visible 
. ; i PE motions. 

resistances due to the viscosity of fluids, or imperfect elasticity 

of solids ; (3.) resistances due to the induction of electric 

currents ; (4.) resistances due to varying magnetization under 

the influence of imperfect magnetic retentiveness. No motion 

in nature can take place without meeting resistance due to 

some, if not to all, of these influences. It is matter of every 

day experience that friction and imperfect elasticity of solids 

impede the action of all artificial mechanisms; and that even 

when bodies are detached, and left to move freely in the air, 

as falling bodies, or as projectiles, they experience resistance 

owing to the viscosity of the air. 

The greater masses, planets and comets, moving in a less 
resisting medium, show less indications of resistance.’ Indeed 
it cannot be said that observation upon any one of these bodies, 
with the exception of Encke’s comet, has demonstrated resist- 
ance. But the analogies of nature, and the ascertained facts of 
physical science, forbid us to doubt that every one of them, 
every star, and every body of any kind moving in any part 
of space, has its relative motion impeded by the air, gas, vapour, 
mediwn, or whatever we choose to call the substance occupying 
the space immediately round it ; just as the motion of a rifle 
bullet is impeded by the resistance of the air. 

276. There are also indirect resistances, owing to friction rect of 
impeding the tidal motions, on all bodies which, like the earth, "9% tsen 
have portions of their free surfaces covered by liquid, which, 
as long as these bodies move relatively to neighbouring bodies, 
must keep drawing off energy from their relative motions. 
Thus, if we consider, in the first place, the action of the moon 
alone, on the earth with its oceans, lakes, and rivers, we per- 
ceive that it must tend to equalize the periods of the earth's 
rotation about its axis, and of the revolution of the two bodies 
about their centre of inertia; because as long as these periods 
differ, the tidal action of the earth’s surface must keep sub- 
tracting energy from their motions. To view the subject more 

1 Newton, Principia, (Remarks on the first law of motion.) ‘‘ Majora autem 


Planetarum et Cometarum corpora motus suos et progressivos et circulares, in spatiis 
minus resistentibus factos, conservant diutius.” 
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in detail, and, at the same time, to avoid unnecessary com- 
plications, let us suppose the moon to be a uniform spherical 
body. The mutual action and reaction of gravitation between 
her mass and the earth’s, will be equivalent to a single force 
in some line through her centre; and must be such as to 
impede the earth's rotation as long as this is performed in a 
shorter period than the moon’s motion round the earth. It 
must therefore he in some such direction as the line MQ in the 
diagram, which represents, necessarily with enormous exagvera - 

T tion, its deviation, OQ, from the earth’s 
"centre. Now the actual force on the moon 
in the line MQ, may be regarded as con- 
sisting of a force in the line VO towards 
the earths centre, sensibly equal in 
amount to the whole force, and a com- 
paratively very small force in the line 
MT perpendicular to MO. This latter 
is very nearly tangential to the moon’s path, and is in the 
direction with her motion. Such a force, if suddenly com- 
mencing to act, would, in the first place, increase the moon’s 
velocity; but after a certain time she would have moved 
so much farther from the earth, in virtue of this accelera- 
tion, as to have lost, by moving against the earth's attraction, 
as much velocity as she had gained by the tangential accelera- 
ting force. The effect of a continued tangential force, acting 
with the motion, but so small in amount as to make only a 
small deviation at any moment from the circular form of the 
orbit, is to gradually increase the distance from the central 
body, and to cause as much again as its own amount of work 
to be done against the attraction of the central mass, by the 
kinetic energy of motion lost. The circumstances will be readily 
understood, by considering this motion round the central body 
in a very gradual spiral path tending outwards. Provided the 
law of force is the inverse square of the distance, the tangential 
component of gravity against the motion will be twice as great 
as the disturbing tangential force in the direction with the 
motion ; and therefore one-half of the amount of work done 
against the former, is done by the latter, and the other half by 
kinetic enerey taken from the motion. The integral effect on 
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the moon’s motion, of the particular disturbing cause now under Inevitable 
ergy 


consideration, is most easily found by using the principle of ohie 
moments of momenta. Thus we see that as much moment of pan fric- 
momentum is gained in any time by the motions of the centres 
of inertia of the moon and earth relatively to their common 
centre of inertia, as is lost by the earth’s rotation about its axis. 
The sum of the moments of momentun of the centres of inertia 
of the moon and earth as moving at present, is about 4°45 times 
the present moment of momentun of the earth’s rotation. The 
average plane of the former is the ecliptic; and therefore the 
axes of the two momenta are inclined to one another at the 
average angle of 23° 273’, which, as we are neglecting the sun’s 
influence on the plane of the moon’s motion, may be taken as 
the actual inclination of the two axes at present. The resultant, 
or whole moment of momentum, is therefore 5°38 times that of 
the earth’s present rotation, and its axis is inclined 19° 13’ to 
the axis of the earth. Hence the ultimate tendency of the tides 
is, to reduce the earth and moon to a simple uniform rotation 
with this resultant moment round this resultant axis, as if they 
were two parts of one rigid body : in which condition the moon’s 
distance would be increased (approximately) in the ratio 1: 1:46, 
being the ratio of the square of the present moment of momen- 
tum of the centres of inertia to the square of the whole moment 
of momentum ; and the period of revolution in the ratio 1 : 1°77, 
being that of the cubes of the same quantities. The distance 
would therefore be increased to 347,100 miles, and the period 
lengthened to 4836 days. Were there no other body in 
the universe but the earth and the moon, these two bodies 
might go on moving thus for ever, in circular orbits round their 
common centre of inertia, and the earth rotating about its axis in 
the same period, so as always to turn the same face to the moon, 
aud therefore to have all the liquids at its surface at rest rela- 
tively to the solid. But the existence of the sun would pre- 
vent any such state of things from being permanent. There 
would be solar tides —twice high water and twice low water—in 
the period of the earth’s revolution relatively to the sun (that is 
to say, twice in the solar day, or, which would be the same 
thing, the month). This could not go on without loss of energy 
by fluid friction, It is not easy to trace the whole course of the 
N 
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disturbance in the earth’s and moon’s motions which this cause 
would produce, but its ultimate effect must be to bring the 
earth, moon, and sun to rotate round their common centre of 
inertia, like parts of one rigid body. It would carry us too 
far from our course to investigate at present which of all the 
configurations fulfilling this condition is the one that would be 
ultimately approximated to. We hope, however, to return to 
the subject later, and to consider the general problem of the 
motion of any number of rigid bodies or material points acting 
on one another with mutual forces, under any actual physical 
law, and therefore, as we shall see, necessarily subject to loss of 
energy as long as any of their mutual distances vary; that is to 
say, until all subside into a state of motion in circles round an 
axis passing through their centre of inertia, like parts of one 
rigid body. It is probable that the moon, in ancient times 
liquid or viscous in its outer layer if not throughout, was thus 
brought to turn always the same face to the earth. 

277. We have no data in the present state of science for 
estimating the relative importance of tidal friction, and of the 
resistance of the resisting medium through which the earth and 
moon move; but whatever it may be, there can be but one 
ultimate result for such a system as that of the sun and planets, 
if continuing long enough under existing laws, and not dis- 
turbed by meeting with other moving masses in space. That 
result is the falling together of all into one mass, which, although 
rotating for a time, must in the end come to rest relatively to 
the surrounding medium. 

278. The theory of energy cannot be completed until we 
are able to examine the physical influences which accompany 
loss of energy in each of the classes of resistance mentioned 
above, § 275. We shall then see that in every case in which 
energy is lost by resistance, heat is generated; and we shall 
learn from Joule’s investigations that the quantity of heat so 
generated is a perfectly definite equivalent for the energy 
lost. Also that in no natural action is there ever a develop- 
ment of energy which cannot be accounted for by the dis- 
appearance of an equal amount elsewhere by means of 
some known physical agency. Thus we shall conclude, that 
if any limited portion of the material universe could be per- 
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fectly isolated, so as to be prevented from either giving eae 
energy to, or taking energy from, matter external to it, the 
sum of its potential and kinetic energies would be the same at 
all times: in other words, that every material system subject 
to no other forces than actions and reactions between its parts, 
is a dynamically conservative system, as defined above, § 271. 
But it is only when the inscrutably minute motions among 
small parts, possibly the ultimate molecules of matter, which 
constitute light, heat, and magnetism; and the intermolecular 
forces of chemical affinity ; are taken into account, along with 
the palpable motions and measurable forces of which we 
become cognizant by direct observation, that we can recognise 
the universally conservative character of all natural dynamic 
action, and perceive the bearing of the principle of reversibility 
on the whole class of natural actions involving resistance, which 
seem to violate it. In the meantime, in our studies of abstract 
dynamics, it will be sufficient to introduce a special reckoning 
for energy lost in working against, or gained from work done 
by, forces not belonging palpably to the conservative class. 

279. As of great importance in farther developments, we 
prove a few propositions intimately connected with energy. 

280. The kinetic energy of any system is equal to the sum Kinetic 
of the kinetic energies of a mass equal to the sum of the massesa a system, 
of the system, moving with a velocity equal to that of its centre 
of inertia, and of the motions of the separate parts relatively to 
the centre of inertia. 


For if x, y, z be the co-ordinates of any particle, m, of the 
system; £, 7, (its co-ordinates relative to the centre of inertia; 
and Z, Į, Z, the co-ordinates of the centre of inertia itself; we have 
for the whole ae energy 


Pn (E AE AE gem EE 4 ata) EEO, 


But by the properties of the centre of inertia, we have 
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which proves the proposition. 
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281. The kinetic energy of rotation of a rigid system about 
any axis is (§ 95) expressed by 43'mr*w*, where m is the mass 
of any part, r its distance from the axis, and œ the angular 
velocity of rotation. It may evidently be written in the form 
ho’ Smr, The factor Sm is of very great importance in 
kinetic investigations, and has been called the Moment of 
Inertia of the system about the axis in question. The moment 
of inertia about any axis is therefore found by summing the 
products of the masses of all the particles each into the square 
of its distance from the axis. 

It is worth while to notice that the moment of momentum 
of any rigid system about an axis, being S’mrr= Snu7a, is the 
product of the ancular velocity into the moment of inertia. 

If we take a quantity k, such that 

Kt=m= Sart 

k is called the Radius of Gyration about the axis from which 
ris measured. The radius of gyration about any axis is there- 
fore the distance from that axis at which, if the whole mass 
were placed, it would have the same moment of mertia as be- 
fore. In a fly-wheel, where it is desirable to have as great a 
moment of inertia with as small a mass as possible, within 
certain limits of dimensions, the greater part of the mass is 
formed into a ring of the largest admissible diameter, and the 
radius of this ring is then approximately the radius of gyration 
of the whole. 


A rigid body being referred to rectangular axes passing 
through any point, it is required to find the moment of inertia 
about an axis through the origin making given angles with the 
co-ordinate axes. 

Let A, p, v be its direction-cosines. Then the distance (r) of 
the point x, y, z from it is, by § 95, 

rts (ps—vy t+ (vae—Az)*+ (Ay— per)? 

and therefore 

Mi2= = mr2=Z m N yp) r*) 4-722 y?) —2 ev y2z— 2vrze— mury] 
which may be written 

AX? + Bu? + Cv? —2apv—2BvA—2yAp, 

where A, B, Care the moments of inertia about the axes, and 
a= myz, B=Zmzx, y= Zmxy. From its derivation we see that 
this quantity is essentially positive. Hence when, by a proper 
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linear transformation, it is deprived of the terms containing the Moment of 
products of A, p, v, it will be brought to the form ee 
Mk? = AA*+ Bu + OER, 
where A, B, C are essentially positive. They are evidently the 
moments of inertia about the new rectangular axes of co-ordinates, 
and A, p, v the corresponding direction-cosines of the axis round 
which the moment of inertia is to be found. 
Let A> B> C, if they are unequal. Then 
AM + Bp? + Cv?= Q(A*+ 2+") 
shows than Q cannot be greater than A, nor less than C. Also, 
if A, B, C be equal, Q is equal to each. 
If a, b, c be the radii of gyration about the new axes of «x, y, z, 
A=Ma, B= Mb!, C= Mc!, 
and the above equation gives 
kt =atAt+$3p2-+4-cty?, 
But if x, y, z be any point in the line whose direction-cosines are 
À, p, v, and r its distance from the origin, we have 
opty and therefore 
k'r? = atx? 4 byt +22. 
If, therefore, we consider the ellipsoid whose equation is 
ax? +b y’? +c?2?#= 
we see that it intercepts on the line Hoe direction-cosines are 
À, p, v—and about which the radius of gyration is k, a length r 
which is given by the equation 
Mrize; 
or the rectangle under any radius-vector of this ellipsoid and 
the radius of gyration about it is constant. Its semi-axes are 
; Ee e e . 
evidently ee where «e may have any value we may assign. 
Thus it is evident that 


282. For every rigid body there may be described about Momental 
any point as centre, an ellipsoid (called Poinsot’s Momental eee 
Ellipsoid) which is such that the length of any radius-vector is 
inversely proportional to the radius of gyration of the body 
about that radius-vector as axis. 

The axes of this ellipsoid are the Principal Axes of inertia Principal 
of the body at the point in question. 

. The proposition of § 280 shows that the moment of 
pecan of a rigid body about any axis is equal to that which 
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the mass, if collected at the centre of inertia, would have about 
this axis, together with that of the body about a parallel axis 
through its centre of inertia. 

Let the origin, O, be the centre of inertia, and the axes the 
principal axes at that point. Then, by $$ 280, 281, we have for 
the moment of inertia about a line through the point P (Ẹ, n, ¢), 
whose direction-cosines are À, p, v; 

Q= AA + By +O 4+ M(ug— vy +vE— AE + — pe ) 
= {AF M+) V+ BHIE HE M+ CHAME +y°) jv? 

— 2M (pry (+ vACe+ Ann). 
Substituting for Q, A, D, C their values, and dividing by V, 
we have 
k= (H HENO EHE HEHE) 
— 2(nuv + (SvA+ nàn). 
Let it be required to find À, p, v so that the direction specified 
by them may be a principal axis. Lets = Af + py + vå ie., 
let s represent the projection of OP on the axis sought. 

The axes of the ellipsoid 

(a tn tHE)... — 2(ntyz+...... )=H (a), 

are found by means of the equations 
(a +n +0 — pà — fne — Ev =0 

— EnA tH HEHE — ț pe — nie = \ (b). 

— EA — net (c? HE + 4° — p)v=0 
If, now, we take f to denote OP, or (€*-+-?+ (7), these equations, 
where p is clearly the syuare of the radius of gyration about 
the axis to be found, may be written 


(a +f? — p)A — EEA tnet fr) =0, 


etc. = ete., 
or (a*-+f? —p)A— és=0, 
etc. = etc., 
or (a? — K )à— §s=0 
(0? — A )p— ns=0 } (e) 
(c? — K)v— (s=0 


where K = p— J’. Hence 


» ete. 


Es 
~a—K 
Multiply, in order, by £, 7, ¢, add, and divide by s, and we get 
2 2 
fet py tee ey 
By (c) we see that (A, p, v) is the direction of the normal through 
the point P, (, n, ¢) of the surface represented by the equation 
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x? 2 a2 


q TIERE. 
ra E (eaa 
which is obviously a surface of the second degree confocal with 
the ellipsoid 


is 3 +2 

atpta=! (/) 
and passing through P in virtue of (d), which determines A accord- 
ingly. The three roots of this cubic are clearly all real; one of 
them is less than the least of a’, b°, c°, and positive or negative 
according as P is within or without the ellipsoid (f). And if 
a>b>c, the two others are between c? and b?, and between b? and 
a*, respectively. The addition of f? to each gives the square of the 
radius of gyration round the corresponding principal axis. Hence 

284, The principal axes at any point of a rigid body are nor- 
mals to the three surfaces of the second order which pass through 
that point, and are confocal with an ellipsoid, having its centre central 
at the centre of inertia, and its three principal diameters co- owe 
incident with the three principal axes through these points, 
and equal respectively to the doubles of the radii of gyration 
round them. This ellipsoid is called the Central Ellipsoid. 

285. A rigid body is said to be kinetically symmetrical kinctic 
about its centre of inertia when its moments of inertia about munia” 
three principal axes through that point are equal; and there." 
fore necessarily the moments of inertia about all axes through 
that point equal, § 281, and all these axes principal axes. About 
it uniform spheres, cubes, and in general any complete crys- 
talline solid of the first system (see chapter ou Properties of 
Matter) are kinetically symmetrical. 

A rigid body is kinetically symmetrical about an axis when rona an 
this axis is one of the principal axes through the centre of i 
inertia, and the moments of inertia about the other two, and 
therefore about any line in their plane, are equal. A spheroid, 

a square or equilateral triangular prism or plate, a circular ring, 
disc, or cylinder, or any complete crystal of the second or 
fourth system, is kinetically symmetrical about its axis. 

286. The only actions and reactions between the parts of a Energy in 
system, not belonging palpably to the conservative class, which DRA 
we shall consider in abstract dynamics, are those of friction 
between solids sliding on solids, except in a few instances in 
which we shall consider the general character and ultimate 


Energy in 
nbstract 
dynamics. 


Equilibrinm. 


Princip'e 
of virtual 
velocities. 


200 PRELIMINARY NOTIONS. 


results of effects produced by viscosity of fluids, imperfect 
elasticity of solids, imperfect electric conduction, or imperfect 
magnetic retentiveness. We shall also, in abstract dynamics, 
consider forces as applied to parts of a limited system arbitrarily 
from without. These we shall call, for brevity, the applied forces. 

287. The law of energy may then, in abstract dynamics, be 
expressed as follows :—- 

The whole work done in any time, on any limited material 
system, by applied forces, is equal to the whole effect in the 
forms of potential and kinetic energy produced in the system, 
together with the work lost in friction. 

288, This principle may be regarded as comprehending the 
whole of abstract dynamics, because, as we now proceed to 
show, the conditions of equilibrium and of motion, in every 
possible case, may be immediately derived from it. 

289. A material system, whose relative motions are unre- 
sisted by friction, is in equilibrium in any particular configura- 
tion if, and is not in equilibrium unless, the work done by 
the applied forces is equal to the potential energy gained, in any 
possible infinitely small displacement from that configuration. 
This is the celebrated principle of virtual velocities which 
Lagrange made the basis of his Mécanique Analytique. 

290. To prove it, we have first to remark that the system 
cannot possibly move away from any particular configuration 
except by work being done upon it by the forces to which it is 
subject : it is therefore in equilibrium if the stated condition is 
fulfilled. To ascertain that nothing less than this condition can 
secure its equilibrium, let us first consider a system having 
only one degree of freedom to move. Whatever forces act on 
the whole system, we may always hold it in equilibrium by a 
single force applied to any one point of the system in its line 
of motion, opposite to the direction in which it tends to move, 
and of such magnitude that, in any infinitely small motion in 
either direction, it shall resist, or shall do, as much work as the 
other forces, whether applied or internal, altogether do or resist. 
Now, by the principle of superposition of forces in equilibrium, 
we might, without altering their effect, apply to any one point 
of the system such a force as we have just seen would hold the 
system in equilibrium, and another force equal and opposite 
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to it. All the other forces being balanced by one of these two, 
they and it might again, by the principle of superposition of 
forces in equilibrium, be removed; and therefore the whole set 


of given forces would produce the same effect, whether for 


equilibrium or for motion, as the single force which is left 
acting alone. This single force, since it is in a line in which 
the point of its application is free to move, must move thie 
system. Hence the given forces, to which this single force has 
been proved equivalent, cannot possibly be in equilibrium 
unless their whole work for an infinitely small motion is 
nothing, in which case the single equivalent force is reduced 
to nothing. But whatever amount of freedom to move the 
whole system may have, we may always, by the application of 
frictionless constraint, limit it to one degree of freedom only ; 
—and this may be freedom to execute any particular motion 
whatever, possible under the given conditions of the system. 
If, therefore, in any such infinitely small motion, there is 
variation of potential energy uncompensated by work of the 
applied forces, constraint limiting the freedom of the system to 
only this motion will bring us to the case in which we have 
just demonstrated there cannot be equilibrium. But the appli- 
cation of constraints limiting motion cannot possibly disturb 
equilibrium, and therefore the given system under the actual 
conditions cannot be m equilibrium in any particular con- 
‘figuration if there is more work done than resisted in any 
possible infinitely small motion from that configuration by all 
the forces to which it is subject. 


Principle 
of virtual 
velocities, 


291. If a material system, under the influence of internal Neutral 


and applied forces, varying according to some definite law, is 
balanced by them in any position in which it may be placed, 
its equilibrium is said to be neutral. This is the case with any 
spherical body of uniform material resting on a horizontal 
plane. A right cylinder or cone, bounded by plane ends per- 
pendicular to the axis, is also in neutral equilibrium on a 
horizontal plane. Practically, any mass of moderate dimensions 
is in neutral equilibrium when its centre of inertia only is 
fixed, since, when its longest dimension is small in comparison 
with the earth’s radius, gravity is, as we shall see, approximately 
equivalent to a single force through this point. 
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But if, when displaced infinitely little in any direction from 
a particular position of equilibrium, and left to itself, it com- 
mences and continues vibrating, without ever experiencing 
more than infinitely small deviation in any of its parts, from 
the position of equilibrium, the equilibrium in this position is 
said to be stable. A weight suspended by a string, a uniform 
sphere in a hollow bowl, a loaded sphere resting on a horizontal 
plane with the loaded side lowest, an oblate body resting with 
one end of its shortest diameter on a horizontal plane, a plank, 
whose thickness is small compared with its length and breadth, 
floating on water, ete. etc., are all cases of stable equilibrium ; if 
we neglect the motions of rotation about a vertical axis in the 
second, third, and fourth cases, and horizontal motion in general, 
in the fifth, for all of which the equilibrium is neutral. 

If, on the other hand, the system can be displaced in anv 
way from a position of equilibrium, so that when left to itself 
it will not vibrate within infinitely small limits about the posi- 
tion of equilibrium, but will move farther and farther away from 
it, the equilibrium in this position is said to be unstable. Thus 
a loaded sphere resting on a horizontal plane with its load as 
high as possible, an egg-shaped body standing on one end, a 
board floating edgeways in water, etc. etc., would present, if 
they could be realized m practice, cases of unstable equili- 
brium. 

When, as in many cases, the nature of the equilibrium varies 
with the direction of displacement, if unstable for any possible 
displacement it is practically unstable on the whole. Thus a 
coin standing on its edge, though in neutral equilibrium for 
displacements in its plane, yet being in unstable equilibrium 
for those perpendicular to its plane, 1s practically unstable. A 
sphere resting in equilibrium on a saddle presents a case in 
which there is stable, neutral, or unstable equilibrium, accord- 
ing to the direction in which it may be displaced by rolling, 
but, practically, it would be unstable. 

292. The theory of energy shows a very clear and simple 
test for discriminating these characters, or determining whether 
the equilibrium is neutral, stable, or unstable, in any case. If 
there is justas much work resisted as perforined by the applied 
and internal forces in any possible displacement the equilibrium 
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is neutral, but not unless. If in every possible infinitely small Test of the 
displacement from a position of equilibrium they do less work equilibrium. 
among them than they resist, the equilibrium is thoroughly 
stable, and not unless. If iu any or in every infinitely small 
displacement from a position of equilibrium they do more work 
than they resist, the equilibrium is unstable. It follows that 
if the system is influenced only by internal forces, or if the 
applied forces follow the law of doing always the same amount 
of work upon the system passing from one configuration to 
another by all possible paths, the whole potential energy must 
be constant, in all positions, for neutral equilibrium; must 
be a minimum for positions of thoroughly stable equilibrium ; 
must be either an absolute maximum, or a maximum for some 
displacements and a minimum for others when there is unstable 
equilibrium. 

293. We have scen that, according to D’Alembert’s prin- peduetion 


of tl 
ciple, as explained above (§ 264), forces acting on the different equations 


points of a material system, and their reactions against the iny system, 
accelerations which they actually experience in any case of 
motion, are in equilibrium with one another. Hence in any actual 
case of motion, not only is the actual work done by the forces 
equal to the kinetic energy produced in any infinitely small time, 
in virtue of the actual accelerations ; but so also is the work 
which would be done by the forces, in any infinitely small time, 
if the velocities of the points constituting the system, were at 
any instant changed to any possible infinitely small velocities, 
and the accelerations unchanged. This statement, when put in 
the concise language of mathematical analysis, constitutes 
Lagrange’s application of the “ principle of virtual velocities” 
to express the conditions of D’Alembert’s equilibrium between 
the forces acting, and the resistances of the masses to accelera- 
tion. It comprehends, as we have seen, every possible condi- 
tion of every case of motion. The “equations of motion” in 
any particular case are, as Lagrange has shown, deduced from 
it with great ease. 


Let m be the mass of any one of the material points of the 
system; x, y, z its rectangular co-ordinates at time £, relatively 
to axes fixed in dircction (§ 249) through a point reckoned as 
fixed (§ 245); and X, Y, Z the components, parallel to the same 
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; : d*x d? 
axes, of the whole force acting on it. Thus — moa? —m A ; 


26 


—m- ~ are the components of the reaction against acceleration. 
E 


And these, with X, Y, Z, for the whole system, must fulfil the 
conditions of equilibrium. Hence if ôx, ôy, ôz denote any arbi- 
trary variations of x, y, z consistent with the conditions of the 
system, we a 


EKGs Sart (Y—mi "By -+(Z— i eso: 20), 


dt 
where © denotes summation to ahi all the particles of the 
system. This may be called the indeterminate, or the variational, 
equation of motion. Lagrange used it as the foundation of his 
whole kinetic system, deriving from it all the common equations of 
motion, and his own remarkable equations in generalized co-ordi- 
nates (presently to be given). We may write it otherwise as follows : 
mm cdc + jy+ 282) = 2 Vor + Vdy+ 262) (2), 

where the first member denotes the work done by forces equal to 
those required to produce the real accelerations, acting through 
the spaces of the arbitrary displacements ; and the second member 
the work done by the actual forces through these imagined 
spaces. 

If the moving bodies constitute a conservative system, and if 
V denote its potential energy in the configuration specified by 
(x, y, z, etc.), we have of course ($$ 241, 273) 


ô V= — 2(Xdxr + VSy+ 262), (3), 
and therefore the indeterminate equation of motion becomes 
Èm Lbx+ ysy + 262) = — êV (4), 


where êV denotes the excess of the potential energy in the con- 
figuration (x+4z, y+ dy, 2+5z, etc.) above that in the configura- 
tion (x, y, z, ete.) 

One immediate particular result must of course be the common 
equation of energy, which must be obtained by supposing år, Sy, 
52, etc., to be the actual variations of the co-ordinates in an 
infinitely small time ôt. Thus if we take ôr = 287, ete., and 
divide both members by ôt, we have 

D( Xr+ Yy+ 22) = im(fo+ yy +22) (5). 
Here the first member is composed of Newton's Actiones Agentium ; 
with his Reactiones Resistentium so far as friction, gravity, and 
molecular forces are concerned, subtracted: and the second consists 
of the portion of the Reactiunes due to acceleration. As we have 
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scen above (§ 214), the second member is the rate of increase of Equation 
L4m(z*?+y?+27) per unit of time. Hence, denoting by v the omar 
velocity of one of the particles, and by W the integral of the 2 
first member multiplied by dt, that is to say, the integral work 
done by the working and resisting forces in any time, we have 
24mvi= WHE, (6), 
E, being the initial kinetic encrgy. This is the integral equa- 
tion of energy. In the particular case of a conservative system, 
W is a function of the co-ordinates, irrespectively of the time, or 
of the paths which have been followed. According to the pre- 
vious notation, with besides V, to denote the potential energy of 
the system in its initial configuration, we have W=V,.—V, and 
the integral equation of energy becomes, ) 
Zm = Vo— V4 E>. 

or, if E denote the sum of the potential and kinetic energies, a 
constant, Limv’=E—V (7). 

The general indeterminate equation gives immediately, for the 
motion of a system of free particles, 

my£,=X,, Mmj =Y, m=% Mee,=-Ve, ete. 

Of these equations the three for each particle may of course be 
treated separately if there is no mutual influence between the 
particles: but when they exert force on one another, X,, Y,, ete., 
will each in general be a function of all the co-ordinates. 

From the indeterminate equation (1) Lagrange, by his method Constraint 


. e e. @ bf introduced 
of multipliers, deduces the requisite number of equations for into the in- 


determining the motion of a rigid body, or of any system of con- A 
nected particles or rigid bodies, thus :—Let the number of the 
particles be i, and let the connexions between them be expressed 
by n equations, 

F (X15 Yry Zi Hay «+ 50 

F (£1, Yi, 21, Lay --- =O (8), 

ete. ete. 

being the kinematical equations of the system. By taking the 
variations of these we find that every possible infinitely small dis- 
placement &,, 8y,, z1, 5x22, ... must satisfy the n linear equations 


dF dF dF dF 

i AE, N = Pea tf at — t . . 
u E, ôy, +etc.=0, ade, ôx + a, dy,+ete.=0, ete. (9) 
Multiplying the first of these by À, the second by À n ete., 
adding to the indeterminate equation, and then equating the co- 


e 
efficients of ŝx,, 5y,, cte., cach to zero, we have 
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dF dF 
À ga t adr T +- — m dt =Q | 
dF dF Ph ? (10). 
Nin tay +...4 Yi—™, di? =0 
etc. etc. 


These are in all 3% equations to determine the n unknown 
quantities A, A, ..., and the 3i—n independent variables to 
which 2x, Y}, -.. are reduced by the kinematical equations (8). 

The problem of finding the motion of a system subject to any 
unvarying kinematical conditions whatever, under the action of 
any given forces, is thus reduced to a question of pure analysis. 
In the still more general problem of determining the motion when 
certain parts of the system are constrained to move in a specified 
manner, the equations of condition (8) involve not only the co- 
ordinates, but also, ¢, the time. It is easily seen, however, that 
the equations (10) still hold. 

When there are connexions between any parts of a system, the 
motion is in gencral not the same as if all were free. If we con- 
sider any particle during any infinitely small time of the motion, 
and call the product of its mass into the square of the distance 
between its positions at the end of this time, on the two supposi- 
tions, the constraint: the sum of the constraints 1s a minimum. 
This follows easily from (1). 

294. When two bodies, in relative motion, come into con- 
tact, pressure begins to act between them to prevent any parts 
of them from jointly occupying the same space. This force 
commences from nothing at the first point of collision, and 
gradually increases per unit of area on a gradually increasing 
surface of contact. If, as is always the case in nature, each 
body possesses some degree of elasticity, and if they are not kept 
together after the impact by cohesion, or by some artificial 
appliance, the mutual pressure between them will reach a 
maximum, will begin to diminish, and in the end will come to 
nothing, by gradually diminishing in amount per unit of area 
on a gradually diminishing surface of contact. The whole pro- 
cess would occupy not greatly more or less than an hour if 
the bodies were of such dimensions as the earth, and such degrees 
of rigidity as copper, steel, or glass. It is finished, probably, 
within a thousandth of a second if they are globes of any of 
these substances not exceeding a yard in diameter. 
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295. The whole amount, and the direction, of the “ Impact” 
experienced by either body in any such case, are reckoned 
according to the “ change of momentum” which it experiences. 
The amount of the impact is measured by the amount, and its 
direction by the direction of the change of momentum, which is 
produced. The component of an impact in a direction parallel 
to any fixed line is similarly reckoned according to the com- 
ponent change of momentum in that direction. 

296. If we imagine the whole time of an impact divided 
into a very great number of equal intervals, each so short that 
the force does not vary sensibly during it, the component 
change of momentum in any direction during any one of these 
intervals will (§ 220) be equal to the force multiplied by 
the measure of the interval Hence the component of the 
impact is equal to the sum of the forces in all the intervals, 
multiplied by the length of each interval 

Let P be the component force in any direction at any instant, 
t, of the interval, and let Z be the amount of the corresponding 
component of the whole impact. Then 

l[=/Padz. 

297. Any force in a constant direction acting in any cir- 
cumstances, for any time great or small, may be reckoned on 
the same principle; so that what we may call its whole amount 
during any time, or its “ ¢ime-integral,” will measure, or be 
measured by, the whole momentum which it generates in the 
time in question. But this reckoning is not often convenient 
or useful except when the whole operation considered is over 
before the position of the body, or contiguration of the system 
of bodies, involved, has altered to such a degree as to bring any 
other forces into play, or alter forces previously acting, to such 
an extent as to produce any sensible effect on the momentum 
measured. Thus if a person presses gently with his hand, 
during a few seconds, upon a mass suspended by a cord or 
chain, he produces an effect which, if we know the degree of 
the force at each instant, may be thoroughly calculated on 
elementary principles. No approximation to a full determina- 
tion of the motion, or to answering such a partial question as 
“how great will be the whole deflection produced?” can be 
founded on a knowledge of the “ ¢ime-integral” alone. If, for 
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instance, the force be at tirst very great and gradually diminish, - 
the effect will be very diflferent from what it would be if the 
force were to increase very gradually and to cease suddenly, 
even although the time-integral were the same in the two 
cases. But if the same body is “ struck a blow,” in a horizontal 
direction, either by the hand, or by a mallet or other somewhat 
hard mass, the action of the force is finished before the suspend- 
ing cord has experienced any sensible deflection from the ver- 
tical. Neither gravity nor any other force sensibly alters the 
effect of the blow. And therefore the whole momentum at the 
end of the blow is sensibly equal to the “amount of the impact,” 
which is, in this case, simply the timne-integral. 

298. Such is the case of Robins’ Ballistic Pendulum, a 
massive block of wood movable about a horizontal axis at a 
considerable distance above 1t—employed to measure the velo- 
city of a cannon or musket-shot. The shot is tired into the block 
in a horizontal direction perpendicular to the axis. The im- 
pulsive penetration 1s so nearly instantaneous, and the inertia 
of the block so large compared with the momentum of the shot, 
that the ball and pendulum are moving on as one mass before the 
pendulum has been sensibly deflected from the vertical, This is 
the essential peculiarity of the apparatus. A sufficiently great 
force might move it far from the vertical in a small fraction 
of its time of vibration. But in order that the time-integral 
may have its simplest application to such a case, the direction 
of the force would have continually to change so as to be 
alwavs the same as that of the motion of the block. 

299. Other illustrations of the cases in which the time- 
integral gives us the complete solution of the problem may be 
given without limit. They include all cases in which the 
direction of the force is always coincident with the direction 
of motion of the moving body, and those special cases in which 
the time of action of the force is so short that the body’s motion 
does not, during its lapse, sensibly alter its relation to the direc- 
tion of the force, or the action of any other forces to which it 
may be subject. Thus, in the vertical fall of a body, the time- 
integral gives us at once the change of momentum; and the 
same rule applies in most cases of forces of brief duration, as 
in a “drive” in cricket or golf. 
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300. The simplest case which we can consider, and the one 


Direct im- 
act of 


usually treated as an introduction to the subject, is that of the sPhere 


collision of two smooth spherical bodies whose centres before 
collision were moving in the same straight line. The force 
between them at each instant must be in this line, because of 
the symmetry of circumstances round it; and by the third 
law it must be equal in amount on the two bodies. Hence 
(LEX 11.) they must experience changes of motion at equal rates 
in contrary directions; and at any instant of the impact the 
integral amounts of these changes of motion must be equal. 
Let us suppose, to fix the ideas, the two bodies to be moving 
both before and after impact in the same direction in one line: 
one of them gaining on the other before impact, and either 
following it at a less speed, or moving along with it, as the 
case may be, after the impact is completed. Cases in which 
the former is driven backwards by the force of the collision, 
or in which the two moving in opposite directions meet in 
collision, are easily reduced to dependence on the same formula 


by the ordinary algebraic convention with regard to positive ` 


and negative signs. 

In the standard case, then, the quantity of motion lost, up 
to any instant of the impact, by one of the bodies, is equal to 
that gained. by the other. Hence at the instant when their 
velocities are equalized they move as one mass with a momen- 
tum equal to the sum of the momenta of the two before impact. 
That is to say, if v denote the common velocity at this instant, 
we have . 

(M+M )\r=MV+M'V’, 
MVM V’ 

M+M i 
if M, M’ denote the masses of the two bodies, and V, V” their 
velocities before impact. 

During this first period of the impact the bodies have been, 
on the whole, coming into closer contact with one another, 
through a compression or deformation experienced by each, 
and resulting, as remarked above, in a fitting together of the 
two surfaces over a finite area. No body in nature is per- 
fectly inelastic; and hence, at the instant of closest approxi- 
mation, the mutual force called into action between the two 

o 


or v= 


Direct. im- 
paet of 
spheres. 


Effect of 
elasticity. 


Newton’s 
experiments. 
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bodies continues, and tends to separate them. Unless pre- 
vented by natural surface cohesion or welding (such as is 
always found, as we shall see later in our chapter on Properties 
of Matter, however hard and well polished the surfaces may 
be), or by artificial appliances (such as a coating of wax, applied 
in one of the common illustrative experiments ; or the coupling 
applied between two railway carriages when run together so as 
to push in the springs, according to the usual practice at rail- 
way stations), the two bodies are actually separated by this 
force, and move away from one another. Newton found that, 
provided the impact is not so violent as to make any sensible per- 
manent indentation in either body, the relative velocity of 
separation after the impact bears a proportion to their previous 
relative velocity of approach, which is constant for the same 
two bodies. This proportion, always less than unitv, ap- 
proaches more and more nearly to it the harder the bodies are. 
Thus with balls of compressed wool he found it $, iron nearly 
the same, glass #§. The results of more recent experiments on 
the same subject have confirmed Newton’s law. These will be 
described later. In any case of the collision of two balls, let 
e denote this proportion, to which we give the name Covficicnt 
of Restitution ) and, with previous notation, let in addition 
U, U’ denote the velocities of the two bodies after the conclusion 
of the impact; in the standard case each being positive, but 
U= U. Then we have 
U'—U=e( V—V’) 
and, as before, since one has lost as much momentum as the 
other has gained, 
MU+MU=MV+M'V'. 
From these equations we find 
(M+M')U=MV4M' V'—eM'(V—V’), 
with a similar expression for U’. 
Also we have, as above, 
(MEM r= MV4M'V’. 
Hence, by subtraction, 
(M+M')(v—U)=eM'(V—V)=ef MV M+M e+ MV} 


1 In most modern treatises this is called a “coefficient of elasticity.” which is 
clearly a mistake ; suggested, it may be, by Newton's words, but inconsistent with 
his facts, and utterly at variance with modern language and modern knowledge re- 
garding elasticity. 
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Direct im- 


and therefore pal ot 
v— U= e( V—v). spheres, 

Of course we have also 
U’—v=e(v—V’). 

These results may be put in words thus :—The relative velocity 

of either of the bodies with regard to the centre of inertia of 

the two is, after the completion of the impact, reversed in 

direction, and diminished in the ratio e:1. 

301. Hence the loss of kinetic energy, being, according to 
SS 267, 280, due only to change of kinetic energy relative to 
the centre of inertia, is to this part of the whole as 1—e*: 1. 


Thus 
Initial kinetic energy =43(M+ M’)v?+43M(V—v)?+43M'(o—V’)3. 
Final __,, » = 4( 4+ M')v?++-4M(v—U)?+3M'(O'—v)*. 
Loss =}(1—e?) { M(V—v)?+ M '(v—V')*}. 
302. When two elastic bodies, the two balls supposed above pistriuution 


š ° ; . g : : - ofene 
for instance, impinge, some portion of their previous kinctic after impact. 


energy will always remain in them as vibrations. A portion 
of the loss of energy (miscalled the effect of imperfect elas- 
ticity) is necessarily due to this cause in every real case. 

Later, in our chapter on Properties of Matter, it wall be 
shown as a result of experiment, that forces of elasticity are, 
to a very close degree of accuracy, simply proportional to the 
strains (§ 154), within the limits of elasticity, in elastic solids 
which, like metals, glass, etc., bear but small deformations with- 
out permanent change. Hence when two such bodies come 
into collision, sometimes with greater and sometimes with less 
mutual velocity, but with all other circumstances similar, the 
velocities of all particles of either body, at corresponding times 
of the impacts, will be always in the same proportion. Hence yewton's 
the velocity of separation of the centres of inertia after impact ee as 
will bear a constant proportion to the previous velocity of pyet clas. 
approach; which agrees with the Newtonian Law. It is there- "7 
fore probable that a very sensible portion, if not the whole, of 
the loss of energy in the visible motions of two elastic bodies, 
after impact, experimented on by Newton, may have been due 
to vibrations; but unless some other cause also was largely 
operative, it is difficult to see how the loss was so much greater 
with iron balls than with glass. 
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Distribution 803. In certain definite extreme cases, imaginable although 
aer impact. not realizable, no energy will be spent in vibrations, and the 
- two bodies will separate, each moving simply as a rigid body, 
and having in this simple motion the whole energy of work 
done on it by elastic force during the collision. For instance, 
let the two bodies be cylinders, or prismatic bars with flat ends, 
of the same kind of substance, and of equal and similar trans- 
verse sections; and let this substance have the property of 
compressibility with perfect elasticity, in the direction of the 
length of the bar, and of absolute resistance to change in every 
transverse dimension. Before impact, let the two bodies be 
placed with their lengths in one line, and their transverse sec- 
tions (if not circular) similarly situated, and let one or both be 
set in motion in this line. The result, as regards the motions 
of the two bodies atter the collision, will be sensibly the 
same if they are of any real ordinary elastic solid material, 
provided the greatest transverse diameter of each is verv small 
in comparison with its length. Then, if the lengths of the two 
be equal, they will separate after impact with the same relative 
velocity as that with which they approached, and neither will 
retain any vibratory motion after the end of the collision. 

304. If the two bars are of unequal length, the shorter will, 
after the impact, be exactly in the same state as if it had 
struck another of its own length, and it therefore will move as 
a rigid body after the collision. But the other will, along with 
a motion of its centre of gravity, calculable from the principle 
that its whole momentum must (§ 267) be changed by an 
amount equal exactly to the momentum gained or lost by the 
first, have also a vibratory motion, of which the whole kinetic 
and potential energy will make up the deficiency of energy 
which we shall presently calculate in the motions of the centres 
of inertia. For simplicity, let the longer body be supposed to 
be at rest befure the collision. Then the shorter on striking it 
will be left at rest; this being clearly the result in the case of 
e= l in the preceding formule (§ 300) applied to the impact 
of one body striking another of equal mass previously at rest. 
The longer bar will move away with the same momentum, and 
therefore with less velocity of its centre of inertia, and less 
kinetic energy of this motion, than the other body had before 
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impact, in the ratio of the smaller to the greater mass, It will Pisinbation 
also have a very remarkable vibratory motion, which, when its fter mpact. 
length is more than double of that of the other, will consist of . 

a wave running backwards and forwards through its length, and 

causing the motion of its ends, and, in fact, of every particle of 

it, to take place by “fits and starts,” not continuously. The 

full analysis of these circumstances, though very simple, must 

be reserved until we are especially occupied with waves, and 

the kinetics of elastic solids. It is sufficient at present to re- 

mark, that the motions of the centres of gravity of the two 

bodies after impact, whatever they may have been previously, 

are given by the preceding formulw with for e the value 


1 


af » where M’ and M are the smaller and the larger mass re- 


spectively. 

305. The mathematical theory of the vibrations of solid elastic 
spheres has not yet been worked out; and its application to 
the case of the vibrations produced by impact presents con- 
siderable difficulty. Experiment, however, renders it certain, 
that but a small part of the whole kinetic energy of the pre- 
vious motions can remain in the form of vibrations after the 
impact of two equal spheres of glass or of ivory. This is 
proved, for instance, by the common observation, that one of 
them remains nearly motionless after striking the other pre- 
viously at rest; since, the velocity of the common centre of 
gravity of the two being necessarily unchanged by the impact, 
we infer that the second ball acquires a velocity nearly equal 
to that which the first had before striking it. But it is to be 
expected that unequal balls of the same substance coming into 
collision will, by impact, convert a very sensible proportion of 
the kinetic energy of their previous motions into energy of 
vibrations ; and generally, that the same will be the case when 
equal or unequal masses of different substances come into colli- 
sion; although for one particular proportion of their diameters, 
depending on their densities and elastic qualities, this effect will 
be a minimum, and possibly not much more sensible than it is 
when the substances are the same and the diameters equal. 

306, It need scarcely be said that in such cases of impact 
as that of the tongue of a bell, or of a clock-hammer striking 


Moment of 
an impact 
about an 
axis. 


Ballistic 
pendulum, 
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its bell (or spiral spring as in the American clocks), or of piano- 
forte hammers striking the strings, or of the drum struck with 
the proper implement, a large part of the kinetic energy of the 
blow is spent in generating vibrations. 

307. The Moment of an Impact about any axis is derived 
from the line and amount of the impact in the same way as the 
moment of a velocity or force is determined from the line and 
amount of the velocity or force, §§ 235, 236. If a body is 
struck, the change of its moment of momentum about any axis 
is equal to the moment of the impact round that axis. But, 
without considering the measure of the impact, we see (§ 267) 
that the moment of momentum round any axis, lost by one 
body in striking another, is, as in every case of mutual action, 
equal to that gained by the other. 


Thus, to recur to the ballistic pendulum—the line of motion 
of the bullet at impact may be in any direction whatever, but the 
only part which is effective is the component in a plane perpen- 
dicular to the axis. We may therefore, for simplicity, consider 
the motion to be in a line perpendicular to the axis, though not 
necessarily horizontal. Let m be the mass of the bullet, v its 
velocity, and p the distance of its line of motion from the axis. 
Let Af be the mass of the pendulum with the bullet lodged in it, 
and k its radius of gyration. Then if œ be the angular velocity 
of the pendulum when the impact is complete, 

mrp= Mko, 
from which the solution of the question is easily determined. 

For the kinetic energy after impact is changed (§ 241) into 
its equivalent in potential energy when the pendulum reaches its 
position of greatest deflection. Let this be given by the angle 
0: then the height to which the centre of inertia is raised is 
h(1 — cos 0) if h be its distance from the axis. Thus 


2,,2,,2 
Mgh — cos 0)=}M ktw} 2 P 


or 2 sin E ) 
2 M kN gh 
an expression for the chord of half the angle of deflection. In 
practice the chord of the angle Ô is measured by means of a 
light tape or cord attached to a point of the pendulum, and 
slipping with small friction through a clip fixed close to the posi- 


tion occupied by that point when the pendulum hangs at rest. 
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808. Work done by an impact is, in general, the product of Work done 
the impact into half the sum of the initial and final velocities A 
of the point at which it is applied, resolved in the direction of 
the impact. In the case of direct impact, such as that treated 
in § 300, the initial kinetic energy of the body is 4M V?, the 
final 34fU®, and therefore the gain, by the impact, is 

4M(U*?—V"), 
or, which is the same, 
M(U—V). 4(U+ VY). 
But M(U— V) is (§ 295) equal to the amount of the impact. 
Hence the proposition: the extension of which to the most 
general circumstances is easily seen. 


Let ¢ be the amount of the impulse up to time 7, and J the 

whole amount, up to the end, T. That is to say, let 
i= |" Par, I= |’ Par; also P= ao 

0 0 dt 

Whatever may be the conditions to which the body struck is 
subjected, the change of velocity in the point struck is propor- 
tional to the amount of the impulse up to any part of its whole 
time, so that, if W be a constant depending on the masses and 
conditions of constraint involved, and if U, v, V denote the com- 
ponent velocities of the point struck, in the direction of the 
impulse, at the beginning, at the time 7, and at the end, re- 


spectively, we have 
t i I 
E reuk $ 
Hence, for the rate of the doing of work by the force P, at the 


instant ¢, we have 
iP 


Hence for the whole work (TV) done by it, 


W= f (PU+ T \dr 
1 fī I? 
=UI+ 5 |, ETS og 
= UI441(V—U)=14(U+P). 


309. It is worthy of remark, that if any number of impacts 
be applied to a body, their whole effect will be the same whether 
they be applied together or successively (provided that the 


Pv=PU+ 
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whole time occupied by them be infinitely short), although 
the work done by each particular impact is in general different 
according to the order in which the several impacts are applied. 
The whole amount of work is the sum of the products obtained 
by multiplying each impact by half the sum of the components 
of the initial and final velocities of the point to which it is 
applied. 

310. The effect of any stated impulses, applied to a rigid 
body, or to a system of material points or rigid bodies con- 
nected in auy way, is to be found most readily by the aid of 
D’Alembert’s principle; according to which the given impulses, 
and the impulsive reaction against the generation of motion, 
measured in amount by the momenta generated, are in equi- 
librium; and are therefore to be dealt with mathematically by 
applying to them the equations of equilibrium of the system. 


Let P,, Qi, R, be the component impulses on the first particle, 
m,, and let %,, Jı, 2, be the components of the velocity in- 
stantaneously acquired by this particle. Component forces equal 
to (P, —m,2,), (Q; — m,y,), ... must equilibrate the system, 
and therefore we have (§ 290) 

2f(P—mx\6r+(Q— my\Sy+(R— mi)6:} =0 (a) 
where âr,, 5y,, ... denote the components of any infinitely small 
displacements of the particles possible under the conditions of 
the system. Or, which amounts to the same thing, since any 
possible infinitely small displacements are simply proportional to 
any possible velocities in the same directions, 


ag 2{(P —mx)u+(Q—my)v+(— mi)w}=0 (b) 


where u,, vı, w, denote any possible component velocities of the 
first particle, etc. 


One particular case of this equation is of course had by suppos- 
ing u, Vi, ... to be equal to the velocities #,, ¥,, ... actually 
acquired; and, by halving, ete., we find 

2(P.ge4+ Q4hy+ h.§2)=T (e) 
where T denotes the energy of the motion generated. This 
agrees with § 308 above. 


311. Euler discovered that the kinetic energy acquired from 
rest by a rigid body in virtue of an impulse fulfils a maximum- 
minimum condition. Lagrange’ extended this proposition to 

t Mecanique Analytique, mde partic, 3me section, § 37. 
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a system of bodies connected by any invariable kinematic re- He ve 
lations, and struck with any impulses. Delaunay found that it ™"°" 

is really always a maximum when the impulses are given, and 

when different motions possible under the conditions of the system, 

and fulfilling the law of energy [§ 308 above, or § 310 (c)], are 
considered. Farther, Bertrand shows that the energy actually 
acquired is not merely a “maximum,” but exceeds the energy 

of any other motion fulfilling these conditions; and that the 

amount of the excess is equal to the energy of the motion which 

must be compounded with either to produce the other. 


Let x, y; ... be the component velocities of any motion what- 
ever fulfilling the equation (c), which becomes 
IA PH + Qy + Ri) = 7’ =4Em(e'2 +92 +22) (d). 
If, then, we take 7, — T; = 4, 9, — ý, =, etc., we have 
T — T’=42m{(2%—u)ut+...} 
=2m(Lu+yu+zw) —$im(ui+v*+w*) (e). 
But, by (5), 
2m(zu+guv+zw)=2(Pu+ Qv+ Rw) ; 
and, by (c) and (d), 
2(Pu+ Qvu+ Rw)=2T — 2T. 
Hence (e) gives 
T — T = 32m(u?4+v* +") Cf), 
which is Bertrand’s result. 


812. The energy of the motion generated suddenly in a Manid set in 
mass of incompressible liquid given at rest completely filling P"™'vely. 
a vessel of any shape, when the vessel is suddenly set in 
motion, or when it is suddenly bent out of shape in any way 
whatever, subject to the condition of not changing its volume, 
as less than the energy of any other motion it can have with the 
same motion of its bounding surface. The consideration of this 
theorem, which, so far as we know, was first published in 
the Cambridge and Dublin Mathematical Journal [Feb. 1849], 
has led us to the general minimum property proved below 
regarding motion acquired by any system when any given velo- 
cilies are generated suddenly in any of its parts. 

313. The method of generalized co-ordinates explained Impulsive 


motion re- 


above (§ 204) is extremely useful in its application to the ferred to 


generalized 


dynamics of a system; whether for expressing and working covrdiuates. 
out the details of any particular case in which there is any 


Impulsive 


generation of 
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finite number of degrees of freedom, or for proving general 
principles applicable even to cases, such as that of a liquid, as 
described in the preceding section, in which there may be an 
infinite number of degrees of freedom. It leads us to generalize 
the measure of inertia, and the resolution and composition of 
forces, impulses, and momenta, on dynamical principles corre- 
sponding with the kinematical principles explained in § 204, 
which gave us generalized component velocities: and, as we 
shall see later, the generalized equations of continuous motion 
are not only very convenient for the solution of problems, but 
most tustructire as to the nature of relations, however compli- 
cated, between the motions of different parts of a system. In 
the meantime we shall consider the generalized expressions for 
the impulsive generation of motion. We have seen above 
(§ 308) that the kinetic energy acquired by a system given at 
rest and struck with any given impulses, is equal to half the 
sum of the products of the component forces multiplied each 
into the corresponding component of the velocity acquired by 
its point of application, when the ordinary system of rectangular 
co-ordinates is used. Precisely the same statement holds on 
the generalized system, and if stated as the convention agreed 
upon, it suffices to define the generalized components of im- 
pulse, those of velocity having been fixed on kinematical 
principles (§ 204). Generalized components of momentum 
of any specified motion are, of course, equal to the generalized 
components of the impulse by which it could be generated from 


rest. 

(a) Let ¥, $, 0, ... be the generalized co-ordinates of a material 
system at any time; and let ý, ¢, 6, ... be the corresponding 
generalized velocity-components, that is to say, the rates at 
which y, $, 0, ... increase per unit of time, at any instant, in 
the actual motion. If x,, y,, zı denote the common rectangular 
co-ordinates of one particle of the system, and Z,, %1, 2, its com- 
ponent velocities, we have 


~ di; , dti; 
:= qy Ýt ER 
-Mi dh; (1). 
j= yy tug? tet 
ete. ete. ; 


Hence the kinetic energy, which is 2}n(z*+7?+2"), in terms 
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of rectangular co-ordinates, becomes a quadratic function of 
Y, 4, etc., when expressed in terms of generalized co-ordinates, 
so that if we denote it by T we have 


T=3i(y, Yý +h, p+. -+2(¥, $)Pd+.. .} (2), Generalized 


expression 


where (Y, Y), ($, P), (Y, $), ete., denote various functions of the an 
co-ordinates, determinable according to the conditions of the 
system. The only condition essentially fulfilled by these co- 
efficients is, that they must give a finite positive value to T for 

all values of the variables. 

(b) Again let (X,, Y., Zi), (X2, Ya, Z2), ete., denote component 
forces on the particles (x1, Yı, 21), (La, Ys, 22), etc., respectively ; 
and let (òx,, dy,, ôzı), etc., denote the components of any in- 
finitely small motions possible without breaking the conditions of 
the system. The work done by those forces, upon the system 
when so displaced, will be 

2(X6x+ ¥dy+Z6z) (3). 
To transform this into an expression in terms of generalized co- 
ordinates, we have 


_ dx, ax, 
RA gy ôy +- p P Feto: 


ôy, Hoya 8p-+ete. (4), 
ete. etc. 
and it becomes 


Wol+ b6¢-+ ete. (5), 


where 


a2) Generalized 
A components, 


PIXE yY pE 
ay sh of furce 
(6). 


b= 2(X yY- 
(rie t lag t ag 
etc. etc. 


These quantities, ¥, ®, cte., are clearly the generalized com- 
ponents of the force on the system. 

Let F, , etc., denote component impulses, generalized on the 
same principle; that is to say, let 


= ["vat, p= | "but, etc., of impulse. 


where Y, ®, ... denote gencralized components of the continuous 
force acting at any instant of the infinitely short time 7, within 
which the impulse is completed. 

If this impulse is applied to the system, previously in motion 
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in the manner specified above, and if Sy, 5, .., denote the re- 

sulting augmentations of the components of velocity, the means 

of the component velocities before and after the impulse will be 
V+), d4454, oo. 

Hence, according to the general principle explained above for 
calculating the work done by an impulse, the whole work done 
in this case is l l l 

Piy y) + P( P+ 359) + ete. 

To avoid unnecessary complications, let us suppose Sy, 5¢, ete., 
to be each infinitely small. The preceding expression for the 
work done becomes 

Yý +pg+ete.; 
and, as the effect produced by this work is augmentation of 
kinetic energy from T to T + 67, we must have 
sT=VY+4 Sp + ete. 
Now let the impulses be such as to augment ý to ¥+-4y, and to 
leave the other component velocities unchanged. We shall have 


aT. . 
¥Y+?¢+ete.= ries 


: dT 
Dividing both members by ôy, and observing that av is a linear 


function of Ý, ¢, etc., we see that Fa 2. etc., must be equal 
ôy ôy 


to the coefficients of Y, ¢, ... respectively in . 


(c) From this we see, further, that the impulse required to pro- 
duce the component velocity Y from rest, or to generate it in the 
system moving with any other possible velocity, has for its com- 
ponents 

CY, YY, (Y, )Y, (Y, A), ete. 
Hence we conclude that to generate the whole resultant velocity 
(Ù, ¢, ...) from rest, requires an impulse, of which the com- 
ponents, if denoted by £, n, É ..., are expressed as follows :— 
E=(1, IV+(d, VEHO, HOF... 
n=(¥, b)V+(4, d)4+(8, b)+... i 
¢=(¥,0)Y +h, 0)p+(0,0)0+... ' 
ete. 
where it must be remembered that, as seen in the original ex- 
pression for T, from which they are derived, (¢, y) means the 
same thing as (Y, $), and so on. The preceding expressions are 
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the differential coefficients of T with reference to the velocities ; Momenta in 
. terms of 
that is to say, iti 


velocities. 
— r 3 — ` Maa — — —_ ese 8 . 
£ ; q ’ ¢ 16 ’ ( ) 


(d) The second members of these equations, being linear func- 
tions of Ý, ¢,..., we may, by ordinary elimination, find ¥, 4, ete., 
in terms of €, 7, etc., and the expressions so obtained are of 
course linear finch ons of the last-named elements. And, since 
T is a quadratic function of ý, ¢, ete., we have 


= ty (9). Kinetic 
aml eee ORs 
From this, on the supposition that T, Y, $, ... are expressed in terns of 
terms of £, 7, ..., we have a Dpi and veloct: 


$n? 
Now the algebraic process A which j d, etc., are obtained in 
terms of £, n, ete., shows that, inasmuch as the coefficient of ¢ in 
the expression, (7), for £, is equal to the coefficient of Y}, in the 
expression for 7, and so on; the coefficient of 4 in the expres- 
sion for ý must be equal to the coefficient of € in the expression 
for $, and so on; that is to say, 


dy _ dọ dy _ dð 
dn dE’ dt dé 
Hence the — pe becomes 
tat dh 


and therefore 


, ete. 


> d Velocities 
y= -z ’ in terms of 
dé (10) momenta. 
Similarly i= ete. | 


These expressions solve the direct problem,—to find the velo- 
city produced by a given impulse (£, n,...), when we have the 
kinetic energy, 7, expressed as a quadratic function of the com- 
ponents of the impulse. 

(e} If we consider the motion simply, without reference to the 
impulse required to generate it from rest, or to stop it, the quanti- 
ties $, 7, ... are clearly to be regarded as the components of the 
momentu of the motion, according to the system of generalized 
co-ordinates. 7 
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(f) The following algebraic relation will be useful :— 
Ev+n d+ (6+ ete. =eb, +4, +06, + ete. (11), 


where, £, n, Y, >, ete., having the same signification as before, 
E, n, ¢, ete., denote ‘ie impulse-components corresponding to 
any other EON v4, 6, etc., of the velocity-components. It 
is proved by pete that each avember of the equation becomes 
a symmetrical function of Y, ý; $, $, ; etc.; when for £, n, ete., 
their values in terms of ý, ¢ , ete., and for E n, ete., their values 
in terms of Ý, ¢, etc., are substituted. 


314. A material system of any kind, given at rest, and 
subjected to an impulse in any specified direction, and of any 


esl given magnitude, moves off so as to take the greatest amount 
of kinetic energy which the specified impulse can give it. 


Let &,7,... be the components of the given impulse, and 
ý, ¢,... the Componente of the actual motion produced by it, 
which are determined by the equations (10) above. Now let us 
suppose the system be guided by means of merely directive con- 
straint, to take, from rest, under the influence of the given 
anik some motion o, $...) different from the actual 
motion ; and let €,7,... be the impulse which, with this con- 
straint removed, . would adure the motion ($, $...) We 
shall have, for this case, as above, 

=} Y, +n, b, +.) 
But £ —£, 7,—y7.... are the components of the impulse ex- 
perienced in virtue of the constraint we have supposed introduced. 
They can neither perform nor consume work on the system when 
moving as directed by this constraint; that is to say, 
(E — 8Y, +n, — mh, +E — 08 +ete.=0 (12); 
and therefore , i , 
2T, =E¥,+6,+ %8, +ete. 
Hence we have 
2(T—T =Y- Y) +h- $,)+ete. 
=(Ẹ—Ẹ)($-ý,)+ (1—1, ($—$,)+ ete. 
+E,(¥-¥,)+7,($—-¢,) Fete. 
But, by (11) above, we have 

E(¥—¥,) +1,($—¢,) tete.=(E—£,)¥, + (91,4, $ete., 

and therefore, by (12), each vanishes; and we have 
2( T—T,) =(£—€,}(¥—¥,) +(n—n, )(6—4,) +ete. (13); 


that is to say, T exceeds 7 by the value of the kinetic energy 
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that would be generated by an impulse ({—€,, n—7 , (—C, etc.) 
applicd simply to the system, which, of course, is essentially 
positive. In other words, 


815. If the system is guided to take, under the action of a 
given impulse, any motion (yr, ¢,,...) different from the natural 
motion (y, œ, .-.), it will have less kinetic energy than that of 
the natural motion, by a difference equal to the kinetic energy 
of the motion (p—y, d—¢,,...). 

Cor. If a set of material points are struck independently 
by impulses each given in amount, more kinetic energy is 
generated if the points are perfectly free to move each in- 
dependently of all the others, than if they are connected in any 
way. And the deficiency of energy in the latter case is equal 
to the amount of the kinetic energy of the motion which 
geometrically compounded with the motion of either case would 
give that of the other. 


(a) Hitherto we have cither supposed the motion to be fully given, 
and the impulses required to produce them, to be to be found; or 
the impulses to be given and the motions produced by them to be 
to be found. A not less important class of problems is presented 
by supposing as many linear equations of condition between the 
impulses and components of motion to be given as there are de- 
grees of freedom of the system to move (or independent co-ordi- 
nates). These equations, and as many more supplied by (8) 
or their equivalents (10), suffice for the complete solution of the 
problem, to determine the impulses and the motion. 

(b) A very important case of this class is presented by prescerib- 
ing, among the velocities alone, a number of linear equations with 
constant terms, and supposing the impulses to be so directed and 
related as to do no work on any velocities satisfying another pre- 
scribed set of linear equations with no constant terms; the whole 
number of equations of course being equal to the number of inde- 
pendent co-ordinates of the system. The equations for solving 
this problem need not be written down, as they are obvious ; but 
the following reduction is useful, as affording the easiest proof of 
the minimum property stated below. 

(c) The given equations among the velocities may be reduced 
to a set, cach homogeneous, except one equation with a constant 
term. Those homogeneous equations diminish the number of de- 
grecs of freedom; and we may transform the co-ordinates so as 


Theorems 

of § 311 in 
terms of 
generalized 
co-ordinates. 


Problems 
whose data 
involve in- 
pulses and 
Velocities. 


Problems 
whose data 
involve im- 
pulses and 
velocities. 


General pro- 


blem. 


to 
bo 
a 


PRELIMINARY NOTIONS. 


to have the number of independent co-ordinates diminished ac- 
cordingly. Farther, we may choose the new co-ordinates, so 
that the linear function of the velocities in the single equation 
with a constant term may be one of the new velocity-components ; 
and the linear functions of the velocitics appearing in the equation 
connected with the prescribed conditions as to the impulses may 
be the remaining velocity-components. Thus the impulse will 
fulfil the condition of doing no work on any other component 
velocity than the one which is given, and the general problem— 


316. Given any material system at rest. Let any parts of 
it be set in motion suddenly with any specified velocities pos- 
sible, according to the conditions of the system; and let its 
other parts be influenced only by its connexions with those. 
It is required to find the motion : 


takes the following very simple form :—An impulse of the cha- 

racter specified as a particular component, according to the 

generalized method of co-ordinates, acts on a material system ; 

its amount being such as to produce a given velocity-component 

of the corresponding type. It is required to find the motion. 
The solution of course is to be found from the equations 


=A, 7=0, (=0, etc., (15) 
which are the special equations of condition of the problem; and 
the general kinetic equations (7), or (10). Choosing the latter, 


and denoting by [£ £], [£n], ete., the coefficients of 36" En, ete., 
in T, we have 


—L6,7] [EC] A e 
fra IEA Ieg A ete ov 


for the result. 

This result possesses the remarkable property, that the 
kinetic energy of the motion expressed by it is less than that of 
any other motion which fulfils the prescribed condition as to 
velocity. For, if £, 1, ¢, ete., denote the impulses required to 
produce any other motion, ý, 9 Ô , etc., and T the correspond- 
ing kinetic energy, we hase. by (9), 

2T, =E,v,+7,6,+66,+ ete. 
But by (11), 

Ev+nO+¢0+ ete.=fy,, 
since, by (15), we have n=0, (=0, ete. Hence 


2T, = Eh, +E (4, —¥)+1,(6—8) +¢6,—8) +. 
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Now let also this second case ($, $...) of motion fulfil the pre- ee 
scribed velocity-condition ý, = A. We shall have 
Elt —Y) +n ($, A) +588) +... =(E—E)(¥,—W) 
+(n,—n)( $, —$)+ (¢—()(6—8) +... 
since $ —ý=0, 7=0, (=0,..... Hence if @ denote the Fele 
energy of the motion generated from rest, by the impulse 
(E—€, 1—C)--+), we have 
2T =2T+2¢ (17) 
But @ is essentially positive and therefore T, the kinetic energy 
of any motion fulfilling the prescribed velocity-condition, but 
differing from the actual motion, is greater than T the kinetic 
energy of the actual motion; and the amount, @, of the differ- 
ence is given by the equation 
2€ =7 ($, — 8) +68, — 9)+... (18). 
In other words, 
317. The solution of the problem is, that The motion Kinetic 


actually taken by the system is that which has less kinetic minimum : 
energy than any other motion fulfilling the prescribed velocity | 
conditions. And the excess of the energy of any other such 
motion, above that of the actual motion, is equal to the energy 
of the motion that would be generated by the action alone of 
the impulse which, if compounded with the impulse producing 


the actual motion, would produce this other supposed motion. 


nL 


In dealing with cases it would rarely happen that the use of the 
particular co-ordinate system required for the application of the 
solution (16) could be convenient; but in all cases, even in such 
as in examples (2) and (3) below, which involve an infinite 
number of degrees of freedom, the minimum property now proved 
affords an easy solution. 

Example (1). Let a smooth plane, constrained to keep moving Impact of 


a smooth 
with a given normal velocity, g, come in contact with a free rigid rigid plane 
of infinite 
body at rest: to find the motion produced. The velocity con- mass on a 
ee rigi 


dition here is, that the motion shall consist of any motion what- body at 
ever giving to the point of the body which is struck a stated ™** 
velocity, g, perpendicular to the impinging plane, compounded 

with any motion whatever giving to the same point any velocity 
parallel to this plane. To express this condition, let u, v, w be 
rectangular component linear velocities of the centre of gravity, 

and let s, p, o be component angular velocities round axes 
through the centre of gravity parallel to the lines of reference. 

P 
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Mfrat+ A(ny—mz) =0, Mg*p+A(lze—nx)=0, Mhio+A(mx—ly 
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Thus, if x, y, z denote the co-ordinates of the pomt struck, 
relatively to these axes through the centre of gravity, and if 
l m, n be the direction-cosines of the normal to the impinging 
plane, the prescribed velocity-condition becomes 


(u+pz— ocy)l+(v+ox% — az)m+(w+ay—pxr)n=—q (a), 
the negative sign being placed before q on the understanding 
that the motion of the impinging plane is obliquely, if not directly, 
towards the centre of gravity, when J, m, n are each positive. 
If, now, we suppose the rectangular axes through the centre of 
gravity to be principal axes of the body, and denote by Mf”, Mg’, 
Mh? the moments of inertia round them, we have 


T=3M(u?+v?+wt+ f?s?+9%p*+ hia?) (b). 
This must be made a minimum subject to the equation of con- 
dition (a). Hence, by the ordinary method of indeterminate 
multipliers, 


Mu+Al=0, Afv+Am=0, Mw+An=0 (c) 
yao} 


These six equations give each of them the value of one of the 
six unknown quantities u, v, w, z, p, 7, in terms of À and data. 
Using the values thus found in (a), we have an equation to de- 
termine À; and thus the solution is completed. The first three 
of equations (c) show that A, which has entered as an indeter- 
minate multiplicr, is to be interpreted as the measure of the 
amount of the impulse. 

Example (2). A stated velocity in a stated direction is com- 
municated impulsively to each end of a flexible inextensible cord 
forming any curvilineal arc: it is required to find the initial 
motion of the whole cord. 

Let x, y, z be the co-ordinates of any point P in it, and a, y, 2 
the components of the required initial velocity. Let also s be 
the length from one end to the point P. 

If the cord were extensible, the rate per unit of time of the 
stretching per unit of length which it would experience at P, in 
virtue of the motion 2%, ¥, 7, would be 


dz dè dy dy dadi, 
ds ds ds ds dsds 
Hence, as the cord is inextensible, by hypothesis, 


dy dy , de ai 


dx dt dy d 
ds ds 


ds ds ds ds 
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Subject to this, the kinematical condition of the system, and 


Lu tcu 
y=v > when s=0 you wt s=l, 


Z=wWw Z= w 
l denoting the length of the cord, and (u, v, w), (u’, v’, w), the 
components of the given velocities at its two ends: it is required 
to find x, ¥, ż at every point, so as to make 
l 
f uiti teyds (b) 
a minimum, x denoting the mass of the string per unit of length, 
at the point P, which need not be uniform from point to point; 
and of course 
ds=(de*-4dy'+dz*)! (c) 
Multiplying (a) by A, an indeterminate multiplier, and proceeding 
as usual according to the method of variations, we have 
Se eer eee dx dôt dy ay , dz dbz 
| o28e+ 985-4282) + ME Ws! se ae a -5-)}ds=0, 
in which we may regard x, y, z as known functions of s, and this 
it is convenient we should make independent variable. Inte- 
grating “by parts” the portion of the first member which contains 
A, and attending to the terminal conditions, we find, according to 
the regular proccss, for the pag containing the solution 
p= SAE) ia O (a) 
These three equations suffice to determine the four unknown 
quantities, z, y, 2, and A. Using them to eliminate ž, 9, ž 
from (a), we have 


1 
e U 8 


a 1 
_ H 
Om ET SNE H SAE) Fo 
Supposing now, for Salis Ea s is independent variable, and 
performing the differentiation here indicated, with attention to 
the following relations :— 


dx? dx d’x 
date Shb g a t5? 
dx dèx d*x 


np ds? +--+ ga) +=, 


and the expression (§ 9) for p, the radius of curvature, we 
find 


: +—— -=O (e) 
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The interpretation of (c) is very obvious. It shows that A is the 
impulsive tension at the point P of the string; and that the 
velocity which this point acquires instantaneously is the resultant 


‘ À 
Pi z tangential, and i towards the centre of curvature. 


The differential equation (e) therefore shows the law of trans- 
mission of the instantaneous tension along the string, and proves 
that it depends solely on the mass of the cord per unit of length in 
each part, and the curvature from point to point, but not at all 
on the plane of curvature, of the initial form. Thus, for instance, 
it will be the same along a helix as along a circle of the same 
curvature. 

With reference to the fulfilling of the six terminal equations, a 
difficulty occurs inasmuch as x, ġ, 2 are expressed by (d) imme- 
diately, without the introduction of fresh arbitrary constants, in 
terms of A, which, as the solution of a differential equation of the 
second degree, involves only two arbitrary constants. The ex- 
planation is, that at any point of the cord, at any instant, any 
velocity in any direction perpendicular to the tangent may be 
generated without at all altering the condition of the cord even at 
points infinitely near it. This, which seems clear enough with- 
out proof, may be demonstrated analytically by transforming the 
kinematical equation (a) thus. Let fbe the component tangen- 
tial velocity, g the component velocity towards the centre of cur- 
vature, and p the component velocity perpendicular to the 
osculating plane. Using the elementary formule for the direction 
cosines of these lines (§ 9), and remembering that s is now inde- 
pendent variable, we have 


o  pAX d’x , p(dzd*y—dyd’*z) . 
t=f ig tT ae te eo ), y= eie; 
Substituting these in (a) and reducing, we find 
df 
a A (f) 


a form of the kinematical equation of a flexible line which will be 
of much use to us later. 

We see, therefore, that if the tangential components of the im- 
pressed terminal velocities have any prescribed values, we may 
give besides, to the ends, any velocitics whatever perpendicular to 
the tangents, without altering the motion acquired by any part of 
the cord. From this it is clear also, that the directions of the 
terminal impulses are necessarily tangential; or, in other words, 
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that an impulse inclined to the tangent at either end, would 
generate an infinite transverse velocity. 

To express, then, the terminal conditions, let F and F” be the 
tangential velocities produced at the ends, which we suppose 
known. We have, for any point, P, as we have seen above, 


S: =u (g) 
and hence when 


A (h) 
and when s=!l 


which suffice to determine the constants of integration of (d). 
Or if the data are the tangential impulses, Z, T’, required at the 
ends to produce the motion, we have 
when s=0, A=, ; 
and when =l AST } (2) 
Or if either end be free, we have A=0 at it, and any prescribed con- 
dition as to impulse applied, or velocity generated, at the other end. 
The solution of this problem is very interesting, as showing 
how rapidly the propagation of the impulse falls off with “ change 
of direction” along the cord. The reader will have no difficulty 
in illustrating this by working it out in detail for the case of a 
1 


cord either uniform or such that Ma is constant, and given in 


the form of a circle or helix. The results have curious, and 
dynamically most interesting, bearings on the motions of a whip 
lash, and of the rope in harpooning a whale. 

Example (3). Let a mass of incompressible liquid be given at 
rest completely filling a closed vessel of any shape; and let, by 
suddenly commencing to change the shape of this vessel, any 
arbitrarily prescribed normal velocities be suddenly produced in 
the liquid at all points of its bounding surfacc, subject to the 
condition of not altering the volume: It is required to find the 
instantaneous velocity of any interior point of the fluid. 

Let x, y, 2 be the co-ordinates of any point P of the space 
occupied by the fluid, and let u, v, w be the components of the 
generated velocity of the fluid at this point. Then p being the 
density of the fluid, and /// denoting integration throughout the 
space occupied by the fluid, we have 


T= 4 t + uw dxdydz (a) 
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Impulsive which, subject to the kinematical condition (§ 193), 
P du dv, dw o D 
sible liquid. dx dy dz 


must be the least possible, with the given surface values of the 
normal component velocity. By the method of variation we have 
dôu , div , ddw 
Mf plru tov + wdw) tA ay +- ) }dxdydz=0. (c) 
But integrating by parts we have 


M Te + + Gy eda =/f d(Sudydz+ Svdzdx + wdxdy) 


ay. dà, dÀ 
Mf bu t O gt gW (d) 


and if J, m, n denote the direction cosines of the normal at any 
point of the surface, dS an element of the surface, and // in- 
tegration over the whole surface, we have 

Sf M 8udydz + Svdzdx+ dwdxdy)=//(bu+ mbv-+ ndw)dS=0, 
since the normal component of the velocity is given, which 
requires that [8u-+mév+nédw=0. Using this in (c), (d), and 
equating the coefficients of du, dv, dw, we have 

ae nee, pee (e) 
P= r?) PT dy? TE 
These, used to eliminate u, v, w from (b), give 
d 1 dì, d,1ldà, d,1dà 
A dz) tayp Wy ae ae (f), 
an equatiòn for the determination of A, whence by (e) the 
solution is completed. 

The condition to be fulfilled, besides the kinematical equation 
(b), amounts to this merely, —that p(udx+vdy+wdz) must be 
a complete differential. If the fluid is homogencous, p is con- 
stant, and wéx+vdy+wdz must be a complete differential; in 
other words, the motion suddenly generated must be of the 
“ non-rotational ” character [§ 190, (2)] throughout the fluid mass. 
The equation to determine A becomes, in this case, 

LPA dr, dÀ 
de t dy dz =0 (9). 

From the hydrodynamical principles explained later it will 
appear that A, the function of which p(udx+vdy+wdz) is 
the differential, is the impulsive pressure at the point (x, y, z) 
of the fluid. Hence we may infer that the equation (f), with 
the condition that A shall have a given value at every point 
of a certain closed surface, has a possible and a determinate 
solution for every point within that surface. This is precisely 
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the same problem as the determination of the permanent tempe- Impulsive 

rature at any point within a heterogeneous solid of which the jneumpres- 
surface is kept permanently with any non-uniform distribution “Pe Havis. 
of temperature over it, (f) being Fourier’s equation for the 


uniform conduction of heat through a solid of which the conduct- 
ing power at the point (x, y, z) is 1. The possibility and the 
p 


determinatencss of this problem were both proved above [Chap. 1. 
App. A, (e)] by a demonstration, the comparison of which 
with the present is instructive. The other case of superficial 
condition—that with which we have commenced here—shows 


; .., (dÀ dx dÀ . eT SA 
that the equation (f), with lt a Ta een arbitrarily 


for every point of the surface, has also a possible and single 
solution for the whole interior space. This, as we shall see in 
examining the mathematical theory of magnetic induction, may 
also be inferred from the gencral theorem (e) of App. A above, 
by supposing a to be zero for all points without the given surface, 


and to have the value | for any internal point (x, y, 2). 
P 


318. Maupertuis celebrated principle of Least Action has Least action. 
been, even up to the present time, regarded rather as a curious 
and somewhat perplexing property of motion, than as a useful 
guide in kinetic investigations. We are strongly impressed 
with the conviction that a much more profound importance 
will be attached to it, not only in abstract dynamics, but in the 
theory of the several branches of physical science now beginning 
to receive dynamic explanations. As an extension of it, Sir 
W. R. Hamilton? has evolved his method of Varying Action, 
which undoubtedly must become a most valuable aid in future 
generalizations. 

What is meant by “ Action” in these expressions is, unfor- Action. 
tunately, something very different from the Actio Agentis de- 
fined by Newton, and, it must be admitted, is a much less 
judiciously chosen word. Taking it, however, as we find it, 
now universally used by writers on dynamics, we define the 
Action of a Moving System as proportional to the average Time aver. 
kinetic energy, which it has possessed for the time from any temy. 
convenient epoch of reckoning, multiplied by the time. Ac- 

t Phil. Trans, 1834-1835. 


Time aver- 
age of 
energy 
doubled. 


Space aver- 
age of mo- 
menta. 


Least action. 


232 PRELIMINARY NOTIONS. 


cording to the unit generally adopted, the action of a system 
which has not varied in its kinetic energy, is twice the amount 
of the energy multiplied by the time from the epoch. Orif 
the energy has been sometimes greater and sometimes less, 
the action at time ¢, is the double of what we may call the 
time-inteyral of the energy, that is to say, is denoted in the 
integral calculus by 


t 
2 | Tdr 
0 
where T denotes the kinetic energy at any time r, between 
the epoch and £. 


Let m be the mass, and v the velocity at time +, of any one of 
the material points of which the system is composed. We have 


T=2Zkmv (1), 
and therefore, if A denote the action at time ¢, 
A= [ Snvtdr (2). 


This may be put otherwise by taking ds to denote the space de- 
scribed by a particle in time dr, so that vdr=ds, and therefore 


A=/ Smeds (3), 
or, if x, y, z be the rectangular co-ordinates of m at any time, 
A=/im(adx+ydy+zdz) (4). 


Hence we might, as many writers in fact have virtually done, 
define action thus :— 

The action of a system is equal to the sum of the average 
momenta for the spaces described by the particles from any 
era each multiplied by the length of its path. 

319. The principle of Least Action is this :—Of all the 
different sets of paths along which a conservative system may 
be guided to move from one configuration to another, with the 
sum of its potential and kinetic energies equal to a given con- 
stant, that one for which the action is the least is such that 
the system will require only to be started with the proper 
velocities, to move along it unguided. 

Let x, y, z be the co-ordinates of a particle, m, of the system, 
at time r, and V the potential energy of the system in its parti- 
cular configuration at this instant; and let it be required to find 
the way to pass from one given configuration to another with 
velocities at each instant satisfying the condition 

24m(a?+7?+2*) + V=Z, a constant (5), 
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so that A, or 
Sm zdx +ydy +2dz) 
may be the least possible. 
By the method of variations we must have A4=0, where 
5A =/2m(edbx + ydby + zdz + dxdx + Sydy+ 8zdz) (6). 
Taking in this dr=żdr, dy=ydr, dz=żdr, and remarking that 
Em(têt +ý} 4+ 262) =T (T), 
we have 
Sf 2m Sida dydy +8idz)= Í ôTdr (8). 


Also, by integration by parts, 


Least action. 


J %m(edbe+ ...)={Zm(wdu+...)} [2m (wbe+...)]—/Em(#8e+...)dr, 


where [...] and {...} denote the values of the quantities enclosed, 
at the beginning and end of the motion considered, and where, 
further, it must be remembered that dzt=Zdr, etc. Hence, 
from above, 


A= { 2m(rbr+ySy +262) } —[2m(wba+y8y +262) ] 
+ f da[8T— Em(ż8x+jëy + 8z)] (9). 


This, it may be observed, is a perfectly general kinematical expres- 
sion, unrestricted by any terminal or kinetic conditions. Now 
in the present problem we suppose the initial and final positions 
to be invariable. Hence the terminal variations, ôx, ete., must 
all vanish, and therefore the integrated expressions {...},[...] dis- 
appear. Also, in the present problem 57=—SV, by the equation 
of energy (5). Hence, to make 54=0, since the intermediate 
variations, dx, etc., are quite arbitrary, subject only to the con- 
ditions of the system, we must have 

2m(£bx + 7dy +252) +5V=0 (10), 
which [(4), § 293 above] is the general variational equation of 
motion of a conservative system. This proves the proposition. 
Hence also it follows that 


320. In any unguided motion whatever, of a conservative 
system, the Action from any- one stated position to any other, 
though not necessarily a minimum, fulfils the stationary condi- 
tion, that is to say, the condition that the variation vanishes, 
which secures either a minimum or maximum, or maximum- 
minimum. 


This can scarcely be made intelligible without mathematical 
language. Let (£1. Yı 21), (aa) Ys, 22), etc., be the co-ordinates 


Why called 
“stationary 
action” by 
Hamilton. 


234 PRELIMINARY NOTIONS. 


Stationary of particles, m,, ma, etc., composing the system ; at any time T of 
a the actual motion. Let V be the potential energy of the system, 
in this configuration ; and let Æ denote the given value of the 
sum of the potential and kinetic energies. The equation of 
energy 1s— 
${m,(e,2°+9,27+2,2) +m, Hgt) + ete. } + V=E (1). 
Choosing any part of the motion, for instance that from time 0 to 
time ¢, we have, for the action during it, 


A= ['(E—V)dr=Et— | Var (11). 


Let now the system be guided to move in any other way possible 
for it, with any other velocities, from the same initial to the same 
final configuration as in the given motion, subject only to the 
condition, that the sum of the kinetic and potential energies shall 
still be Æ. Let (2x,’, y; zi), etc., be the co-ordinates, and V” 
the corresponding potential energy; and let (x,', ý, z, ), ete., 
be the component velocities, at time 7 in this arbitrary motion ; 
equation (2) still holding, for the accented letters, with only E 
unchanged. For the action we shall have 


t’ 
A'=Et'— | Var (12), 
where ¢’ is the time occupied by this supposed motion. Let now 


0 denote a small numerical quantity, and let £,, 7,, cte., be finite 
lines such that 


r f , 
Lı — Yı _Yı— Yi _ 1 1 ha Te 


&ı nı 7 ¢ 7 &; 


Je ; . : Vos ue 
The “ principle of stationary action ” is, that r vanishes 


=ete.= 0. 


vi 


when @ is made infinitely small, for every possible deviation 
(£,0, 7,0, etc.) from the natural way and velocities, subject only 
to the equation of energy and to the condition of passing through 
the stated initial and final configurations: and conversely, that if 


yr 


0 
certain way and velocities, specified by (x, Yı, 21), cte., as the 
co-ordinates at ¢, this way and these velocities are such that the 
system unguided will move accordingly if only started with proper 
velocities from the initial configuration. 


vanishes with 0 for every possible such deviation, from a 


rar 82l. From this principle of stationary action, founded, as 
we have seen, on a comparison betwecn a natural motion, and 
any other motion, arbitrarily guided and subject only to the 
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law of energy, the initial and final configurations of the varying 
system being the same in each case; Hamilton passes to the coe 
consideration of the variation of the action in a natural or 
unguided motion of the system produced by varying the initial 
and final configurations, and the sum of the potential and 
kinetic energies. The result is, that 

3822. The rate of decrease of the action per unit of increase 
of any one of the free (g seneralized) co-ordinates (§ 204) speci- 
fying the initial configuration, is equal to the correspond- 
ing (generalized) component momentum [§ 313, (c)] of the 
actual motion from that configuration: the rate of increase of 
the action per unit increase of any one of the free co-ordi- 
nates specifying the final configuration, is equal to the corre- 
sponding component momentum of the actual motion towards 
this second configuration : and the rate of increase of the action 
per unit increase of the constant sum of the potential and kinetic 
energies, is equal to the time ce a by the motion of which 
the action is reckoned. 

To prove this we must, in our previous expression (9) for 5A, 
now suppose the terminal co-ordinates to vary; êT to become 
ôE— ôV, in which ôE is a constant during the motion; and each 
set of paths and velocities to belong to an unguided motion of 
the system, which requires (10) to hold. Hence 

5A= { 2m(xdx+ySy +262) } —[Zm(xedx+ yoy +%62z)]+- 06 (18). 

If, now, in the first place, we suppose the particles constituting 
the system to be all free from constraint, and therefore (x, y, 2) 
for cach to be three independent variables, and if, for distinct- 
ness, we denote by (x, Yi, 21) and (£1, Yı, z1) the co-ordinates 
of m, in its initial and final positions, and by (21’, 91’, 21’), (41, 91, 21) 
the components of the velocity it has at those points, we have, 
from the preceding, according to the ordinary notation of partial 
differential coefficients, 

dA _, GA dA 


de Mis ; g T Ti ao M ete. 
dA dA dA 
— ==) 7 —_—- = = s / z 14 e 
dx, M,Z, dy; MY, dz, M21, cte ( ) 
and dA _ 
dE 


In these equations we must suppose A to be expressed as a func- 
tion of the initial and final co-ordinates, in all six times as many 
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Varying independent variables as there are of particles; and Æ, one more 
ees variable, the sum of the potential and kinetic energies. 

If the system consists not of free particles, but of particles con- 
nected in any way forming either one rigid body or any number. 
of rigid bodies connected with one another or not, we might, it ia 
true, be contented to regard it still as a system of free particles, 
by taking into account, among the impressed forces, the forces 
necessary to compel the satisfaction of the conditions of con- 
nexion. But although this method of dealing with a system of 
connected particles is very simple, so far as the law of energy 
merely is concerned, Lagrange’s methods, whether that of “ equa- 
tions of condition,” or, what for our present purposes is much 
more convenient, his “ generalized co-ordinates,” relieve us from 
very troublesome interpretations when we have to consider the 
displacements of particles due to arbitrary variations in the con- 
figuration of a system. 

Let us suppose then, for any particular configuration (2, y,, 21) 
(£a, Ys) Za)... the expression 

m,(x,8x,+9,6y,+2,52,)+ete., to become PARAE Gre (15), 
when transformed into terms of ¥, ¢, @..., generalized co-ordin- 
ates, as many in number as there are of degoa of freedom for 
the system to move [§ 313, (c)]. 

The same transformation applied to the kinetic energy of the 
system would obviously give 

gm (f° tjt tit) ete =hevtnd+Mtete.) (16). 

and hence £, 7, ¢, cte., are those linear functions of the generalized 

velocities which we Kavo designated as “ generalized components 

of momentum ;’’ and which, when T, the kinetic energy, is ex- 

pressed as a quadratic function of the velocities (of course with, 

in general, functions of the co-ordinates Y, ¢, 6, ete., for the co- 
efficients) are derivable from it thus: 


al gi, A 
oe oy am (=o ete. (17) 


Hence, taking as before non-accented pan for the second, and 
accented letters for the initial, configurations of the system re- 
spectively, we have 

dA , dA , GA _ 

wore ’ dp" ’ = E etc. 


aA dA 
UE E es = 18). 
dy 6, dp h, dO $, ete. i a 
and, as before, T 
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These equations (18), including of course (14) as a particular case, Varying 


express in mathematical terms the proposition stated in words 
above, as the Principle of Varying Action. 

The values of the momenta, thus (14) and (18) expressed in 
terms of differential coefficients of A, must of course satisfy the 
equation of energy. Hence, for the case of free particles, 


5 dA? +53 go 
2 (Ga tga t ga) E-N) (19) 
1 dA a A: 
antant zn) =(E- V 20). 
mdan t gya Tt ”) 2(E—V’') (20) 


Or, in general, for a system of particles or rigid bodies connected 
in any way, we have (16) and (18), 


Vt tetos +ete.=2(b—V) (21) 


W'S F g3 + gis +ete.)=2(E— V’) (22), 


where ý, ¢, etc., are expressible as linear functions of 
dA dA 


dy’ ap 
(LOVE (Y Hb+(y, Abate =¢=%4 i | 


, ete., by the solution of the -o 


dA 93). 
ete. etc. 
and ý’, ¢’, ete., as similar functions of —<“ , etc., by 


Sp’ "a 
VW, PE HN, 00 ete. =E = -ay 7 | 

; x j 94 i 
($', YIN +l, DAE l, 0')6’ + ete. = =- Sy | (a 


etc. etc. 
where it must be remembered that (Y, Y), (Y, $), ete., are func- 
tions of the specifying elements, Y, $, 6, etc., depending on the 
kinematical nature of the co-ordinate system alone, and quite 
independent of the dynamical problem with which we are now 
concerned ; being the coefficients of the half squares and the 
products of the generalized velocities in the expression for the 
kinetic energy of any motion of the system; and that (y¥’, Y’), 
(Y, ¢’), ete., are the same functions with yY’, ¢’, etc., written for 
Y, >, 0, ete.; but, on the other hand, that A is a function of all the 


Varying 
action, 


meee th +z T ri 
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elements y, q, ete., Y’, $’, etc. Thus the first member of (21) 
dA da 
dy” dọ 
known functions of y, $, ete., depending mercly on the kine- 
matical relations of the system, and the masses of its parts, but 
not at all on the actual forces or motions; while the second 
member is a function of the co-ordinates y, $, ete., depending 
on the forces in the dynamical problem, and a constant expressing 
the particular value given to the sum of the potential and kinetic 
energies in the actual motion; and so for (22), and Y’, ¢’, ete. 
It is remarkable that the single lincar partial differential equa- 
tion (19) of the first order and second degree, for the case of 
free particles, or its equivalent (21), is sufficient to determine a 
function A, such that the equations (14) or (18) express the 
momenta in an actual motion of the system, subject to the given 
forces. For, taking the case of free particles first, and differen- 
tiating (19) still on the Hamiltonian understanding that A is 
expressed merely as a function of initial and final co-ordinates, 
and of E, the sum of the potential and kinctic energies, we have 
ost dA ŁA dA PA dA d?A dV 


m`dx dx,dx* dy dx,dy * dz e ode l 
But, by (14) 
1 dA . 1dA 


is a quadratic function of , etc., with coefficients, 


is aoe my P ete., 
and therefore 
PA de GA) de CA pE p 
dx? dx, dady ‘de, My, dzada, ”™ dx, dz, i 
CA z dx, dx, ga 
ame ia » ete. 


Using these properly in the preceding and taking half; and writ- 
ing out for two particles to avoid confusion as to the meaning 
z, we a 


Ms dx, 


m TI Y: I. Rtg +ete o= i (25). 
Now if we e the A Se by dt, we have Paes the 
change of the value of m,z, due to varying, still on the Hamil- 
tonian supposition, the co-ordinates of all the points, that is to say, 
the configuration of the system, from what it is at any moment to 
what it becomes at a time dt later; and it is therefore the actual 
change in the value of maz, in the natural motion, from the time, t, 
when the configuration is (£i, Yı, Zi, Xa... E), to the time 
t+dt. It is therefore equal to ž,dt, and hence (25) becomes 
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V . . i 
sO. ; i Varying 
simply m,Ż, = Similarly we find kerim 


- ae ee dV 
MY, =E —5- m2, — 1 My Le = ——— » ete. 


dy dz, dx, 
But these are [§ 293, (4)] the elementary differential equations 
of the motions of a conservative system composed of free mutually 
influencing particles. 

If next we regard x, Yı, 21, Za, etc., as constant, and go 
through precisely the same process with reference to £1, y,', 2;', Xs’, 
etc., we have exactly the same equations among the accented 
letters, with only the difference that — A appcars in place of A; 
dW, from which we infer that, if (20) 

1 
is satisfied, the motion represented by (14) is a natural motion 
through the configuration (x,’, Y1 21’, Lo", ete.) 

Hence if both (19) and (20) are satisfied, and if when z2,=2,’, 
YPEY, 2 = 2, , L= L, ete., we have E A, » etc., the 
motion represented by (14) is a natural motion through the 
two configurations (x,’, Yı, Z1, Xg, etc.), and (£1, Yi, 21, La, 
etc.) Although the signs in the preceding expressions have been 
fixed on the supposition that the motion is from the former, to the 
latter configuration, it may clearly be from cither towards the other, 
since whichever way it is, the reverse is also a natural motion 
($ 271), according to the general property of a conservative 
system. 

To prove the same thing for a conservative system of particles 
or rigid bodies connected in any way, we have, in the first place, 


from (18) a 

dn te dg _d 

a dé? den a8’ ete. (26), 
where, on the Hamiltonian eas we suppose y, ¢, etc., and 
£, n, etc., to be expressed as functions of y, ¢, ete., Y’, ¢’, ete., 
and the sum of the potential and kinetic energies. On the same 
eure ee { ‘ee we W 


and end with m,z,;'= 


ie WV n 
ai by et tes by the aie above we have 
dé ga 4E, gE = , 
ý- attat di te ete. =y- dyt? do +6° IE sete, =~ (928), 


where £ denotes the rate of variation 4 € per unit of time in the 
actual motion. 


Varying 
action. 


dý 
F7 
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Again, we a 


dý dé iy dh ete. pr 


a d dp” dy ay t dy 
df _dp dé dp dy td 


if, as in Hamilton's system of canonical iia of motion, we 
suppose Ý, ¢, etc., to be expressed as lincar functions of £, 7, ete., 

with coefficients involving Y, >, 0, ete., and if we take 0 to denote 
the partial differentiation of these functione with reference to the 
system £, N,...Y, $,..., regarded as independent variables. Let 
the coefficients be denoted by [¥, Y], ete., according to the plan 
followed above ; so that, if the formula for the kinetic energy be 


T=3{[y, vjé-+[4, $|n*+...+2[y, plên + etc. } (30), 


we have 


= Gal VIE+[Y, Gln +[¥, I+ ete. 


=F l YIE+([S, $n +[4, $]¢+ ete. (31) 
etc. etc. 
where of course A $], and n Y], mean the same. 
Hence T= =[y, Y), e "È =[$, Y], mee 
Y- = Ase He alh Pl: ete. : , f= ste om ete. ete., 


and i by (29), 
dô 


tnd +0 toto. = { [Y,Y]E+ [¢, Y]n+ ete. JIE HIKSEHH p]n+ete. y 


+ ete.+ ww p tUth ete. ig ie 


TtT pt ete. p 7} 
whence, by Pa we see i 
oT 
EM tage +S + ote meta ’ 
This, and pis reduce the first member of (27) to 2¢ +250 p 
and therefore, halving, we conclude 
E+- -5 and similarly, 34+? EA ete., (83). 


These, in all as many differential equations as there are of vari- 
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ables, y, $, etc., suffice for determining them in terms of ¢ and Varying 
twice as many arbitrary constants. But every solution of the aie 
dynamical problem, as has been demonstrated above, satisfies 

(21) and (23); and therefore it must satisfy these (33), which we 

have derived from them. These (33) are thercfore the equations 

of motion, of the system referred to generalized co-ordinates, as 
many in number as it has of degrees of freedom. They are the 
Hamiltonian explicit equations of motion, of which a direct de- 
monstration will be given below. Just as above, it appears 
therefore, that if (21) and (22) are satisfied, (18) expresses a 
natural motion of the system from one to another of the two con- 
figurations (Y, 4, 0, ...) (Y, P, 0, ...). Hence 


323. The determination of the motion of any conservative Character- 
system from one to another of any two configurations, when the ria 
sum of its potential and kinetic energies is given, depends on the 
determination of a single function of the co-ordinates specifying 
those configurations by means of two quadratic partial differ- 
ential equations of the first order, with reference to those two 
sets of co-ordinates respectively, with the condition that the 
corresponding terms of the two differential equations become 
separately equal when the values of the two sets of co-ordinates 
agree. The function thus determined and employed to express 
the solution of the kinetic problem was called the Characteristic 
Function by Sir W. R. Hamilton, to whom the method is due. 

It is, as we have seen, the “action” from one of the configura- 
tions to the other; but its peculiarity in Hamilton's system is, 
that it is to be expressed as a function of the co-ordinates and 
a constant, the whole energy, as explained above. It is evi- 
dently symmetrical with respect to the two configurations, 
changing only in sign if their co-ordinates are interchanged. 
Since not only the complete solution of the problem of Characteris- 


. . . . . ; - ___ tic equation 
motion gives a solution, A, of the partial differential equation of motion. 


(19) or (21), but, as we have just seen [§ 322 (83), ete.], 
every solution of this equation corresponds to an actual pro- 
blem relative to the motion, it becomes an object of mathe- 
matical analysis, which could not be satisfactorily avoided, to 
find what character of completeness a solution or integral of 
the differential equation must have in order that a complete in- 
tegral of the dynamical equations may be derivable from it—a 
question which seems to have been first noticed by Jacobi. What 
Q 


tic equation. 


Genera] solu- 
tion of cha- 
racteristic 
equation. 
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is called a ‘‘ complete integral” of the differential equation; that 
is to say, an expression, 

A=A,+F(¥, ¢, 9,...4, B,.--) (34), 
for A satisfying it and involving the same number, #, let us sup- 
pose, of independent arbitrary constants, A), a, B,... as there are 
of the independent variables, Y, $, etc.; leads, as he found, to a 
complete final integral of the equations of motion, expressed as 
follows :— 


aF dF 
da =A, as B..., (35), 
aF 

and, as above, aemite (36), 


where «e is the constant depending on the epoch, or era of reckon- 
ing, chosen, and A, ¥,... are ¿—1 other arbitrary constants, con- 
stituting in all, with Æ, a, B,..., the proper number, 22, of arbi- 
trary constants. This is proved by remarking that (30) are the 
equations of the “course” (or paths in the case of a system of 
free particles), which is obvious. For they give 

d dF d dF d dF 

= ait tig da ttio 3, 40+... 

d dF d dF d dF 

etc. etc. 
in all i—1 equations to determine the ratios dY : dp: d0:... From 
these, and (21), we find 

dy dp _ dé 
ý ¢ ô 
[since (87) are the same as the equations which we obtain by 
differentiating (21) and (23) with reference to a, B,... succes- 
sively, only that they have dy, dẹ, d6,... in place of ¥, 4, Ô,...]. 
A perfectly general solution of the partial differential equation, 

that is to say, an expression for A including every function of 
Y, $, 0,...which can satisfy (21) may of course be found, by the 
regular process, from the complete integral (34), by eliminating 
Ao, a, B,... from it by means of an arbitrary equation 


(37), 


(38), 


S( Ao; 4, B,...,=0, 
and the (¿— 1) equations 
dF dF 
1 _ da _ dp 


GF Fo ao 
aA, da ap 
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where f denotes an arbitrary function of the ¢ element, Ap, a, £,... 
now made to be variables depending on y, ¢,.... But the full 


meaning of the general solution of (21) will be better understood easton. 


in connexion with the physical problem if we first go back to the 
Hamiltonian solution, and then from it to the general. Thus, 
first, let the equations (35) of the course be assumed to be 
satisfied for each of two sets Y, $, 0,..., and Y’, ¢’, 6’, ..., of 
the co-ordinates. They will give 2(i—1) equations for determin- 
ing the 2(i—1) constants a, B,..., A, B, ..., in terms of y, ¢, ..., 
y’, $’, ..., to fulfil these conditions. Using the values of a, 8, ..., 
so found, and assigning A, so that A shall vanish when ~=y’, 
¢=¢’, etc., we have thc Hamiltonian expression for A in terms of 
Y, $, .... Y, P, .... and E, which is therefore equivalent to a 
“complete integral” of the partial differential equation (21). 
Now let Y’, ¢’, ..., be connected by any single arbitrary equation 
f(y", $’, -..)=0 (39), 
and by means of this equation and the following (i—1) equations, 
let their values be determined in terms of y, ¢, ..., and E:— 


dA dA då 
dv’ sd dg 
oe o T sete. (40). 
dy de’ 


Substituting the values thus found for y’, ¢’, 6’, ete., in the 
Hamiltonian A, we have an expression for A, which is the general 
solution of (21). For we see immediately that (40) expresses that 
the values of A are equal for all configurations satisfying (39), 
that is to say, we a 


ay A ay +5 
when y’, ¢’, ete., satisfy and (40). Hence when, by means 
of these equations, Y, >, ..., are eliminated from the Hamiltonian 
expression for A, the complete Hamiltonian differential 
dA dA dA ,,,,dA,,, 
diS E a T tag +... (41) 
becomes merely 


dA= (Say + (Gedo. (42) 


where (7 aa) etc., denote the differential coefficients in the Hamil- 


tonian expression. Hence, A being now a function of Y, ¢, etc., 
both as these appear in the Hamiltonian expression and as they 
are introduced by the elimination of Y’, ¢’, ete., we have 


General solu- 
tion of cha- 
racteristic 
equation. 


Properties of 
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= Gp) a= (a5) ete. (43): 
and therefore the new expression satisfies the partial differential 
equation (21). That it is a completely general solution we see, 
because it satisfies the condition that the action is equal for all 
configurations fulfilling an absolutely arbitrary equation (39). 

For the case of a single free particle, the interpretation of (39) 
is that the point (2’, y’,2’) is on an arbitrary surface, and of (40) 
that each line of motion cuts this surface at right angles. Hence 

324. The most general possible solution of the quadratic, 
partial, differential equation of the first order, which Hamilton 
showed to be satisfied by his Characteristic Function (either 
terminal configuration alone varying), when interpreted for the 
case of a single free particle, expresses the action up to any point 
(x, y, 2), from some point of a certain arbitrarily given surface, 
from which the particle has been projected, in the direction of 
the normal, and with the proper velocity to make the sum of 
the potential and actual energies have a given value. In other 
words, the physical problem solved by the most general solu- 
tion of that partial differential equation, is this :-— 

Let free particles, not mutually influencing one another, be 
projected normally from all points of a certain arbitrarily given 
surface, each with the proper velocity to make the sum of its 
potential and kinetic energies have a given value. To find, for 
the particle which passes through a given point (z, y, z), the 
“action” in its course from the surface of projection to this 
point. The Hamiltonian principles stated above, show that 
the surfaces of equal action cut the paths of the particles at 
right angles ; and give also the following remarkable properties 
of the motion :--- 

If, from all points of an arbitrary surface, particles not 
mutually influencing one another be projected with the proper 
velocities in the directions of the normals; points which they 
reach with equal actions lie on a surface cutting the paths at 
right augles. The infinitely small thickness of the space be- 
tween any two such surfaces corresponding to amounts of 
action differing by any infinitely small quantity, is inversely 
proportional to the velocity of the particle traversing it; being 
equal to the infinitely small difference of action divided by the 
whole momentum of the particle. 
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Let A, p, v be the direction-cosines of the normal to the sur- Properties of 


face of equal action through (x, y, z). We have eaital collon: 
dA 
ue 1 
aaa aaa A 
(Gait gp ta 
But of mà, etc., and, if g denote the resultant velocity, 
dA’ dA’ dA’? 
mq=(— ay t det) (2) 
Hence ) =, pat, wes 


which proves the first proposition. Again, if 5A denote the in- 
finitely small difference of action from (x, y, z) to any other 
point (x+ êx, y+dy, sages we mh 


ôA = wti rey y+ Ba. 


Let the second point be at an RT small distance, e, from 
the first, in the direction of the normal to the surface of equal 
action ; that is to say, let 
dx=ed, Sy=ep, 5z=ev, 
dA’ dA? dA. 


Hence, by (1), AEN pach : Ega) (3); 
whence, by (2) my (4), 


which is the second proposition. 


3205. Irrespectively of methods for finding the “ character- Examples of 


istic function” in kinetic problems, the fact that any case of action. 


motion whatever can be represented by means of a single 
function in the manner explained in § 323, is most remarkable, 
and, when geometrically interpreted, leads to highly important 
and interesting properties of motion, which have valuable 
applications in various branches of Natural Philosophy. One 
of the many applications of the general principle made by 
Hamilton’ led to a general theory of optical instruments, com- 
prehending the whole in one expression. 

Some of its most direct applications; to the motions of 
planets, comets, etc., considered as free points, and to the ccle- 
brated problem of perturbations, known as the Problem of Three 
Bodies, are worked out in considerable detail by Hamilton 


' On the Theory of Systems of Raya. Trans. R.1.A., 1824, 1830, 1832. 
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(Phil. Trans., 1834-35), and in various memoirs by Jacobi, 
Liouville, Bour, Donkin, Cayley, Boole, etc. The now aban- 
doned, but still interesting, corpuscular theory of light furnishes 
a host of good ones. In this theory light is supposed to 
consist of material particles not mutually influencing one 
another, but subject to molecular forces from the particles of 
bodies—not sensible at sensible distances, and therefore not 
causing any deviation from uniform rectilinear motion in a 
homogeneous medium, except within an indefinitely small dis- 
tance from its boundary. The laws of reflection and of single 
refraction follow correctly from this hypothesis, which therefore 
suffices for what is called geometrical optics. 

We hope to return to this subject, with sufficient detail, 
in treating of Optics. At present we limit ourselves to state 
a theorem comprehending the known rule for measuring the 
magnifying power of a telescope or microscope (by comparing 
the diameter of the object-glass with the diameter of pencil 
of parallel rays emerging from the eye-piece, when a point of 
light is placed at a great distance in front of the object-glass), 
as a particular case. 

326. Let any number of attracting or repelling masses, or 
perfectly smooth elastic objects, be fixed in space. Let two 
stations, O and O’ be chosen. Let a shot be tired with a stated 
velocity, V, from O, in such a direction as to pass through O. 
There may clearly be more than one natural path by which this 
may be done; but, generally speaking, when one such path is 
chosen, no other, not sensibly diverging from it, can be found ; 
and any infinitely small deviation in the line of fire from O, will 
cause the bullet to pass infinitely near to, but not through, 0% 
Now let a circle, with infinitely small radius 7, be described 
round O as centre, in a plane perpendicular to the line of fire 
from this point, and let—all with infinitely nearly the same 
velocity, but fulfilling the condition that the sum of the poten- 
tial and kinetic energies is the same as that of the shot from O—- 
bullets be fired from all points of this circle, all directed infinitely 
nearly parallel to the line of fire from O, but each precisely so as 
to pass through O°. Let a target be held at an infinitely small 
distance, a’, beyond O’, in a plane perpendicular to the line of 
the shot reaching it from O. The bullets fired from the cir- 
cumference of the circle round O, will, after passing through 
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O’, strike this target in the circumference of an exceedingly Application 


to common 


small ellipse, each with a velocity (corresponding of course to optics, or 


kinetics of a 


its position, under the law of energy), differing infinitely little single par- 


from V’, the common velocity with which they pass through 
O’. Let now a circle, equal to the former, be described round 
O’, in the plane perpendicular to the central path through 0, 
and let bullets be fired from points in its circumference, each 
with the proper velocity, and in such a direction infinitely 
nearly parallel to the central path as to make it pass through 
O. These bullets, if a ge is held to receive them perpen- 


dicularly at a distance a = als » beyond O, will strike it along 


the circumference of an ete equal to the former and placed 
in a corresponding position; and the points struck by the 
individual bullets will correspond in the manner explained 
below. Let P and Ff be points of the first and second 
circles, and Q and Q the points on the first and second targets 
which bullets from them strike ; then if P’ be in a plane con- 
taining the central path through O’, and the position which Q 
would take if its ellipse were made circular by a pure strain 
(§ 183); Q and Q are similarly situated on the two ellipses. 


For, if XOY be a plane perpendicular to the central path 
through O; and .X’O’Y’ the corresponding plane through O’. Let 
A be the “action’’ from O to O’, and ¢ the action from a point 
P(x, y, z), in the neighbourhood of O, specified with reference 
to the former axes of co-ordinates, to a point P’(z’, y’, z’), 
in the neighbourhood of O’, specified with reference to the latter. 

The function ¢— A vanishes, of course, when x = 0, y = 0, 
z2=0, 2 =0, y=0, z= 0. Also, for the same values of the 


co-ordinates, its differential coefficients do eo and ao. 
dx dx 


dy’ 
pi , must vanish, and ge -$ must be respectively equal to 
V and V’, since, for any values whatever of the co-ordinates, 
do 


ir and - z are the component velocities parallel to the two lines 


OX, ap “of the particle passing through P’, when it comes from 


P, and — ap and Lae are the components parallel to OX’, OY’, 
i dx dy 


of the velocity through P’ directed so as to reach P. Hence by 
Taylor’s (or Maclaurin’s, theorem we have 
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Application ġ— A= — Vz + Vz 

opties, or. HH, Xa+ (Y, Yy +H, Ae... 
single par- ` +2(Y, Zjyz+...+2(¥', Z')y'z' +... 

ticle. 


+2(X, Xxx +2(Y, Y’)yy’+2(Z, Z')z2' 

H(X, Yey +X, Z’)rz'’+...+2(Z, Yzy +R, (1), 
where (X, .X), (X, Y), ete., denote constants, viz., the values of 
the differential coefficients CE, ae , etc., when each of the 

dx? dxdy 

six co-ordinates x, y, z, x’, y’, z vanishes; and R denotes the 
remainder after the terms of the second degree. According to 
Cauchy’s principles regarding the convergence of Taylor’s theorem, 
we have a rigorous expression for ¢ — A in the same form, with- 
out R, if the coefficients (X, X), etc., denote the values of the 
differential coefficients with some variable values intermediate 
between 0 and the actual values of x, y, etc., substituted for these 
elements. Hence, provided the values of the differential co- 
efficients are infinitely nearly the same for any infinitely small 
values of the co-ordinates as for the vanishing values, R becomes 
infinitely smaller than the terms preceding it, when x, y, ete., 
are each infinitely small. Hence when each of the variables 
£, Y, Z, x, Y’, 2 is infinitely small, we may omit R in the ex- 
pression (1) for p— A. Now, asin the proposition to be proved, 
let us suppose z and 2° each to be rigorously zero: and we have 


=(X, X )e+(X, Y\y+(X, X'e +(X, Fy’; 


u =(Y, Y\y+(X, Y)æ+(Y, Xx+ (Y, } 


ma expressions, if in them we make 2=0, and y=0, be- 
come the component velocities parallel to OX, OY, of a particle 
passing through O having been projected from P’. Hence, if 


£, n, ¢ denote its co ordinates, an infinitely small time, F after 


it passes through O, we have (= a, and 


f= ((X, Xe (X,Y IS n=, XE, Pw'}S, ©). 


Here £ and y are the rectangular co-ordinates of the point Q’ in 
which, in the second case, the supposed target is struck. And 
by hypothesis gy tat (3). 
If we climinate x’, y’ between these three equations, we have 
clearly an ellipse; and the former two express the relation of the 
“corresponding” points. Corresponding equations with x and 
y for x’ and y’; with £, y’ for £, ņn; and with — (X, Y’), 
— (Y, X’), —(X, Y’), — (Y, Y’), in place of (X, X’), (X, Y’), 
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(Y, X’), (Y, Y’), express the first case. Hence the proposition, 
as is most easily seen by choosing OX and O'X’ so that (X, Y’) 
and ( Y, X’) may each be zero. 

327. The most obvious optical application of this remarkable application 
result is, that in the use of any optical apparatus whatever, if ope S 
the eye and the object be interchanged without altering the 
position of the instrument, the magnifying power is unaltered. 
This is easily understood when, as in an ordinary telescope, 
microscope, or opera-glass (Galilean telescope), the instrument 
is symmetrical about an axis, and is curiously contradictory of 
the common idea that a telescope “diminishes” when looked 
through the wrong way, which no doubt is true if the telescope 
is simply reversed about the middle of its length, eye and 
object remaining fixed. But if the telescope be removed from 
the eye till its eye-piece is close to the object, the part of the 
object seen will be seen enlarged to the same extent as when 
viewed with the telescope held in the usual manner. This is 
easily verified by looking from a distance of a few yards, 
in through the object-glass of an opera-glass, at the eye of 
another person holding it to his eye in the usual way. 

The more general application may be illustrated thus :-—Let 
the points, O, O’ (the centres of the two circles described in 
the preceding enunciation), be the optic centres of the eyes of 
two persons looking at one another through any set of lenses, 
prisms, or transparent media arranged in any way between 
them. If their pupils are of equal sizes in reality, they will 
be seen as similar ellipses of equal apparent dimensions by the 
two observers. Here the imagined particles of light, projected 
from the circumference of the pupil of either eye, are substituted 
for the projectiles from the circumference of either circle, and 
the retina of the other eye takes the place of the target receiv- 
ing them, in the general kinetic statement. 

328. If instead of one free particle we have a conservative Application 


to system of 


system of any number of mutually influencing free particles, the free nntu- 
same statement may be applied with reference to the initial ing particles. 
position of one of the particles and the final position of another, or 
with reference to the initial positions, or to the final positions of 
two of the particles. It serves to show how the influence of an 
infinitely small change in one of those positions, on the direction 


of the other particle passing through the other position, is re- 
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Application lated to the influence on the direction of the former particle 
system of ‘ ace ; ; 

free mutu- passing through the former position produced by an infinitely 

ally influenc- : 


ing particles small change in the latter position. A corresponding statement, 

eralized in terms of generalized co-ordinates, may of course be adapted 

mem toa system of rigid bodies or particles connected in any way. 
All such statements are included in the following very general 
proposition :— 

The rate of increase of any one component momentum, corre- 
sponding to any one of the co-ordinates, per unit of increase of 
any other co-ordinate, is equal to the rate of increase of the com- 
ponent momentum corresponding to the latter per unit increase 
or diminution of the former co-ordinate, according as the two co- 
ordinates chosen belong to one configuration of the system, or 
one of them belongs to the initial configuration and the other to 
the final. 


Let y and x be two out of the whole number of co-ordinates 
constituting the argument of the Hamiltonian characteristic func- 
tion A; and &, ņ the corresponding momenta. We have 


[§ 822 (18)] di ee dA _ $ 
dy dx 


the upper or lower sign being used according as it is a final or 
an initial co-ordinate that is concerned. Hence 
A 

CA + dE + dn 


dé _ dn 

and therefore ay = oy 

if both co-ordinates belong to one configuration, or 
d _ ay 
dx dy’ 


if one belongs to the initial configuration, and the other to the 
final, which is the second proposition. The geometrical inter- 
pretation of this statement for the case of a free particle, and two 
co-ordinates both belonging to one position, its final position, for 
instance, gives merely the proposition of § 324 above, for the 
case of particles projected from one point, with equal velocities in 
all directions; or, in other words, the case of the arbitrary sur- 
face of that enunciation, being reduced to a point. To complete 
the set of variational equations derived from § 822 we have 
dt d 

dy * aE 
servative motion. 


which expresses another remarkable property of con- 
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829. Lagrange’s generalized form of the equations of motion Lagrange'a 
has been already alluded to (§ 293). We shall now give it, form of the 


and a few examples of its application. Sei 
As above, § 293, we have generally 
2 [(X—mzZ)dxr+...J=0 (1). 
Now suppose the equations of condition of the system (§ 293) 
to be 
F, (21, Yis Zi, Bay ++ t)=0, 
F (£1; Yu Zi Ley oo 0y CY =0, (2). 
etc. etc. 


It is required to transform (1) into an equation involving only 
the time and the generalized co-ordinates Y, œ, 9, ete., with their 
variations dy, 5, 50, etc. 

We have, since each of the co-ordinates 2,, y,, Z1, 23, ete., is 
in general a function of t, Y, ¢, 0, ete., 


dx, dx; , dz ; 
oy ag aa (3) 
where (=) vanishes if ¢ be not explicitly involved in (2), i.e., if 


the kinematical relations do not vary with the time. 
ae kinetic ei! is therefore 


T=42m{ (+ ATEEN y+ 1) tete] HE a tete|*} (4), 


which is a quadratic function of ý, r ete., the peas ee com- 
ponents of velocity—homogeneous only when (as in § 313, a) the 
kinematical relations are invariable. 

This gives for the partial differential coefficient with respect to 
ý, so far as it is E y a in iss 
aT ae, dy ‘ 
(Sa) = eG + Bvt bt J +L 1G + ete (5), 
with similar expressions for the others. 

To effect the required transformation of the general equation 
(1), it is sufficient to operate on one term, as žôx. We have, since 


ibn =F (8a) — iô (6). 


Now ena ag 


Also ba = Sb +SS teto, 


ôd +ete. 


dy 


Lagrange’s 
eneralized 
orm of the 

equations of 

motion. 
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since these belong to the configuration at some definite instant. 
[This remark explains the assertion of § 293, that the equations 
(9) hold even if (8) involve ¢ explicitly. | 


But, by (3), 
dx dx 
— =, ete. 
A dy 
Hence = ov+ GÝ tete. 


With these values we find, exhibiting only the terms in ôy 
and BY, 
dx 


d p, dx 
© (abe) = SU a? rattat vant -} 


= 8p tayt tta t 


+ tY + Tit. Gt. (7). 
Also 
d. 
têr = B a de ta tage Taglar = ata ila a .] 
+ 8y{( a+ GÝ ight Et (8). 


In (7) and (8) the terms in dy are equal. 
By (6), (7), and (8) we now sce that 


EmisBir= En{ (ir) iði } 


dx 
Bi a atatt ig 


d ae) dx, dz, 
-Emi (= Te ++ cet Fayla at +ayvtqgtt}} 
+5p{...}+4 ete. 
Hence by inspection of (4) and (5), 
? Š es) asd dT 
Em Bb gy + Fhe) = BY TT) — Syl tae Jtete, (9) 


But the first member is, by (1), equal to 
2f Xx+ Y8y+ 262}, 
or in generalized co-ordinates [$ 315 (5)], 
WSy+Pdp+.... 
Equating this to the second number of (9), we have the required 
transformation of (1). 
Hence, as dy, d¢, ete., are independent, we have, for the equa- 
tions of motion 
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dat a? _y — 
day’ dý (10), net ate 
etc. etc. le of 


of which the number is, of course, the same as that of the degrees 
of freedom. If the system be a conservative one, and if V be the conservative 


- potential energy, we have system. 
—ôV = Fy +... [§ 293 (3)], 
and the generalized equations become 
d, dT, aT_ av 
daj ap =~ ap l (11). 
etc. etc. 


When the kinematical relations are invariable, that is to say, Hamilton's 
when ¢ does not appear in the equations of condition (2), the °™ 
equations of motion may be put under a slightly different form 
first given by Hamilton, which is often convenient; thus :—Let 
T, ¥, $, ..., be expressed in terms of &, n, ..., the impulses re- 
quired to produce the motion from rest at any instant [§ 313 (d)]; 
so that 7 will now be a homogeneous quadratic function, and 
ý, $, ... each a linear function, of these elements, with coeffi- 
cients—functions of y, $, etc., depending on the kinematical 
conditions of the system, but not on the particular motion. 
Thus, denoting, as in § 322 (29), by 0, partial differentiation with 
reference to £, 7, ..., Y, $. ..., considered as independent vari- 
ables, we have [§ 313 (10)] 

- OTF ;, oT : 

Y= Ug? =p . (12), 
and, allowing d to denote, as in what precedes, the partial dif- 
ferentiations with reference to the system ý, ¢, ..., Y, $, ..., we 
have [§ 313, (8)] 

EE (13). 

dy do 
The two expressions for T being, as above, § 313, 


T=} (Wt... +A A ot.. = HEH. +21, b]ént+...} (14 


the second of these is to be obtained from the first by substitut- 


ing for ý, ¢, ..., their expressions in terms S £,,... Hence 
oT aT, aT 3 dT dẹ dl’ oT oT 
dy dp a Sats ae atia 7 + a dy me 
oT OT 5 
at ag Eat +1g,t--)= sate i 


Hamilton's 
forn of 
Lagrange's 
generalized 
equations of 
motion. 


‘Canonical 
form ” of 
Hamilton's 


eneral equa- 


ions of mo- 
tion ofa 


conservative © 


system. 
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From this we conclude 


c E d 
a = -S57 and, similarly, a= -5 , ete. (15). 
Hence Lagrange’s equations become 
d oT | 
di tay =Y, ete. (16), 


the same as those (33) which we derived, in § 322, from Hamil- 
ton’s partial differential equation for his characteristic function 
and his expression of the motion by means of it. 

oT 
dy 

330. Hamilton’s form of Lagrange’s equations of motion in 
terms of generalized co-ordinates, expresses that what is re- 
quired to prevent any one of the components of momentum 
from varying is a corresponding component force equal in 
amount to the rate of change of the kinetic energy per unit 
increase of the corresponding co-ordinate, with all components 
of momentum constant: and that whatever is the amount of 
the component force, its excess above this value measures the 
rate of increase of the component momentum. 

In the case of a conservative system, the same statement 
takes the following form :---The rate at which any component 
momentum increases per unit of time is equal to the rate, per 
unit increase of the corresponding co-ordinate, at which the 
sum of the potential energy, and the kinetic energy for con- 
stant momenta, diminishes. This is the celebrated “ canonical 
form” of the equations of motion of a system, though why it 
has been so called it would be hard to say. 


If we put V=——+W , we have BoY, and therefore 


d 


Let U denote the algebraic expression for the sum of the 
potential energy, in terms of the co-ordinates, Y, $, ..., and the 
kinetic energy in terms of the co-ordinates and the components 


of momentum, £, 7, ... Then 
dg el. etc. 
dt d 
a 20. (17), 
&180 at dé 5] etc. 


the latter being equivalent to (12), since the potential energy does 
not contain £, n, etc. 

In the following examples we shall adhere to Lagrange’s form 
(10), as the most convenient for such applications. 
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Example (A.)—Motion of a single point (m) referred to polar Examples of 
co-ordinates (r, 9, $). From the well-known geometry of this as 
ease we see that dr, r60, and rsin6d¢ are the amounts of linear Br natioon of 
displacement corresponding to infinitely small increments, dr, 60, motion. 
5, of the co-ordinates: also that these displacements are respec- 
tively in the direction of r, of the arc rô (of a great circle) 
in the plane of r and the pole, and of the are rsin@d¢ (of a 
small circle in a plane perpendicular to the axis); and that they 
are therefore at right angles to one another. Hence if F, G, H 
denote the components of the force experienced by the point, in 
these three rectangular directions, we have 

F=R, Gr=6, and Arsind=®; 
R, O, $ being what the generalized components of force (§ 313) 
become for this particular system of co-ordinates. We also see 
that *, rÂ, and r sinô are three components of the velocity, 
along the same rectangular directions. Hence 
T=1m(r?+r262 + r2sin?0¢?). 
From this we have 


gE anA l nt a =mrsin?6¢ ; 
di dô T 
; dT 
oF =mr(6*-+sin* og), © — 7 g =mrtsin 8 cos 64, iene 
Hence the equations of sae become 
m — r(6?+sin0¢")} =F, 
(co — r’sinl cos6¢*} = Gr, 
on = Hr sinĝ; 
or, according to the ordinary notation of the differential calculus, 
d’r dg: de? 
ae an t aa) A =F, 
m{- i f(t) —r*sin8 cos js Gr, 
mE (r ?sin?ĝ- ) = Hr sind. 


If the motion is confined to one plane, that of r, 0, we have 


0, and therefore H = 0, and the two equations of motion 


which remain are 
dr „d 6: 


dô 
ma" on 


—) == F, mo (i = Gr. 


Examples of 
the use of 
Layrange’s 
generalized 
equations of 
motion. 
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These equations might have been written down at once in terms 
of the second law of motion from the kinematical investigation of 
§ 32, in which it was shown that gt and * Zir 
are the components of acceleration along and E o o 
the radius-vector, when the motion of a point in a plane is ex- 
pressed according to polar co-ordinates, r, 0. 

The same equations, with ¢ instead of 0, are obtained from the 
polar equations in three dimensions by putting 0 = 17, which 
implies that G = 0, and confines the motion to the plane (r, ¢). 

Example (B.)—Two particles are connected by a string; one 
of them, m, moves in any way on a smooth horizontal plane, and 
the string, passing through a smooth infinitely small aperture in 
this plane, bears the other particle m’, hanging vertically down- 
wards, and only moving in this vertieal line: (the string re- 
maining always stretched in any practical illustration, but, in 
the problem, being of course supposed capable of transmitting 
negative tension with its two parts straight.) Let l be the whole 
length of the string, r that of the part of it from m to the aperture 
in the plane, and let Ô be the angle between the direction of r 
and a fixed line in the plane. We have 


T=}{m(r? +202) + m7} 


a= (m+m')r, Z =mrió 
aT- 4, aT 
ae 6 do 


Also, there being no other external force than gm’, the weight 
of the second particle, 


=—gm', O=0. 
Hence the equations of motion are 
(m+ m) —mrĝ:= —m’g, mir") =0 


The motion of m’ is of course that of a particle influenced only 
by a force towards a fixed centre; but the law of this force, P 
(the tension of the string), is remarkable. To find it we have 
($ 32), P= eae 4 But, by the eee of the motion, 


r—r= — efor (gtré? ), and é=—". ) 


where A (according to the usual notation) denotes the moment 
of momentum of the motion, being an arbitrary constant of in- 
tegration. Hence 


~q 
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omm 


Sm +n’ 9 += mi” oo: 


The particular case of projection which gives m a circular motion Case of 
and leaves m’ at rest is interesting, inasmuch as (§ 350, below) a 
the motion of m is stable, and therefore m’ is in stable equi-  moton- 
librium. 
Example (C.)—A rigid body is supported on a fixed axis, and Examples 
another rigid body is supported on the first, by another axis; 
the motion round each axis being perfectly free. 
Case (a).—The second axis parallel to the first. At any time, 
t, let @ and y be the inclinations of a fixed plane through the 
first axis to the plane of it and the sccond axis, and to a 
plane through the second axis and the centre of inertia of the 
second body. These two co-ordinates, ¢, y, it is clear, com- 
pletely specify the position of the body. Now let a be the dis- 
tance of the second axis from the first, and b that of the centre 
of inertia of the second body from the second axis. The velocity 
of the second axis will be af; and the velocity of the centre 
of inertia of the second body will be the resultant of two velocities 


ad, and by, 
in lines inclined to one another at an angle equal to y — q, and 
its square will therefore be equal to 


ath? + 2abbý cos(p — p) +824. 
Hence, if m and m’ denote the masses, j the radius of gyration 
of the first body about the fixed axis, and & that of the second 


body about a parallel axis through its centre of inertia; we havo, 
according to $$ 280, 281, 


T=} mjd? +m [ard? + 2abdycos(y — )-+b¥2 + ký]. 


Hence we have, 


ign p+m ‘ad+tm’ ab coa( y— by; an” ab cos! y— —)hp+m (b24 +h); 


qo yo” ‘ab sin(Y—d) dv. 

The most general supposition we can make as to the applied forces, 
is equivalent to assuming a couple, ®, to act on the first body, and 
a couple, ¥, on the second, cach in a plane perpendicular to the 
axes ; and these are obviously what the generalized components of 
stress become in this particular co-ordinate system, ¢, y. Hence 
the equations of motion are 

R 


Examples of 
the use of 
Lagranyze’s 
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d[yeos(y — $)] 
dt 


(mj? + m'a?)h + m'ab — m'ab sin(y¥—¢)dy=®, 


atda = LEE EE E E E 
If there is no a applied force than gravity, and if, as we may 
suppose without losing generality, the two axes are horizontal, the 
potential energy of the system will be 


ginh(1—cos) +gm"{ a[1—cos(p+ A)]+8[1 — cos(4+4)]}, 
the distance of the centre of inertia of the first body from the 
fixed axis being denoted by A, the inclination of the plane 
through the fixed axis and the centre of inertia of the first body, 
to the plane of the two axes, being denoted by A, and the fixed 
plane being so taken that 6=0 when the former plane is vertical. 
By differentiating this, with eoitence to ¢ and y, we therefore 
have 

—P=gmhsind+gm'a sin(p+A), —F = gmb sin(y+A). 
We shall examine this case in some detail later, in connexion 
with the interference of vibrations, a subject of much importance 
in physical science. 

When there are no applied, or intrinsic working, forces, we 
have =0 and Y=0: or, if there are mutual forces between the 
two bodies, but no forces applied from without, @+%=0. In 
either of these cases we have the following first integral :— 

(mj?+-m'a?)¢+ m'ab cos(Y—¢) (64+) +m (+k) ý= 
obtained by adding the two equations of motion and integrating. 
This, which clearly expresses the constancy of the whole moment of 
momentum, gives ¢ and W% in terms of (¥¥—¢) and (Y—¢.) Using 
these in the integral equation of energy, provided the mutual forces 
are of the conservative class, we have a single equation between 


t den- , (Y — $), and constants, and thus the full solution of 


m'ab- 


the problem is reduced to quadratures. 

Case (b).—The second axis perpendicular to the first. This 
case we suggest as an exercise for the student. We may return 
to it later, as its application to the theory of centrifugal chrono- 
metric regulators is very important. 

Example (D.)—Gyroscopie pendulum.—A rigid body, P, is 
attached to one axis of a universal flexure joint (§ 109), of which 
the other is held fixed, and a second body, Q, is supported on P by 
a fixed axis, in line with, or parallel to, the first-mentioned arm of 
the joint. For simplicity, we shall suppose Q to be kinetically 
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symmetrical about its bearing axis, and OB to be a principal G 


axis of a supposed rigid body, PQ, composed of P and a mass 
equal to Q collected the centre of inertia of Q and attached to P. 
Let AO be the fixed arm, O the joint, OB the movable arm 
bearing the body P, and coinciding with, or parallel to, the axis 
of Q. Let BOA’=9; let ¢ be the angle which the plane AOB 
makes with a fixed plane of reference, through OA, chosen so as 
to contain the principal axis of moment € of the 
imagined rigid body, PQ, when OB is placed 
in line with AO; and let y be the angle between 
a plane of reference in Q through its axis of 
symmetry and the plane AOB. These three a 
co-ordinates (0, $, Y) clearly specify the position OF 
of the system at any time, ¢ Let the moments 

of inertia of the imagined rigid body PQ, round 

its principal axis OB, and its other two, be de- _ 
noted by A, B, €; and lct A’, 8’ be the mo- A 
ments of inertia of Q round its bearing axis, and any perpen- 
dicular axis through its centre of inertia, respectively. 

We have seen (§ 109) that, with the kind of joint we have sup- 
posed at O, every possible motion of a body rigidly connected with 
OB, is resolvable into a rotation round OJ, the line bisccting the 
angle AOB, and a rotation round the line through O perpen- 
dicular to the plane AOB. The angular velocity of the latter 
is 6, according to our present notation. The former would give 
to any point in OB the same absolute velocity by rotation round 
OF, that it has by rotation with angular velocity ¢ round AA’; 
and is therefore equal to 

sind’OB ; _ sind 

‘sinJOB nIOB $7 coer 2psing 6. 
This may be resolved into 24sin?s0=4(1—cos8) round OB, 
and 2ġsin40 cos}0=¢sinO round the perpendicular to OB, in 
plane AOB. Again, in virtue of the symmetrical character of 
the joint with reference to the line OJ, the angle ¢, as defined 
above, will be equal to the angle between the plane of the body 
P, which coincided with the fixed plane of reference when ¢=0, 
and the plane AOB. Hence the axis of the angular velocity 
sin, is inclined to the principal axis of moment ¥ at an angle 
equal to ¢. Resolving therefore this angular velocity, and 6, 
igto components round the axes of B and €, we find, for the 
whole component angular velocities of the imagined rigid body 


AA 


yroscopic 
pendulum. 
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Gyroscopic PQ, round these axes, ¢sin9 cosp+6 sind, and —dsind sing 
penduluin. : : g a 
+6cosd, respectively. The whole kinetic energy, T, being 
composed of that of the imagined rigid body PQ, and that of Q 
about axes through its centre of inertia, we therefore have 
2T=A(1—cos6)? fb? + 8 ( ésinOcosh-+ sing)? + € (dsindsing— cosg)? 
+a {yy — g(1—cos6) }? + ¥'(f23in?6+ 62) 


Hence a =i’ {y~—¢(1—cos6)}, T= 0, 
n A(1— cosh) $+ ¥(dsinOcosp+ bsind)sinO cosp + €($sinfsing— Gcosd)sinOsind 
— A'i ý— $(1— cosb) }(1—cos0)+ 8’ dsin? O, 
a — 8(¢sinO cosh+ Osing)(fsinOsind—O cos) + ¢ (fsinOsing—O cosd)(dsinO cose 


dT + sing), 
16 T Ösinp)sing— E (dsinOsind6—O cord conp sô, 


and a T —%(1—cosO)}sindgt + X cosOcosh4(dsindcos-+ Osing) 


+¢ cosOsind}( dsinO sinp—6 cos¢) + A’sin6d! y—(1—cos6\h} + B'sinOcos6¢d?. 
Now let a couple, G, act on the body Q, in a plane perpendi- 
cular to its axis, and let L, M, N act on P, in the plane perpen- 
dicular to OB, in the plane A’OB, and in the plane through OB 
perpendicular to the diagram. If y is kept constant, and @ 
varied, the couple G will do or resist work in simple addition 
with L. Hence, resolving L+G and N into components round | 
OF, and perpendicular to it, rejecting the latter, and remembering 
that 2sin}6¢ is the angular velocity round OJ, we have . 
Pp =2sin}0{ —(L4+G)sing0+ Neos} = { —(L+ G )(1—cos0) +N sinb}. 
Also, obviously 
VW=G, O=M. 
Using these several expressions in Lagrange’s gencral forms, we 
have the equations of motion of the system. They will be of 
great use to us later, when we shall consider several particular 
cases of remarkable interest and of very great importance. 
Examples Example Motion of a particle referred to rotating axes. 
pe Let x, y, z be the co-ordinates of a moving particle referred to 
axcs rotating with a constant or varying angular velocity round 
the axis OZ. Let x, yı, z, be its co-ordinates referred to the 
same axis, OZ, and two axes O.Y,, OY,, fixed in the plane per- 
pendicular to it. We have 
x, =x cosh — y sind, y, =x sinb +y cosé ; 
t, =x cosh —y sind — (x sinô +y cos0)Ô, ġ, =ete. 
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where 0, the angle X,O.X, must be considered as a given func- Examples of 


tion of £. Hence Lay aie ‘a 
sneralized 
T=imietty - 2 42(xy—yt)O+ (x? +y°) 6} equations Of 


motion. 


dT 
= mz. 
dz 


=e y9, Í <= m(j+06), 
dy 


Pa et ay. 2 a =m(—d6-+y6%), C nae 
dx dy dz 
Also, 

d dT’ x d aT 


and hence the equations of motion aa 

m(#—yO—240—26") =X, m(j+xO+220—yO")=Y, mi=Z, 
X, Y, Z denoting simply the components of the force on the 
particle, parallel to the moving axes at any instant. In this 
example ¢ enters into the relation between fixed rectangular axes 
and the co-ordinate system to which the motion is referred; but 
there is no constraint. The next is given as an example of vary- 
ing, or kinetic, constraint. 

Example (F).—A particle, influenced by any forces, and at- 
tached to one end of a string of which the other is moved with any 
constant or varying velocity in a straight line. Let O be the 
inclination of the string at time ¢, to the given straight line, and 
¢ the angle between two planes through this line, one containing 
the string at any instant, and the other fixed. These two co- 
ordinates (6, $) specify the position, P, of the particle at any 
instant, the length of the string being a given constant, a, and 
the distance OZ, of its other end E, from a fixed point, O, of the 
line in which it is moved, being a given function of ¢, which we 
shall denote by u. Let x, y, z be the co-ordinates of the particle 
referred to three fixed rectangular axes. Choosing OX as the given 
straight line, and YOX the fixed plane from which ¢ is measured, 
we have 

x=u+a cosl, y=a sind cosh, z=a sinf sing, 
z=u—asingod; 
and for y, Z we have the same expreaion as in Example A. 
Hence eer 
T= }m(ui — 2ù basin 6) + € 

where € denotes the same as T with r=0, and r=a, in that 
example. Hence, denoting as there, by G and H the two com- 
ponents of the force on the particle, perpendicular to EP, respec- 
tively in the plane of 6 and perpendicular to it, we find, for the 
two required equations of motion, 
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m{a(ğ—sinð cos6¢é?)—sind&} = G, and men £9) =H. 
These show that the motion is the same as if E were fixed, and 
a force equal to —mu were applied to the particle in a direction 
parallel to £X; a result that might have been arrived at at once 
by superimposing on the whole system an acceleration equal and 
opposite to that of E, to effect which on P the force — mu is 
required. 


331, Problems in fluid motion of remarkable interest and 
importance, not hitherto attacked, are very readily solved by 
the aid of Lacrange’s generalized equations of motion. For 
brevity we shall designate a mass which is absolutely incom- 
pressible, and absolutely devoid of resistance to change of shape, 
by the simple appellation of a liquid. We need scarcely say 
that matter perfectly satisfying this definition does not exist 
in nature: but we shall see (under properties of matter) how 
nearly it is approached by water and other common real 
liquids, And we shall find that much practical and interesting 
information regarding their true motions is obtained by deduc- 
tions from the principles of abstract dynamics applied to the ideal 
perfect liquid of our definition. We shall see later, under hydro- 
dynamics, that the motion of a homogeneous liquid, whether of 
infinite extent, or contained in a finite closed vessel of any 
form, with any rigid or flexible bodies moving through it, if it 
has ever been at rest, is the same at each instant as that deter- 
minate motion (fulfilling, § 312, the condition of having the 
least possible kinetic energy) which would be impulsively 
produced from rest by giving instantaneously to every part 
of the bounding surface, and of the surface of each of the solids 
within it, its actual velocity at that instant. So that, for 
example, however long it may have been moving, if all these 
surfaces were suddenly or gradually brought to rest, the whole 
fluid mass would come to rest at the same time. Hence, if 
none of the surfaces is flexible, but we have one or more rigid 
bodies moving in any way under the influence of any forces, 
through the liquid, the kinetic energy of the whole motion 
at any instant will depend solely on the finite number of co- 
ordinates and component velocities, specifying the position and 
motion of those bodies, whatever may be the positions reached 
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by particles of the fluid (expressible only by an infinite number 
of co-ordinates). And an expression for the whole kinetic 
energy in terms of such elements, finite in number, is precisely 
what is wanted, as we have scen, as the foundation of Lagrange’s 
equations in any particular case. 


It will clearly, in the hydrodynamical, as in all other cases, be 
a homogeneous quadratic function of the components of velocity, 
if referred to an invariable co-ordinate system; and the coefficients 
of the several terms will in general be functions of the co-ordinates, 
the determination of which follows immediately from the solution 
of the minimum problem of Example (3), $317, in each particular 
cuse. 

Example (1.)—A ball set in motion through a mass of incom- 
pressible fluid extending infinitely in all directions one side of an 
infinite plane, and originally at rest. Let x, y, z be the co- 
ordinates of the centre of the ball at time ¢, with reference to 
rectangular axcs through a fixed point O of the bounding plane, 
with OX perpendicular to this plane. If at any instant either 
component y or 2 of the velocity be reversed, the kinetic energy 
will clearly be unchanged, and hence no terms 72, zz, or ry can 
appear in the expression for the kinctic energy: which, on this 
account, and because of the symmetry of circumstances with 
reference to y and z, is 

THU Pi + lj) 
Also, we see that P and Q are functions of x simply, since the 
circumstances are similar for all values of y and z. Hence, by 
differentiation, 


dx Pa dy Qj, de T S 
d dT „dP. d dT . aQ., 
ra aldy OIH Tnt ete. 
dT _ ice dQ 


dT 
Dc = 74 3? - =0 
T” t+; S +:°)}, T ete., 
and the equations of motion are 


25 GP en: ee 
PELE BS AVE, 


., dQ... wi a 
a a a ca 


Principles sufficient for a practical solution of the problem of 
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determining P and Q, will be given later. In the meantime, it ` 
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is obvious that each decreases as x increases. Hence the equa- 
tions of motion show that 


332. A ball projected through a liquid perpendicularly 


,/7om an infinite plane boundary, and influenced by no other 


forces than those of fluid pressure, experiences a gradual ac- 
celeration, quickly approximating to a limiting velocity which 
it sensibly reaches when its distance from the plane is many 
times its diameter. But if projected parallel to the plane, it 
experiences, as the resultant of fluid pressure, a resultant attrac- 
tion towards the plane. The former of these results is easily 
proved by first considering projection towards the plane (in 
which case the motion of the ball will obviously be retarded), 
and by taking into account the general principle of reversibility 
(§ 272) which has perfect application in the ideal case of a per- 
fect liquid. The second result is less easily foreseen without 
the aid of Lagrange’s analysis; but it is an obvious consequence 
of the Hamiltonian form of his equations, as stated in general 
terms in § 330 above. In the precisely equivalent case, of a 
liquid extending infinitely in all directions, and given at rest; 
and two equal balls projected through it with equal velocities 
perpendicular to the line joining their centres—the result that 
the two balls will seem to attract one another is most re- 
markable, and very suggestive. 

Example (2.)—A solid of revolution moving through a liquid 
so as to keep tts axis always in one plane. Let w be the angular 
velocity of the body at any instant about any axis perpendicular 
to the fixed plane, and let u and g be the component velocities 
along and perpendicular to the axis of figure, of any chosen point, 
C, of the body in this line. By the general principle stated in 
$ 331 (since changing the sign of u cannot alter the kinetic 
energy), we have 

T=}(Aw?+ Bq? +p'w?+ Eog) (a). 
where A, B, p, and E are constants depending on the figure of 
the body, its mass, and the density of the liquid. Now let v denote 
the velocity, perpendicular to the axis, of a point which we shall 
call the centre of reaction, being a point in the axis and at a dis- 


E E | 
tance F from C, so that (§ 87) q=0— 5 Then, denoting 


bs by p, we have 7=4(Au*+ Bv*+ po) (a’). 
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Let x and y be the co-ordinates of the centre of reaction relatively Hydro- 


dynamica 
to any fixed rectangular axes in the plane of motion of the axis FE 
of figure, and let O be the angle between this line and OX, at plication of 
any instant, so that OnE. 
w = 0, u= xzcos0+-y sind, v= —xsind+y cos@ i (b). motion. 


Substituting in T, differentiating, and retaining the notation 
u, v where convenient for brevity, we have 


Z= = pô, i= = Au cosO— Bo sin0, T = Au sinf -+ Bv cos0, 
(c). 
A =(4— B)uv, dT 6 dT o. 


dx ?’ dy 
Hence the equations of motion are 
pO-—(A—B)uv= L, 
d( Au cos? — Bv sin) d( Au sin@+ Bv cos6) _ (d), 
dt aes dt aod 
where X, Y are the component forces in lines through C parallel 
to OX and OY, and L the couple, applied to the body. 
Denoting by À, Ẹ, 7 the impulsive couple, and the components 
of impulsive force through C required to produce the motion at 
any instant, we have of course [§ 313 (c)], 


dT . dT dT 
ho Pe ge? 1 ay (e), 


and therefore, by (c), and (b), 
u=slé cos0+-y sinb), v= (sind +y cos6), j- (f) 


cos?0 sin? 


a (C eG hein cos, 


(9); 
= 1-5) sind cos pey = + ae 
and the equations of motion become 
d0 = B d d 
Bia siy —{(—&?+ n*)3in20-+ 2£n cos20} = L, L,& - j J= Y, (h). 


The ak case of X=0, Y=0, L=0, is particularly interesting. 
In it € and 7 are each constant, and we may therefore choose the 
axes OX, OY, so that 7 shall vanish. Thus we have by (g) two 
first integrals of the equations of md 
2 
b gore sles pe a sama eR (k); 
and the first of equations (4) becomes 


t0 A—B 
l). 
boat gen2 = 0 (2). 
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A—B 
In this let, for a moment, 20 = ¢, and - AB £?=gW. It becomes 


po P+ gW sing =0, 

which is the equation of motion of a common pendulum, of mass 
W, and moment of inertia p round its fixed axis, if ¢ be the 
angle from the position of equilibrium to the position at time ż. 
As we shall see, under kinetics, the final integral of this equation 
expresses ¢ in terms of ¢ by means of an elliptic function. 
By using the value thus found for @ or 3¢, in (k), we have 
equations giving x and y in terms of ¢ by common integration ; 
and thus the full solution of our present problem is reduced to 
quadratures. The detailed working out to exhibit both the actual 
curve described by the centre of reaction, and the position of 
the axis of the body at any instant, is highly interesting. It is 
very easily done approximately for the case of very small angular 
vibrations; that is to say, when either A—B is positive, and 
¢@ always very small, or A—B negative, and ¢ very nearly 
equal to 47. But without attending at present to the final integ- 
rals, rigorous or approximate, we sce from (4) and (/) that 


333. If a solid of revolution in an infinite liquid, be set in 
motion round any axis perpendicular to its axis of figure, or 
simply projected in any direction without rotation, it will move 
with its axis always in one plane, and every point of it moving 
only parallel to this plane ; and the strange evolutions which 
it will, in general, perform, are perfectly defined by comparison 
with the common pendulum thus. First, for brevity, we shall 
call by the name of qguadrantal pendulum (which will be further 
exemplified in various cases described later, under electricity 
and magnetism ; for instance, an elongated mass of soft iron 
pivoted on a vertical axis, in a “uniform field of magnetic 
force”), a body moving about an axis, according to the same 
law with reference to a quadrant on each side of its position of 
equilibrium, as the common pendulum with reference to a half 
circle on each side. 

Let now the body in question be set in motion by an im- 
pulse, & in any line through the centre of reaction, and an 
impulsive couple in the plane of that line and the axis. This 
will (as will be proved later in the theory of statical couples) 
have the same effect as a simple impulse & (applied to a point, 
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if not of the real body, connected with it by an imaginary in- 
finitely light framework) in a certain line, which we shall call 
the line of resultant impulse, or of resultant momenta, being 
parallel to the former line, and at a distance from it equal to 


7 The whole momentum of the motion generated is of course 
(§ 295) equal to & The body will move ever afterwards 


according to the following conditions :—(1.) The angular velo- 
city round the centre of reaction follows the law of the quad- 
rantal pendulum. (2.) The distance of the centre of reaction 
from the line of resultant impulse varies simply as the angular 
velocity. (3.) The velocity of the centre of reaction parallel 
to the line of impulse is found by dividing the excess of the 
whole constant energy of the motion above the part of it due 
to the angular velocity round the centre of reaction by half the 
momentum. (4.) If A, B, and u denote constants, depending 
on the mass of the solid and its distribution, the density of the 
liquid, and the form and dimensions of the solid, such that 


3 3 A? 
ap a e the linear velocities, and the angular velocity, 


dam produced by an impulse & along the axis, an im- 
pulse £ in a line through the centre of reaction perpendicular 
to the axis, and an Impulsive couple A in a plane through the 
axis; the length of the simple gravitation pendulum, whose 
motion would keep time with the periodic motion in question, 


is a (4 freee B)’ and, when the angular motion is vibratory, the 
vibrations will, according as A> B, or A < B, consist of the 
axis, or of a line perpendicular to the axis, vibrating on 
each side of the line of impulse. The angular motion will 
in fact be vibratory if the distance of the line of resultant 
impulse from the centre of reaction is anything less than 


NFE (ans sil P cosa where a denotes either the inclination of the im- 
‘ait to the initial position of the axis, or its complement, as A or 
B is the greater. In this case the path of the centre of reaction 
will be a sinuous curve symmetrical on the two sides of the 
line of impulse ; every time it cuts this line, the angular motion 
will reverse, and the maximum inclination will be attained ; 
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and every time the centre of reaction is at its greatest distance 
on either side, the angular velocity will be at its greatest, 
positive or negative, value, and the linear velocity of the centre 
of reaction will be at its least. If, on the other hand, the 
line of the resultant impulse be at a greater distance than 


J oe Hosa from the centre of reaction, the angular motion 
will be always in one direction, but will increase and diminish 
periodically, and the centre of reaction will describe a sinuous 
curve on one side of that line; being at its greatest and least 
deviations when the angular velocity is greatest and least. 
At the same points the curvature of the path will be greatest 
and least respectively, and the linear velocity of the describ- 
ing point will be least and greatest. 

334, At any instant the component linear velocities along 


é sd and 


and perpendicular to the axis of the solid will be 


pene respectively, if ð be its inclination to the line of resultant 


impulse; and the angular velocity will be if y be the 


distance of the centre of reaction from that line. The whole 
kinetic energy of the motion will be 
teos? | E’sin*A  &?y? 
Porte eee 
and the last term is what we have referred to above as the 
part due to rotation round the centre of reaction. To stop 
the whole motion at any instant, a simple impulse equal and 
opposite to & in the fixed “line of resultant impulse” will 
suffice (or, of course, an equal and parallel impulse in any line 
through the body, with the proper impulsive couple, according 
to the principle already referred to). 

335. From Lagrange’s equations applied as above to the case 
of a solid of revolution moving through a liquid, the couple 
which must be kept applied to it to prevent it from turning is 
immediately found to be 

uv(A — B), 
if v and v be the component velocities along and perpendicular 
to the axis, or [§ 332 (/)] 
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pA iene oin of 
z = ? a solid of 
2AB revolution 


through a 


if, as before, be the generating impulse, and @ the angle be- liquid. 
tween its line and the axis. The direction of this couple must 
be such as to prevent @ from diminishing or from increasing, 
according as A or B is the greater. The former will clearly 
be the case of a flat disc, or oblate spheroid ; the latter that of 
an elongated, or oval-shaped body. The actual values of A 
and B we shall learn how to calculate (hydrodynamics) for 
several cases, including a body bounded by two spherical sur- 
faces cutting one another at any angle a submultiple of two 
right angles ; two complete spheres rigidly connected ; and an 
oblate or a prolate spheroid. 

336. The tendency of a body to turn its flat side, or 7 Observed 
length (as the case may be) across the direction of its motion ?"“™’™*?™ 
through a liquid, to which the accelerations and retardations of 
rotatory motion described in § 333 are due, and of’ which we 
have now obtained the statical measure, is a remarkable illus- , 
tration of the statement of § 330; and is closely connected _ 
with the dynamical explanation of many curious observations ~~ 
well known in practical mechanics, among which may be meñ- 
tioned ; that the towing. rope of a canal boat, when the rudder is 
left straight, takes a position in a vertical plane cutting the axis 
before its middle point ; that a boat sculled rapidly across the 
direction of the wind, always (unless it is extraordinarily unsym- 
metrical in its draught of water, and in the amounts of surface 
exposed to the wind, towards its two ends) requires the weather 
oar to be worked hardest to prevent it from running up on the 
wind, and that a sailing vessel generally “carries a weather helm” 
for the same reason ; that in a heavy gale it is exceedingly diffi- 
cult, and often found impossible, to get a ship out of “the 
trough of the sea,” and that it cannot be done at all without 
rapid motion ahead, whether by steam or sails; that an 
elongated rifle-bullet requires rapid rotation about its axis to 
keep its point foremost. The curious motions of a flat disc, 
oyster-shell, or the like, when dropped obliquely into water, 
resemble, no doubt, to some extent those described in § 333. 
But it must be remembered that the real circumstances differ 
greatly, because of fluid friction, from those of the abstract pro- 
blem, of which we take leave for the present. 
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337. By the help of Lagrange’s form of the equations of 
motion, § 329, we may now, as a preliminary to the considera- 
tion of stability of motion, investigate the motion of a system 
infinitely little disturbed from a position of equilibrium, and 
left free to move, the velocities of its parts being initially in- 
finitely small. The resulting equations give the values of the 
independent co-ordinates at any future time, provided the dis- 
placements continue intinitely small; and the mathematical 
expressions for their values must of course show the nature of 
the equilibrium, giving at the same time an interesting example 
of the coexistence of small motions, § 89. The method con- 
sists simply in finding what the equations of motion, and their 
integrals, become for co-ordinates which differ infinitely little 
from values corresponding to a configuration of equilibrium— 
and for an infinitely small initial kinetic energy. The solution 
of these differential equations is always easy, as they are linear 
and have constant coefficients. If the solution indicates that 
these differences remain infinitely small, the position is one of 
stable equilibrium; if it shows that one or more of them may 
increase indefinitely, the result of an infinitely small displace- 
inent from the position of equilibrium may be a finite departure 
from it---and thus the equilibrium is unstable. 

Since there is a position of equilibrium, the kinematic relations 
must be invariable. As before, E 
T= 31 (4, YY +(4, PAP +2, d)Whtete. ...} (1) 
which cannot be negative for any values of the co-ordinates. 
Now, though the values of the coefficients in this expression are 
not generally constant, they are to be taken as constant in the 
approximate investigation, since thcir variations, depending on 
the infinitely small variations of y, ¢, etc., can only give rise to 
terms of the third or higher orders of small quantities. Hence 


Lagrange’s equations become simply 
oT) = , iea, ete. (2), 
dt\dyy dt’ dd 
and the first member of each of these equations is a linear func- 
tion of ¥, 4, ete, with constant coefficients. 
Now, since we may take what origin we please for the gene- 
ralized co-ordinates, it will be convenient to assume that ¥, $, O 
etc., are measured from the position of equilibrium considered ; 


and that their values are therefore always infinitely small. 
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Hence infinitely small quantities of higher orders being Slightly 
neglected, and the forces being supposed to be independent of the Penta 
velocities, we shall have linear expressions for VW, ®, etc., in 
terms of y, ¢, etc., which we may write as follows :— 

=a Y+b p+c 0+... (3). 
ete. ete. 

Equations (2) consequently become linear differential equations 
of the second order, with constant coefficients ; as many in number 
as there are variables y, œ, ctc., to be determined. 

The regular processes explained in elementary treatises on dif- 
ferential equations, lead of course, independently of any particular 
relation between the coefficients, to a general form of solution 
(§ 343 below). But this form has very remarkable characteristics 
in the case of a conservative system; which we therefore examine 
particularly in the first place. In this case we have 

dV dV 
Ha j oe ae ware 
where V is, in our approximation, a homogeneous quadratic func- 
tion of y, ¢,... if we take the origin, or configuration of equili- 
brium, as the configuration from which (§ 273) the potential 
energy is reckoned. Now, it is obvious,’ from the common 
theory of the transformation of quadratic functions, that we may, 


1 For in the first place any such assumption as 
y=Ap +B, +... 
$=A' +B $, +... 
S ete., etc. Oaa 
gives equations for Y, ¢, etc., in terms of Y, ¢,, etc., with the same 
coefficients, A, B, ete., if these are independent of t. Hence (the 
co-ordinates being ¿ in number) let the quadratic expression for 2T 


in terms of ¥*, ?, Yẹ, ete., be reduced to the form Ņ%2+ẹ +... by 
proper assignment of values to A, B, ete. This may be done arbi- 
trarily, in an infinite number of ways, without the solution of any alge- 
braic equation of degree higher than the first; as we may easily see 
by working out a synthetical process algebraically according to the 
analogy of finding first the conjugate diametral plane to any chosen 
diameter of an ellipsoid, and then the diameter of its elliptic section, 
conjugate to any chosen diameter of this ellipse. Now let 

yal) +md,+... 

p =U, +m’? +... 

etc., ete., 

where l, m, ..., l’, m’, ... satisfy the equations 
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by a determinate lincar transformation of the co-ordinates, reduce 
the expression for 27, which is essentially positive, to a sum of 
squares, of generalized component velocities, and at the same time 
V to a sum of the squares of the corresponding co-ordinates, each 
multiplied by a constant, which may be either positive or nega- 
tive, but is essentially real. Hence ¥, $,... may be so chosen 
that 
T=li¥'?+¢' +ete.), i (4) 

and V=t(ay’?+ Bp + ete. i 
a, B, ete., being real positive or negative constants. Hence 
Lagrange’s equations become 


y= —ay, $=—B¢, ete., (5). 
The solutions of these equations are 
y=4Asin(tyva+ e6), P=A’sin(t/B+e), ete. (6), 


A, ¢ A’, e, ete., being the arbitrary constants of integration. 
Hence we conclude the motion consists of a simple harmonic 
variation of each co-ordinate, provided that a, B, etc., are all posi- 
tive. This condition is satisfied when V is a true minimum at 
the configuration of equilibrium; which, as we have seen ($ 292), 
is necessarily the case when the equilibrium is stable. If any 
one or more of a, B, ... vanishes, the equilibrium might be either 
stable or unstable, or neutral; but terms of higher orders in the 
expansion of V in ascending powers and products of the co-ordin- 
ates would have to be examined to test it; and if it were stable, 
the period of an infinitely small oscil! ne in the value of the 
corresponding co-ordinate or co-ordinates would be infinitely 
great. If any or all of a, B, y, ... are negative, V is not a mini- 
mum, and the equilibrium is (§ 292) essentially unstable. The 


U+mm'+...=0, UU + mm" +...=0, ete, 
and Pm? +...=1, Hm’. =l, ete. 
We shall still have, obviously, the same for 27, that is .— 
°T= ý + h? 
And, according to the known eoe of H transformation of quadratic 
functions, we may find /, m, ..., l’, m’, ... so as to make the products 
of the co-ordinates disappear from the ‘expression for V, and give 
2V=ay?, +B", + 
where a, f, y, ete., are the roots, necess ily real, of an equation of 
the ith de gree of which the coefficients depend on the coefficients of 
the ates and products in the expression for V in terms of Y, ¢, 
etc, Later [(7) and (8) of § 343], a single process for carrying out 
this investigation, when T and V are given as any two homogencous 
quadratic functions, will be indicated. 
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form (6) for the solution, for each co-ordinate for which this is the Infinitely 


° f . e e Small dis- 
case, becomes imaginary, and is to be changed into the exponential turbance 
e d *,° rom un- 
form, thus; for instance, let a=— a’, a’ being positive. Thus stable cqui- 
librium. 
Y= Acta’ 4 BeN a (7) 


which (unless the disturbance is so adjusted as to make the 
arbitrary constant A vanish) indicates an unlimited increase 
in the deviation. This form of solution expresses the approxi- 
mate law of falling away from a configuration of unstable equili- 
brium. In general, of course, the approximation becomes less 
and less accurate as the deviation increases. 

One example for the present will suffice. Let a solid, im- Bea lent 
mersed in an infinite liquid (§ 331), be prevented from any motion placements. 
of rotation, and left only freedom to move parallel to a certain 
fixed plane, and let it be influenced by forces subject to the con- 
servative law, which vanish in a particular position of equilibrium 
Taking any point of reference in the body, choosing its position 
when the body is in equilibrium, as origin of rectangular co- 
ordinates OX, OY, and reckoning the potential energy from it, 
we shall have, as in general, 

2T= Ax? + By?+2Cay;, 2V=ax?+by?+2cxry, 

the principles stated in § 331 above, allowing us to regard the 
co-ordinates x and y as fully specifying the system, provided 
always, as is understood, that if the body is given at rest, or is 
brought to rest, the whole liquid is at rest at the same time. By 
solving the obviously determinate problem of finding that pair of 
conjugate diameters which arc in the same directions for the ellipse 

Ax’ + By? +2Cxy= const., 
and the ellipse or hyperbola, 

ax? + by? +2cxy = const., 
and choosing these as oblique axes of co-ordinates (x,, yı), we 
shall have 

2T=A,x,°+ B,y,*, and 2V=a,7x,7+5,y,'. 
And, as A,, B, are essentially positive, we may, mercly to shorten 
our expressions, take x,y A, = Y, y,/B,=¢; so that we shall have 
2T=' +$", 2V=ay? + Bo’, 

the normal expressions, according to the general form shown 
above. 

The interpretation of the general solution is as follows :— 


338. If a conservative system is infinitely little displaced 
from a configuration of stable equilibrium, it will ever after 
vibrate about this configuration, remaining infinitely near it ; 

S 
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each particle of the system performing a motion which is com- 
posed of simple harmonic vibrations. If there are 7 degrees of 
freedom to move, and we consider any system (§ 202) of gene- 
ralized co-ordinates specifying its position at any time, the 
deviation of any one of these co-ordinates from its value for the 
configuration of equilibrium will vary according to a complex 
harmonic function (§ 68), composed in general of ¢ simple 
harmonics of incommensurable periods, and therefore (§ 67) 
the whole motion of the system will not recur periodically 
through the same series of configurations. There are in general, 
however, 7 distinct determinate displacements, which we shall 
call the normal displacements, fulfilling the condition, that if any 
one of them be produced alone, and the system then left to 
itself for an instant at rest, this displacement will diminish and 
increase periodically according to a simple harmonic function 
of the time, and consequently every particle of the system 
will execute a simple harmonic movement in the same period. 
This result, we shall see later, includes cases in which there 
are an infinite number of degrees of freedom; as for instance 
a stretched cord; a mass of air in a closed vessel; waves in 
water, or oscillations in a vessel of water of limited extent, or 
an elastic solid; and in these applications it gives the theory 
of the so-called “ fundamental vibration,” and successive “ har- 
monics” of the cord, and of all the different possible simple 
modes of vibration in the other cases. 

889. If, as may be in particular cases, the periods of the 
vibrations for two or more of the normal displacements are equal, 
any displacement compounded of them will also fulfil the con- 
dition of a normal displacement. And if the system be dis-- 
placed according to any one such normal displacement, and 
projected with velocity corresponding to another, it will execute 
a movement, the resultant of two simple harmonic movements 
in equal periods. The graphic representation of the variation 
of the corresponding co-ordinates of the system, laid down as 
two rectangular co-ordinates in a plane diagram, will conse- 
quently (§ 65) be a circle or an ellipse; which will therefore, 
of course, be the form of the orbit of any particle of the system 
which has a distinct direction of motion, for two of the displace- 
ments in question. But. it must be remembered that some of 


DYNAMICAL LAWS AND PRINCIPLES. 275 


the principal parts (as for instance the body supported on the 
fixed axis, in the illustration of § 330, Example C) may have 
only one degree of freedom; or even that each part of the 
system may have only one degree of freedom, as for instance if 
the system is composed of a set of particles each constrained to 
remain on a given line, or of rigid bodies on fixed axes, mutually 
influencing one another by elastic cords or otherwise. In such 
a case as the last, no particle of the system can move otherwise 
than in one line; and the ellipse, circle, or other graphical re- 
presentation of the composition of the harmonic motions of the 
system, is merely an aid to comprehension, and not a repre- 
sentation of any motion actually taking place in any part of 
the system. 

340. In nature, as has been said above (§ 278), every system 
uninfluenced by matter external to it is conservative, when 
the ultimate molecular motions constituting heat, light, and 
magnetism, and the potential energy of chemical affinities, 
are taken into account along with the palpable motions 
and measurable forces. But (§ 275) practically we are obliged 
to admit forces of friction, and resistances of the other classes 
there enumerated, as causing losses of energy to be reckoned, 
in abstract dynamics, without regard to the equivalents of 
heat or other molecular actions which they generate. Hence 
when such resistances are to be taken into account, forces 
opposed to the motions of various parts of a system must 
be introduced into the equations. According to the approxi- 
mate knowledge which we have from experiment, these forces 
are independent of the velocities when due to the friction of 
solids; and are simply proportional to the velocities when due 
to fluid viscosity directly, or to electric or magnetic influences, 
with corrections depending on varying temperature, and on the 
varying configuration of the system. In consequence of the 
last-mentioned cause, the resistance of a real liquid (which is 
always more or less viscous) against a body moving very rapidly 
through it, and leaving a great deal of irregular motion, such as 
“eddies,” in its wake, seems to be nearly in proportion to the 
square of the velocity ; although, as Stokes has shown, at the 
lowest speeds the resistance is probably in simple proportion to 
the velocity, and for all speeds may, it is probable, be approxi- 
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Stokes’ pro- mately expressed as the sum of two terms, one simply as the 

ai velocity, and the other as the square of tlic velocity. 

Friction of 341. The effect of friction of solids rubbing against one 

ii another is simply to render impossible the infinitely small 
vibrations with which we are now particularly concerned ; and 
to allow any system in which it is present, to rest balanced 
when displaced within certain finite limits, from a configuration 
of frictionless equilibrium. In mechanics it is easy to estimate 
its effects with sufficient accuracy when any practical case of 
finite oscillations is in question. But the other classes of dis- 
sipative agencies give rise to resistances simply as the velocities, 

nee without the corrections referred to, when the motions are in- 

velocities. finitely small; and can never balance the system in a configura- 
tion deviating to any extent, however small, from a configuration 
of equilibrium without friction. In the theory of infinitely 
small vibrations, they are to be taken into account by adding 
to the expressions for the generalized components of force, 
terms consisting of the generalized velocities each multiplied 
by a constant, which gives us equations still remarkably amen- 
able to rigorous mathematical treatment. The result of the 
integration for the case of a single degree of freedom is very 
simple; and it is of extreme importance, both for the explana- 
tion of many natural phenomena, and for use in a large variety 
of experimental investigations in Natural Philosophy. Partial 
conclusions from it, in the first place, stated in general terms, 
are as follows :— 

842. If the resistance is less than a certain limit, in any 
particular case, the motion is a simple harmonic oscillation, 
with amplitude decreasing by equal proportions in equal suc- 
cessive Intervals of time. But if the resistance exceeds this 
limit, the system when displaced from its position of equili- 
brium, and left to itself, returns gradually towards its position 
of equilibrium, never oscillating through it to the other side, 
and only reaching it after an infinite time. 

In the unresisted motion, let n? be the rate of acceleration, 
when the displacement is unity; so that (§ 57) we have 
T=": and let the rate of retardation due to the resistance 


corresponding to unit velocity be &. Then the motion is of the 


Lad 
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oscillatory or non-oscillatory class according as k < 2n or k > Effect of 


resistance 


2n. In the first case, the ieee of the oscillation is increased varying as 


velocity ina 
simple mo- 


by the resistance from T to T G a Enj’ and the rate at which tion- 
the Napierian logarithm of the amplitude diminishes per unit 
of time is 34. 

343. The general solution of the problem, to find the motion Infinitely 
of a system having any number, 2, of degrees of freedom, when creates 
infinitely little disturbed from a position of equilibrium, and 
left to move subject to resistances proportional to velocities, 
shows that the whole motion may be resolved, in general : 
determinately, into 2¢ different motions each either simple 
harmonic with amplitude diminishing according to the law 
stated above (§ 342), or non-oscillatory, and consisting of equi- 
proportionate diminutions of the components of displacement 
in equal successive intervals of time. 


For the case of one degree of freedom, the differential equation 

of motion is 
y+hy+n'y=0, 
of which the complete integral is 
Yy={Asinn't+ Bcosn't}e-*, where n’=,/(n? — 4k*), 
or, which is the same, 
y= (Cert O etek, where n =,/($h? — n’). 

A and B in one case, or Cand C” in the other, being the arbitrary 
constants of integration. Hence the propositions stated in § 342 
for this case. 

The most general suppositions we can make regarding the in- 
finitely small motions of a system give, as the differential equa- 


tions, 
gg) tg BUT Bet.) tay-+bb+.. 
ag) HEYR o+. tatto] © 


ete. ete. 
(forces of the non-conservative class, dependent on position not 
on motion, being not excluded unless the relations b=a', c=a", 
ete., hold). 
The theory of simultaneous linear differential equations with 
constant coefficients shows that the general solution for each 
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element is the sum of particular solutions, and that a particular 
solution is of the form 


pole p=me™, ete. (2). 
Assuming, then, this to be a solution, and substituting in the 
differential equations, we have 


ye yt MMA Bt) baltomt... ~ | 


sais m-+...)+al+b'm+.. (3) 
etc. etc. 
where @ denotes the same homogeneous quadratic function of 
l, m,..., that T is of ý, ¢,... These equations, ¢ in number, 
determine A by the detcrminantal equation 
(A A+AA +a), (A?-B+AS+D)), . =0 
(APA'+AR' +a), (APB aa 20), . 
E ene eee (4) 
if A, B, C, A’, B’, C’, etc., denote the coefficients of l, m, n, ete., in 
av TP? , etc., which are of course subject to the relations 
B=A', C=A”, C'=B", ete. (5). 
The equation (4) is of the degree 27, in A; and if any one of its 
roots be used for A in the 7 linear eyuations (3), these become 
harmonized and give the z—1 ratios l: m, l:n, etc.; and we have 
then, in (2) a particular solution with one arbitrary constant, l. 
Thus, from the 22 roots, when unequal, we have 27 distinct par- 
ticular solutions, cach with an arbitrary constant ; and the addi- 
tion of these solutions, as explained above, gives the general 
solution. Cases in which there are equal roots leave a corre- 
sponding number of degrees of indeterminateness in the ratios 
l:m, lin, etc., and so allow the requisite number of arbitrary 
constants to be made up. 
When the forces not due to motion are of the conservative class, 
we have z 
b=a c=a’’, e =b" (6) 
a, b, ete., being such that 
V=day* +2byp+2cy40 +... +b P 2c PO+...). 
When A, X X as D, etc., are cither all positive, or when those of 
them shih: are negative are limited to such magnitudes as they 
could have in nature, roots of the equation for À, if real, must 
be negative, or if imaginary must have thcir real parts negative ; 
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so that every particular solution may be composed of terms of tmenstety 
either of the forms | ofa done 
Cert sin qt, or Cert, tive sysienn. 
where p is essentially positive. This we see because terms such 
as Ce?'sin gt, would represent a motion returning again and again 
with continually increasing energy through the configuration of 
equilibrium. The mathematical analysis of these conditions, which 
has not, so far as we are aware, been worked out, deserves atten- 
tion from mathematicians. 
We fall back on the case of no resistance, by taking E 
A=0, ¥=0, a. Ą'=0, ete., resistance. 
and the determinantal equation becomes 
(A*A+a), (A*B+5), ... 
(A A' +a’), (A'B +b), 


=0 


(7). 


This is of the degree čin A*. Its ¿į roots are of course, for the 
case of a conservative system, the values of a, B, ..., of our first 
investigation (§ 337); and we infer that, for this case, they are 
all real from what was proved there. The equations (3) to de- 
termine J, m, ..., become 


(AA+a)l+(AB+B)m+...=0 


(A2A’+a’)l+(A?B’+5')m+...=0 (8), 
ete. ete. 
and thus, in (7) and (8), we have the promised solution in one 
completely expressed process. The property of the determinantal 
equation (7), that its roots are all real when the relations (5) and 
(6) are satisfied, is very remarkable. It seems to have escaped 
the notice of modern algebraists. When these relations are not 
satisfied [as with the well-known wry cubic, § 181 (3)], the values of 
à? may be all real, or some of them, if not all, may be imaginary, 
When they are not all real, let ptoV—1 be a pair of imaginary 
roots. The corresponding values of A, or the square roots of 
those, may be denoted by t+(ptq¥—1). Hence in the general 
solution terms of the form 
Cert sin gt 
will occur. That is to say, there are infinitely small displace- 
ments from a position of equilibrium which would give rise to 
harmonic oscillations with amplitude increasing according to the 
logarithmic law as long as the displacement remains small enough 
to allow our approximation to hold. This is of course a way of 
diverging from a position of unstable equilibrium which is im- 
possible except with artificial arrangements giving not a con- 
servative, but an accumulative system of force. 
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344. When the forces of a system depending on configura- 
tion, and not on motion, or, as we may call them for brevity, 
the forces of position, violate the law of conservatism, we have 
seen (§ 272) that energy without limit may be drawn from it 
by guiding it perpetually through a returning cycle of configu- 
rations, and we have inferred that in every real system, not 
supplied with energy from without, the forces of position fulfil 
the conservative law. But it is easy to arrange a system 
artificially, in connexion with a source of energy, so that its 
forces of position shall be non-conservative; and the considera- 
tion of the kinetic effects of such an arrangement, especially of 
its oscillations about or motions round a configuration of equi- 
librium, is most instructive, by the contrasts which it presents 
to the phenomena of a natural system. The preceding investi- 
gation gives the general solution of the problem—to find the 
infinitely small motion of a system infinitely near a position 
of equilibrium, when there is deviation from conservatism both 
by resistances, and by the character of the forces of position. 
In the case of no resistance, with which alone we need occupy 
ourselves at present, the character of the equilibrium as to 
stability or instability is discriminated according to the character 
of the roots of an algebraic equation of degree equal to the 
number of degrees of freedom of the system. 


If the roots (A*) of the determinantal equation § 343 (7) are 
all real and negative, the equilibrium is stable: in every other 
case it is unstable. 


345. But although, when the equilibrium is stable, no 
possible infinitely small displacement and velocity given to 
the system can cause it, when left to itself, to go on moving 
either farther and farther away till a finite displacement is 
reached, or till a finite velocity is acquired; it is very re- 
markable that stability should be possible, considering that 
even in the case of stability an endless increase of velocity 
may, as is easily scen from § 272, be obtained merely by con- 
straining the system to a particular closed course, or circuit of 
configurations, nowhere deviating by more than an infinitely 
small amount from the configuration of equilibrium, and leaving 
it at rest anywhere in a certain part of this circuit. This 
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result, and the distinct peculiarities of the cases of stability eae 
and instability, will be sufficiently illustrated by the simplest TEPA 
possible example, —that of a material particle moving in a 


plane. 


Let the mass be unity, and the components of force parallel to 
two rectangular axes be ax+by, and a’x+b’y, when the position 
of the particle is (x, y). The equations of motion will be 

x=ax+by, y=a'x+b'y (1). 
Let 4(a’+5)=c, and 4(a’—b)=e: 
the components of the force become 
ax-+cy—ey, and cx+b'y+ er, 


dV dV 
or a h ne ay E 


where V=— S(ax*+b'y?+2cry). 
The terms — ey and + ez are clearly the components of a force 
e(c*-++y?)t, perpendicular to the radius-vector of the particle. 
Hence if we turn the axes of co-ordinates through any angle, the 
corresponding terms in the transformed components are still 
— ey and +ex. If, therefore, we choose the axes so that 
V= 3(ax*+ By’) (2), 
the equations of motion become, without loss of generality, 
f= — ax — ey, j= — Py+ ex. 
To integrate these, assume, as in general [§ 343 (2)], 
ele, y=ime™, 
Then, as before [§ 343 (8)], 
(A?-+a\l+em=0, and —el+(A*+8)m= 
Whence (A? +a)(A*+ 8B) = — e’ (3), 
which gives 
A= — 3(a+B)+(4(a— p) —e?}} 
This shows that the equilibrium is stable if both aG+e*, and 
 a+f are positive and e? < 1(a— B)’ [that is, if e is between the 
values 4( 8 — a) and — }(8 — a)] but unstable in every other case. 
But let the particle be constrained to remain on a circle, of 
radius r. Denoting by @ its angle-vector from OX, and, trans- 
forming (§ 27) the equations of motion, we have 


j= — (B — a) sinf cos0-++e= — 3(8 — a)sin 20+e (4). 
If we had e=0 (a conservative system of force) the positions of 
equilibrium would be at 0=0, 0=}r, 0=xr, and 0=37; and 
the motion would be that of the quadrantal pendulum. But when 
e has any finite value less than 4/8 — a) which, for convenience, 
we may suppose positive, there arc positions of equilibrium at 
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3 
0=9, 6=——3, 0=r+9, and = =T, 
2e 


where 9 is half the acute angle whose sine is : the first and 
— a 


third being positions of stable, and the second and fourth of un- 
stable, equilibrium. Thus it appears that the effect of the con- 
stant tangential force is to displace the positions of stable and 
unstable equilibrium forwards and backwards on the circle through 
angles each equal to S. And, by multiplying (4) by 20dé and 
integrating, we have as the integral equation of energy 
6? = C+4(B — a) cos20+2e0. (5) 
From this we see that the value of C, to make the particle just 
reach the position of unstable equilibrium, is 
C= — 4(B —a) cos(m — 23) — e(r — 29), 
_ /\B—«a)? , -—1 2e 
=y Pe +e(r — sin B—a) ; 
and by equating to zero the expression (5) for 6%, with this 
value of C substituted, we have a transcendental equation in 6, 
of which the least negative root, 0 , gives the limit of vibrations 
on the side reckoned backwards from a position of stable equili- 
brium. Ifthe particle be placed at rest on the circle at any dis- 


tance less than > — 29 before a position of stable equilibrium, or 


less than 3 — 0, behind it, it will vibrate. But if placed any- 
where beyond those limits and left either at rest or moving with 
any velocity in cither direction, it will end by flying round and 
round forwards with a periodically increasing and diminishing 
velocity, but increasing every half turn by equal additions to its 
squares. 

If on the other hand e = }(8—a), the positions both of stable 
and unstable equilibrium are imaginary; the tangential force pre- 
dominating in every position. If the particle be left at rest in 
any part of the circle it will fly round with continually increasing 
velocity, but periodically increasing and diminishing acceleration. 


346. There is scarcely any question in dynamics more im- 
portant for Natural Philosophy than the stability or instability 
of motion. We-therefore, before concluding this chapter, pro- 
pose to give some general explanations and leading principles 
regarding it. 

A “conservative disturbance of motion” is a disturbance 
in the motion or configuration of a conservative system, not 
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altering the sum of the potential and kinetic energies, A Qpnservative 
conservative disturbance of the motion through any particular ° 
confizuration is a change in velocities, or component velocities, 

not altering the whole kinetic energy. Thus, for example, a 
conservative disturbance of the motion of a particle through 

any point, is a change in the direction of its motion, unaccom- 

panied by change of speed. 

347. The actual motion of a system, from any particular Hincilc ste: 
configuration, is said to be stable if every possible infinitely instability 
small conservative disturbance of its motion through that con- nated. 
figuration may be compounded of conservative disturbances, 
any one of which would give rise to an alteration of motion 
which would bring the system again to some configuration 
belonging to the undisturbed path, in a finite time, and without 
more than an infinitely small digression. If this condition is 
not fulfilled, the motion is said to be unstable. 

348. For example, if a body, A, be supported on a fixed Examples. 
vertical axis; if a second, B, be supported on a parallel axis 
belonging to the first ; a third, C, similarly supported on B, and 
so on; and if B, C, etc., be so placed as to have each its centre 
of inertia as far as possible from the fixed axis, and the whole 
set in motion with a common angular velocity about this axis, 
the motion will be stable, from every configuration, as is evi- 
dent from the principles regarding the resultant centrifugal 
force on a rigid body, to be proved later. If, for instance, each 
of the bodies is a flat rectangular board hinged on one edge, it 
is obvious that the whole system will be kept stable by centri-- 
fugal force, when all are in one plane and as far out from the 
axis as possible. But if A consist. partly of a shaft and crank, 
as a common spinning-wheel, or the fly-wheel and crank of a 
steam-engine, and if B be supported on the crank-pin as axis, 
and turned inwards (towards the fixed axis, or across the fixed 
axis), then, even although the centres of inertia of C, D, ete., 
are placed as far from the fixed axis as possible, consistent with 
this position of B, the motion of the system will be unstable. 

349. The rectilinear motion of an elongated body lengthwise, : 
or of a flat disc edgewise, through a fluid is unstable. But the 
motion of either body, with its length or its broadside perpen- 
dicular to the direction of motion, is stable. This is demon - 
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strated for the ideal case of a perfect liquid (§ 331), in § 332, 
Example (2); and the results explained in § 333 show, fora 
solid of revolution, the precise character of the motion con- 
sequent upon an infinitely small disturbance in the direction 
of the motion from being exactly along or exactly perpendicular 
to the axis of figure; whether the infinitely small oscillation, 
in a definite period of time, when the rectilineal motion is 
stable, or the swing round to an infinitely nearly-inverted posi- 
tion when the rectilineal motion is unstable. Observation 
proves the assertion we have just made, for real fluids, air and 
water, and for a great variety of circumstances affecting the 
motion. Several illustrations have been referred to in § 336; 
and it is probable we shall return to the subject later, as being 
not only of great practical importance, but profoundly interest- 
ing although very difficult in theory. 

350. The motion of a single particle affords simpler and 
not less instructive illustrations of stability and instability. 
Thus if a weight, hung from a fixed point by a light inexten- 
sible cord, be set in motion so as to describe a circle about a 
vertical line through its position of equilibrium, its motion is 
stable. For, as we shall see later, if disturbed infinitely little 
in direction without gain or loss of energy, it will describe a 
sinuous path, cutting the undisturbed circle at points succes- 
sively distant from one another by definite fractions of the cir- 
cumference, depending upon the angle of inclination of the 
string to the vertical When this angle is very small, the 
motion is sensibly the same as that of a particle confined to 
one plane and moving under the influence of an attractive 
force towards a fixed point, simply proportional to the distance ; 
and the disturbed path cuts the undisturbed circle four times 
in a revolution. Or if a particle confined to one plane, move 
under the influence of a centre in this plane, attracting with a 
force inversely as the square of the distance, a path infinitely 
little disturbed from a circle will cut the circle twice in a re- 
volution. Or if the law of central force be the nth power 
of the distance, and if n + 3 be positive, the disturbed path will 
cut the undisturbed circular orbit at successive angular in- 


tervals, each equal to at - But the motion will be unstable 


if n be negative, and —- 2 > 3. 
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The criterion of stability is easily investigated for circular 
motion round a centre of force from the differential equation of 
the general orbit (§ 36), 

d*u P 
det T 


Let the value of A be such that motion in a circle of radius a`? 


satisfies this equation. That is to say, =u, when u=a. 
u 


Let now u=a+-p, p being infinitely small. We shall have 
P 
aed P 


d P 
if a denotes the value of Ta! — r) when u=a: and therefore 


the differential equation for motion infinitely nearly circular is 
a? 
“git ap=0. 
The integral of this is most conveniently written 
p=A sin(9./a+ 8) when a is positive, 
and p= CMa" when a is negative. 
Hence we see that the circular motion is stable in the former 
case, and unstable in the latter. 
For instance, if P=pr"=pu-", we have 
d P P 
du “gaa T HH?) age 
and putting ¿=u =a, in this we find a=n-+3; whence the 


result stated above. 
Or, taking example (B) of $ 330, and putting mP for P, and mh 


for h, P m’ a 
htu: “mpn arar" +u), 
2m'g 
ni le ae A hu’ 
dus ku mm 
Hence, putting u=a, and making }?= T 1 so that motion in a 


circle of radius a~' may be possible, we a 
3m 


Hence the circular motion is always stable; and the period of the 
variation produced by an infinitely small disturbance from it is 


Kinetic sta- 
bility in cir- 
cular orbit. 
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Kinetic sta. 851. The case of a particle moving on a smooth fixed 
particle” Surface under the influence of no other force than that of the 
smooth sar. constraint, and therefore always moving along a geodetic line 
ae of the surface, affords extremely simple illustrations of stability 
and instability. For instance, a particle placed on the inner 
circle of the surface of an anchor ring, and projected in the 
plane of the ring, would move perpetually in that circle, but 
unstably, as the smallest disturbance would clearly send it 
away from this path, never to return until after a digression 
round the outer edge. (We suppose of course that the particle 
is held to the surface, as if it were placed in the infinitely 
narrow space between a solid ring and a hollow one enclosing 
it.) But if a particle is placed on the outermost, or greatest, 
circle of the ring, and projected in its plane, an infinitely small 
disturbance will cause it to describe a sinuous path cutting the 
circle at points round it successively distant by angles each 


b 
equal to Ki x? oF intervals of time, zJ » where a denotes 


the radius of that circle, œ the angular velocity in it, and b the 
radius of the circular cross section of the ring. This is proved 
by remarking that an infinitely narrow band from the outermost 
part of the ring has, at each point, a and b for its principal 
radii of curvature, and therefore (§ 150) has for its geodetic 
lines the great circles of a sphere of radius Vab, upon which 
(§ 152) it may be bent. 

392. In all these cases the undisturbed motion has been 
circular or rectineal, and, when the motion has been stable, the 
effect of a disturbance has been periodic, or recurring with the 
same phases in equal successive intervals of time. An ilustra- 
tion of thoroughly stable motion in which the effect of a dis- 
turbance is not “ periodic,” is presented by a particle sliding 
down an inclined groove under the action of gravity. To take 
the simplest case, we may consider a particle sliding down along 
the lowest straight line of an inclined hollow cylinder. If 
slightly disturbed from this straight line, it will oscillate on 
each side of it perpetually in its descent, but not with a uni- 
form periodic motion, though the durations of its excursions to 
each side of the straight line are all equal. 

898. A very curious case of stable motion is presented by 
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a particle constrained to remain on the surface of an anchor- Kinetic sta- 
ring fixed in a vertical plane, and projected along the great ener 
circle from any point of it, with any velocity. An infinitely ion 
small disturbance will give rise to a disturbed motion of which 

the path will cut the vertical circle over and over again for 

ever, at unequal intervals of time, and unequal angles of the 

circle; and obviously not recurring periodically in any cycle, 

except with definite particular values for the whole energy, 

some of which are less and an infinite number are greater than 

that which just suffices to bring the particle to the highest 

point of the ring. The full mathematical investigation of these 
circumstances would afford an excellent exercise in the theory 

of differential equations, but it is not necessary for our present 
illustrations. 

304. In this case, as in all of stable motion with only two Oseillatory 
degrees of freedom, which we have just considered, there has bility. 
been stability throughout the motion; and an infinitely small 
disturbance from any point of the motion has given a disturbed 
path which intersects the undisturbed path over and over again 
at finite intervals of time. But, for the sake of simplicity at 
present confining our attention to two degrees of freedom, we 
have a limited stability in the motion of an unresisted pro- Limited 
jectile, which satisfies the criterion of stability only at points bility. 
of its upward, not of its downward, path. Thus if MOPQ be 


Kinetic sta- 
bility of a 
projectile. 


Gencral 
criterion. 


Examples. 


Motion on 
an anticlas- 
tic surface 
proved un- 
stable. 
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the path of a projectile, and if at O it be disturbed by an in- 
finitely small force either way perpendicular to its instantaneous 
direction of motion, the disturbed path will cut the undisturbed 
infinitely near the point P where the direction of motion is 
perpendicular to that at O: as we easily see by considering 
that the line joining two particles projected from one point at 
the same instant with equal velocities in the directions of any 
two lines, will always remain perpendicular to the line bisect- 
ing the angle between these two. 

355. The principle of varying action gives a mathematical 
criterion for stability or instability in every case of motion. 
Thus in the first place it is obvious, and it will be proved below 
(S§ 358, 361), that if the action is a true minimum in the motion 
of a system from any one configuration to the configuration 
reached at any other time, however much later, the motion 
is thoroughly unstable. For instance, in the motion of a 
particle constrained to remain on a smooth fixed surface, and 
uninfluenced by gravity, the action is simply the length of 
the path, multiplied by the constant velocity. Hence in the 
particular case of a particle uninfluenced by gravity, moving 
round the inner circle in the plane of an anchor-ring con- 
sidered above, the action, or length of path, is clearly a 
minimum from any one point to the point reached at any sub- 
sequent time. (The action is not merely a minimum, but is 
the least possible, from any point of the circular path to any 
other, through less than half a circumference of the circle.) 
On the other hand, although the path from any point in the 
greatest circle of the ring to any other at a distance from it 
along the circle, less than was, is clearly least possible if along 
the circumference ; the path of absolutely least length is not 
along the circumference between two points at a greater circular 
distance than ~ab from one another, nor is the path along the 
circumference between them a minimum at all in this latter 
case. On any surface whatever which is everywhere anticlastic, 
or along a geodetic of any surface which passes altogether 
through an anticlastic region, the motion is thoroughly un- 
stable. For if it were stable from any point O, we should have 
the given undisturbed path, and the disturbed path from O 
cutting it at some point Q;—two different geodetic lines join- 
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ing two points; which is impossible on an anticlastic surface, Motion of a 
inasmuch as the sum of the exterior angles of any closed în atic 
figure of geodetic lines exceeds four right angles (§ 136) iane 
when the integral curvature of the enclosed area is negative, 
_ which (§§ 138, 128) is the case for every portion of surface 
thoroughly anticlastic. But, on the other hand, it is easily 
proved that if we have an endless rigid band of curved surface 
everywhere synclastic, with a geodetic line running through its ona syn. 
middle, the motion of a particle projected along this line will face: stable 
be stable throughout, and an infinitely slight disturbance will 
give a disturbed path cutting the given undisturbed path again 
and again for ever at successive distances differing according to 
the different specific curvatures of the intermediate portions of 
the surface. If from any 
point, N, of the undis- 
turbed path, a perpen- 
dicular be drawn to cut 
the infinitely near dis- QN.. . my 
turbed path in EF, the Nov. Be p 
angles OEN and NOE N 
must (§ 138) be together 
greater than a right angle by an amount equal to the integral suntion of 
curvature of the area HON. From this the differential equation iin °° 
of the disturbed path may be obtained immediately. 
Let <EON=a, ON=s, and NE=u; and let 3, a known 

fanction of s, be the specific curvature (§ 136) of the surface in 

the neighbourhood of N. Let also, for a moment, ¢ denote the 

complement of the angle OEN. We have 


a—d= | uds. 
de 
H — e = b 
ence as Su 
. du 
B = —_— 3} 
ut, obviously, $ ds? 
- dtu 


When X is constant (as in the case of the equator of a surface of 
revolution considered above, § 351), this gives 
u= Acos(s/3 + E), 
T 


Differential 
equation of 
disturbed 
path. 


General in- 
vestigation 
of disturbed 
path. 


General 
equation of 
motion free 
in two de- 
grees. 
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agreeing with the result (§ 351) which we obtained by develop- 
ment into a spherical surface. 


The case of two or more bodies supported on parallel axes 
in the manner explained above, and rotating with the centre 
of inertia of the whole at the least possible distance from 
the axis, affords a very good illustration also of this proposition 
which may be safely left as an exercise to the student. 

356. To investigate the effect of an infinitely small con- 
servative disturbance produced at any instant in the motion of 
any conservative system, may be reduced to a practicable pro- 
blem (however complicated the required work may be) of 
mathematical analysis, provided the undisturbed motion is 
thoroughly known. 


(a) First, for a system having but two degrees of freedom to 
move, let 
2T=PY¥*+ a$ +2RÝý$ (1), 
where P, Q, R are functions of the co-ordinates not depending 
on the actual motion. Then 


dT Pý+Rė, = 044 RY | 
d aT K an (2); 
d ji - dP jag dP dR i 
and the ae ee of motion [§ 329 (10)] are 
P+ RHH SIY +2 avert a- ay) =v | 
(3). 
Ri+ EE OG —- Dv +2 Gvb4+ Ge ae | 


We shall suppose the system of co-ordinates so chosen that 
none of the functions P, Q, R, nor their differential coefficients 
dP 
db 

(b) To investigate the effects of an infinitely small disturbance, 
we may consider a motion in which, at any time ¢, the co-ordinates 
are ¥-+p and ¢+q, p and q being infinitely small; and, by 
simply taking the variations of equations (3) in the usual manner, 
we arrive at two simultaneous differential equations of the second 
degree, linear with respect to 


P, 9 È, 4; Bs 4; 
but having variable coefficients which, when the undisturbed 


, etc., can ever become infinite. 


DYNAMICAL LAWS AND PRINCIPLES. 291 


motion jy, $i is fully known, may be supposed to be known General in- 
functions of ¢. In these equations obviously none of the coeffi- or. disturbed 
cients can at any time become infinite if the data correspond to ™°*™ 
a real dynamical problem, provided the system of co-ordinates is 
properly chosen (a); and the coefficients of p and g are the values, 
at the time ¢, of P, R, and R, Q, respectively, in the order in 
which they appear in (3), P, Q, R being the coefficients -of a 
homogeneous quadratic function (1) which is essentially positive. 
These properties being taken into account, it may be shown that 
in no case can an infinitely small interval of time be the solution 
of the problem presented ($ 347) by the question of kinetic 
stability or instability, which is as follows :— 

(c) The component velocities ý, ¢ are at any instant changed 
to y+a, 4+, subject to the condition of not changing the 
value of T. Then, a and f being infinitely small, it is required 


to find the interval of time until $ first becomes equal to s i 


(d) The differential equations in p and g reduce this problem, 
and in fact the full problem of finding the disturbance in the 
motion when the undisturbed motion is given, to a practicable 
form. But, merely to prove the proposition that the disturbed 
course cannot meet the undisturbed course until after some finite 
time, and to estimate a limit which this time must exceed in any 
particular case, it may be simpler to proceed thus :— 

(e) To eliminate ¢ from the general equations (3), let them 
first be transformed so as not to have ¢ independent variable. 
We must put 


~ did*y—dydtt + did*p—ddd't 
rana e dt? (4). 
And by the equation of energy we have 
(Pdy* + Qdd?+2Rdydo)s 
d= E— Vy} (5), 


it being assumed that the system is conservative. Eliminating 
dt and d*t between this and the two equations (3), we find a 
differential equation of the second degree between y and ¢, which 
is the differential equation of the course. For simplicity, let us 
suppose one of the co-ordinates, ¢ for instance, to be independent 
variable; that is, let d*#=0. We have, by (4) 
dtt=—¢ = » and therefore Wdt? = d'y 4+ ay bee 
and the result of the elimination becomes 
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(PHR T+ ON OLE TERP 


(PQ—R')= BGS E e a o (6), 
ay dy 
F(= ae) denoting a function of =; dd of the third degree, with vari- 


able coefficients, none of which can become infinite as long as 
E — V, the kinetic energy, is finite. 

(f) Taking the variation of this equation on the supposition 
that y becomes ¥-+-p, where p is infinitely small, we have 


(PQ— Ra) ËP +L F +Mp=0 (7); 


d. 
where L and M denote known functions of ¢, neither of which 
has any infinitely great value. This determines the deviation, p, 
of the course. Inasmuch as the quadratic (1) is essentially 
always positive, PQ— R* must be always positive. Hence, if 


for a particular value of ¢, p vanishes, and a has a given value 


which defines the disturbance we suppose made at any instant, 
p must increase by a finite amount (and therefore a finite time 
must elapse) before the value of p can be again zero; that is to 
say, before the disturbed course can again cut the undisturbed 
course. 

(g) The same proposition consequently holds for a system 
having any number of degrees of freedom. For the preceding 
proof shows it to hold for the system subjected to any frictionless 
constraint, leaving it only two degrees of freedom; including 
that particular frictionless constraint which would not alter either 
the undisturbed or the disturbed course. The full general inves- 
tigation of the disturbed motion, with more than two degrees of 
freedom, takes a necessarily complicated form, but the principles 
on which it is to be carried out are sufficiently indicated by what 
we have done. 


(h) If for __/ _ we substitute a constant 2a, less than its 


| PQR — E 
least value, irrespectively of sign, and for P ICP , a constant 
B greater algebraically than its greatest value, we have an 
equation i _% 
Up, . dp = g 
Fa ar oe ha (8), 


Here the value of p vanishes for values of ¢ successively ex- 
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ceeding one another by » which is clearly less than General in- 


Tr 

a/ (B = a’) vestigation 
the increase that ¢ must bave in the actual problem before p path. alii 
vanishes a second time. Also, we see from this, that if at>£ 
the actual motion is unstable. It might of course be unstable 
even if a*<f; and the proper analytical methods for finding 
either the rigorous solution of (7), or a sufficiently near practical 
solution, would have to be used to close the criterion of stability 
or instability, and to thoroughly determine the disturbance of the 
course. 

(i) When the system is only a single particle, confined to a Diferential 


plane, the differential equation of the deviation may be put under disturbed” 


a remarkably simple form, useful for many practical problema. pula ae 
Let N be the normal component of the force, per unit of the mass, A ý 
at any instant, v the velocity, and p the radius of curvature of 


the path. We have (§ 259), 
N=—. 


- Let, in the diagram, ON be the undisturbed, and OE the 
disturbed path. Let 
EN, cutting ON at 
right angles, be de- 
noted by u, and ON 
bys. If further we ¢ 
denote by p the 
radius of curvature 
in the disturbed path, 
remembering that u is infinitely small, we easily find 

1 1 du u 
P +g T pi (9). 
Hence, using 5 to denote variations from N to E, we have 
2 2 
N= m y o TEES) (10). 
But, by the equation of energy, 
vt =2(E—V), 


and therefore 
2v* 
d(v*)= — 26 aa 
Hence (10) becomes : 
dtu 38u dN 
ne ae 11), 
por a (11) 
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Differential or, if we denote by ¢ the rate of variation of N, per unit of dis- 
artal" tance from the point N in the normal direction, so that ôN = ĝu, 
pati of å d?u 8 

singile par- Beco 

= gpt (pT Oe=. = 


This includes, as a particular case, the equation of deviation from 
a circular orbit, investigated above (§ 350). 


357. If, from any one configuration, two courses differing 
infinitely little from one another, have again a configuration in 
Kinetic foci. common, this second configuration will be called a kinetic focus 
relatively to the first: or (because of the reversibility of the 
motion) these two configurations will be called conjugate kinetic 
foci. Optic foci, if for a moment we adopt the corpuscular 
theory of light, are included as a particular case of kinetic foci 
in general. By § 356 (g) we see that there must be finite in- 
tervals of space and time between two conjugate foci in every 
motion of every kind of system, only provided the kinetic 
energy does not vanish. 
358. Now it is obvious that, provided only a sufficiently 
short course is considered, the action, in any natural motion of a 
Theorem of system, is less than for any other course between its terminal 
action. configurations. It will be proved presently (§ 361) that the first 
configuration up to which the action, reckoned from a given 
Action never initial configuration, ceases to be a minimum, is the first kinetic 


ina coume focus ; and conversely, that when the first kinetic focus is 

kinetic foci. passed, the action, reckoned from the initial configuration, 
ceases to be a minimum; and therefore of course can never 
again be a minimum, because a course of shorter action, de- 
viating infinitely little from it, can be found for a part, without 
altering the remainder of the whole, natural course. 

Notation 359. In such statements as this it will frequently be con- 


for con- 


figurations, venient to indicate particular configurations of the system by 
action. single letters, as O, P, Q, R; and any particular course, in 
which it moves through configurations thus indicated, will be 
called the course O0...P...Q...8. The action in any natural 
course will be denoted simply by the terminal letters, taken in 
the order of the motion. Thus OR will denote the action from 
O to R; and therefore OR—=-— RO. When there are more 
real natural courses from O to R than one, the analytical ex- 
pression for OR will have more than one real value ; and it 
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may be necessary to specify for which of these courses the 
action is reckoned. Thus we may have 

OR for O...£...R, 

OR for 0... F'...R, 

OR for O...E”"...R, 
three different values of one algebraic irrational expression. 

360. In terms of this notation the preceding statement Theorem of 
(§ 358) may be expressed thus :—If, for a conservative system, anoa 
moving on a certain course 0...P...0'...P, the first kinetic 
focus conjugate to O be O’, the action OP, in this course, will 
be less than the action along any other course deviating in- 
finitely little from it: but, on the other hand, OP is greater 
than the actions in some courses from O to P deviating in- 
finitely little from the specified natural course 0...P...0'...P. 

361. It must not be supposed that the action along OP is Two or more 
necessarily the least possible from O to P. There are, in fact, minimum 
cases in which the action ceases to be least of all possible, before posstble. 
a kinetic focus is reached. Thus if OF APO'E’A’ be a sinuous 
geodetic line cutting the outer circle of an anchor ring, or 
the equator of an oblate spheroid, in successive points O, 

A, A’, it is easily seen that O’, the first kinetic focus 
conjugate to O, must lie somewhat beyond A. But the 
length OHAP, although a minimum (a stable position for a 


stretched string), is not the shortest distance on the surface case of two 
from O to P, as this must obviously be a line lying entirely on mitmum, | 
one side of the great circle. From O, to any point, Q, short of mam™™ 
A, the distance along the geodetic OFQA is clearly the least {28 be. 
possible: but if Q be near enough to A (that is to say, between Pons 


A and the point in which the envelope of the geodetics drawn 
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Case of two from O, cuts OFA), there will also be two other geodetics from 


and onenot Oto Q. The length of one of these will be a minimum, and that 
genetic ' of the other not a minimum. If Q is moved forward to A, the 
tween two former becomes OE A, equal and similar to OFA, but on the 
vane other side of the great circle: and the latter becomes the great 
circle from O to A. If now Q be moved on, to P, beyond A, 

the minimum geodetic OF AP ceases to be the less of the two 

minima, and the geodetic OFP lying altogether on the other side 

of the great circle becomes the least possible line from O to P. 

' But until P is advanced beyond the point, O’, in which it is 

cut by another geodetic from O lying infinitely nearly along 

it, the length OFAP remains a minimum, according to the 


Difference general proposition of § 358, which we now proceed to prove. 


between two 


sides and (a) Referring to the notation of § 360, let P, be any configura- 
A kinetic es tion differing infinitely little from P, but not on the course 
triangle: 0...P...0'...P'; and let S be a configuration on this course, 


reached at some finite time after P is passed. Let y, $, ... be 

the co-ordinates of P, and Y, ¢, ... those of P, and let 
¥,—p=dy, p —p=ðġ, ... 

Thus, by Taylor’s theorem, 


OP +P S=0S8+ (Orly 40 Cn b+ eo 
eS ay ee Pysg...) 
+ ete. 


But if £, 1, ... denote the components of momentum at P in the 
course O...P, which are the same as those at P in the continua- 
tion, P...S, of this course, we have [§ 322 (18)] 

dOP dPS dOP dPS 


Hence the coefficients of the terms of the first degree of êy, 5¢, 
in the preceding expression vanish, and we have 


ae i 
+ ete. 


(b) Now, assuming x, =a, ôy +B p+... 
| x, =0,5)-+B,8p-+... \ (2), 
etc. ete. 
according to the known method of linear transformations, let 
a,, Bi, ... %, Bs, ... be so chosen that the preceding quadratic 
function be reduced to the form 
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A,X,°+A,x,"+...+Ajx;’, 
the whole number of degrees of freedom being i. 

This may be done in an infinite variety of ways; and, towards 
fixing upon one particular way, we may take a;=y¥, B;=4, etc. ; 
and subject the others to the conditions 

ya,+¢8,+...=0, Yas +¢6,+...=0, ete. 
This will make A;=0: for if for a moment we suppose P, to be 


on the course 0...P...0°, we have 
A ee 
ý $ 


and therefore 
n= PO +8p 4 ee J Vi-y =0, ove Le =0, a =0. 


But in this case OP +P S=OS; and therefore the value of the 
- quadratic must be zero; that is to say, we must have A,;=0. 
Hence we have | 

OP + P S— OS=4(A,2,2+A,xg?+...-+ Ay, 2%_1) 

ie TR (3) 
where R denotes a remainder consisting of terms of the third and 
higher degrees in 5y, 84, etc., or in x,, £,, ete. 

(c) Another form, which will be used below, may be given to 
the same expression thus :—Let (£,7,, ¢, ...) and (€,’, 9,/,¢’, ...) 
be the components of momentum at P, in the courses OP, and 
P S respectively. By § 322 (18) we have 

_ dOP' 
f= dy ? 
and therefore by Taylor’s theorem 
dOP , d@OP @OP 
ae T Geo dae ... Fete. 
Similarly, 
, a*PS d'PS 
— $, =ap tap? Vt jag tt ...pete.; 
dOP _ dPS 
apy d’ 

, d*(OP+ PS d*(OP+ PS : 
Bn ea a bet tete. (4), 
and so for 7,/—7,, etc. Hence (1) is the same as 

OP, +P,S—O8S=—2{(E/—€)8¥-+(1/—1, 8+...) 

+R (5), 
where R denotes a remainder consisting of terms of the third and 
higher degrees. Also the transformation from ôy, 5¢, ... to 
Zis Za, ..., gives clearly 


dPS 


and therefore, as 


Difference 
between two 
sides and 
the third of 
a kinetic 
triangle. 


Difference 
between two 
sides and 
the third of 
a kinetic 
triangle. 
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é’-—§ = —(A,a,2, +A,a,7, +... 44i- aiti) )- 

1, —-7,= —(B,B,2, +BB.r54+.. +B Bi-1ti-1) (6). 

etc. etc. 

(d) Now for any infinitely small time the velocities remain 
sensibly constant; as also do the coefficients (y, Y), (Y, $), ete., 
in the expression [§ 313 (2)] for T: and therefore for the action 
we have S2TAt=N2TSV2Tat 


=V2T{(Y, 4) (¥— po)? +2( 4; $) (Y— Yo) ($— bo) +ete. } 
where (Yo, Po, .-.) are the co-ordinates of the configuration from 
which the action is reckoned. Hence, if P, P’, P” be any three 
configurations infinitely near one another, and if Q, with the 
proper differences of co-ordinates written after it, be used to 
denote square roots of quadratic functions such as that in the 
preceding expression, we have 

PP’ =V2T.Q{(¥ —¥'), (6 —$'), ...} 

PP’ =3F.Q{(y'—Y"), (H e"), a] (7). 

PP =v 2T.Q{(V'—¥’), (¢’"—¢'), «-.} 
In the particular case of a single free particle, these expressions 
become simply proportional to the distances PP’, P’P’, PP; 
and by Euclid we have 

P'P4PP"< P' P 

unless P is in the straight line P’ P”. 

The verification of this proposition by the preceding expressions 
(7) is merely its proof by co-ordinate geometry with an oblique 
rectilineal system of co-ordinates, and is necessarily somewhat 
complicated. If (Y, ¢)=(¢, 0)=(6, ¥)=0, the co-ordinates be- 
come rectangular and the algebraic proof is easy. There is no 


difficulty, by following the analogies of these known processes, to 


prove that, for any number of co-ordinates, Y, ¢, ete., we have 
P'’P+PP">P'P", 
unless 


(expressing that P is on the course from P to P’’) in which case 
P’P+PP"=P'P", 

P’P, etc., being given by (7). And further, by the aid of (1), 
it is easy to find the proper expression for P’P+PP’’—P’P”, 
when P is infinitely little off the course from P’ to P”: but it is 
quite unnecessary for us here to enter on such purely algebraic 
investigations. 

(e) It is obvious indeed, as has been already said (§ 358), that 
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the action along any natural course is the least possible between pitterence 
its terminal configurations if only a sufficiently short course is in °n}*° 
included. Hence for all cases in which the time from O to S is the third of 
less than some particular amount, the quadratic term in the ex- triangle. 
pression (3) for OP +P S—OS is necessarily positive, for all 

values of 2,, 2,, etc.; and therefore A,, A;,...Ai_, must each be 

positive. 

(f) Let now S be removed further and further from O, along Actions on 
the definite course O...P...0’, until it becomes O’. When it is Sones it 
O’, let P, be taken on a atara course through O and O’, de- fe Rear 
visting infinitely little from the course OPO’. Then, as OP,O’ is forvcen ive 
a natural course, a ct 

E — E =y,'—7,,...=0 . mately equal. 
and therefore (5) becomes 
OP +P 0'— 00' =R, 
which proves that the chief, or quadratic, term in tho other ex- 
pression (3) for the same, vanishes. Hence one at least of the 
coefficients A,, A,,... must vanish, and if one only, A;_,=0 for 
instance, we must have 
x,=0, 7,=0,...vi_,=0. 
These equations express the condition that P, lies on a natural 
course from O to O’. 

(g) Conversely if one or more of the coefficients A,, Aq, etC., If two sides, 
vanishes, if for instance A;_,=0, S must be a kinetic focus. For jnanitere 
if we take P, so that e 

x, =0, £, =0,.. Li- =0, Se aer 
we pave, DYO); stitute an 
at? =n, "—1, a unbroken 

(h) Thus we have proved that at a kinetic focus conjugate to coune 
O the action from O is not a minimum of the first order,! and 
that the last configuration, up to which the action from O is a 
minimum of the first order, is a kinetic focus conjugate to O. 

(i) It remains to be proved that the action from O ceases to 
be a minimum when the first kinetic focus conjugate to O is passed. 

Let, as above (§ 360), O...P...0'...P’ be a natural course ex- 
tending beyond O’, the first kinetic focus conjugate to O. Let P 
and P’ be so near one another that there is no focus conjugate to 
either, between them; and let O...P,...0’ be a natural course 


from O to O’ deviating infinitely little from O...P...0'. By what 
1A maximum or minimum ‘of the first order” of any function of one or more 


variables, is one in which the differential cf the first degree vanishes, but not that of 
the second degree. 
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we have just proved (e), the action OO’ along O...P....O' differs 
only by R, an infinitely small quantity of the third order from the 
action OO’ along O...P...O', and therefore 
Ac.(0...P...0'...P’)=Ac.(0...P,...0°)+0'P’ +R. 
=0P +P,0'+OPR +R. 
But, by a proper application of (e) we see that 
PO+0P'=P P'+Q 
where Q denotes an infinitely small quantity of the second order, 
. which is essentially positive. Hence 
Ac(0...P...0’...P')=OP, +P P’+Q+R, 
and therefore, as R is infinitely small in comparison with Q, 
Ac(O...P...0'...P’)>OP +P P. 
Hence the broken course O.. .P, P....P’ has less action than 
the natural course O...P...0°...P’, and therefore, as the two 
are infinitely near one another, the latter is not a minimum. 


362. As it has been proved that the action from any con- 
figuration ceases to be a minimum at the first conjugate kinetic 
focus, we see immediately that if O’ be the first kinetic focus 
conjugate to O, reached after passing O, no two configurations 
on this course from O to O’ can be kinetic foci to one another. 
For, the action from O just ceasing to be a minimum when 0’ 
is reached, the action between any two intermediate configura- 
tions of the same course is necessarily a minimum. 

363. When there are ¿i degrees of freedom to move there 
are in general, on any natural course from any particular con- 
figuration, O, at least ¿— 1 kinetic foci conjugate to O. Thus, 
for example, on the course of a ray of light emanating from a 
luminous point O, and passing through the centre of a convex 
lens held obliquely to its path, there are two kinetic foci 
conjugate to O, as defined above, being the points in which the 
line of the central ray is cut by the so-called “ focal lines ”? of 
a pencil of rays diverging from O and made convergent after 
passing through the lens. But some or all of these kinetic 
foci may be on the course previous to O; as for instance in the 
case of a common projectile when its course passes obliquely 
downwards through O. Or some or all may be lost; as when, 
in the optical illustration just referred to, the lens is only 
strong enough to produce convergence in one of the principal 


1 In our second volume we hope to give all necessary elementary explanations on 
this subject. 
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planes, or too weak to produce convergence in either. Thus 
also in the case of the undisturbed rectilineal motion of a 
point, or in the motion of a point uninfluenced by force, on 
an anticlastic surface (§ 355), there are no real kinetic foci. 
In the motion of a projectile (not confined to one vertical 
plane) there can only be one kinetic focus on each path, con- 
jugate to one given point; though there are three degrees of 
freedom. Again, there may be any number more than ¿—1, 
of foci in one course, all conjugate to one configuration, as for 
instance on the course of a particle, uninfluenced by force mov- 
ing round the surface of an anchor ring, along either the outer 
great circle, or along a sinuous geodetic such as we have con- 
sidered in § 361, in which clearly there are an infinite number 
of foci each conjugate to any one point of the path, at equal 
successive distances from one another. 

Referring to the notation of § 361 (f), let S be gradually 
moved on until first one of the coefficients, A,_, for instance, 
vanishes ; then another, A;_,, etc.; and soon. We have seen that 
each of these positions of S is a kinetic focus: and thus by the 
successive vanishing of the :—1 coefficients we have :—1 foci. 
If none of the coefficients can ever vanish, there are no kinetic 
foci. If one or more of them, after vanishing, comes to a mini- 
mum, and again vanishes, as S is moved on, there may be any 
number more than :—1 of foci each conjugate to the same con- 
figuration, O. 

364. If i—1 distinct’ courses from a configuration O, each 
differing infinitely little from a certain natural course O.. E. 
Oiar Oren O; -- Q, cut it in configurations O,, O» O3,...0 ip 
and if, besides these, there are not on it any other kinetic foci 
conjugate to O, between O and Q, and no focus at all, conjugate 
to E, between E and Q, the action in this natural course from 
O to Q is the maximum for all courses 0...P,, P,...Q; P, being 
a configuration infinitely nearly agreeing with some configura- 
tion between E and O, of the standard course O..#..0,..O,.... 
O,_,..Q, and 0...P, P...Q denoting the natural courses 
between O and P, and P, and Q, which deviate infinitely little 
from this standard course. 


1 Two courses are not called distinct if they differ from one another only in the 
absolute magnitude, not in the proportions of the components, of the deviations by 
which they differ from the standard course. 
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In § 861 (i), let O’ be any one, O,, of the foci, 01, O,,...9i-1, 
and let P be called P, in this case. The demonstration there 
given shows that OQ => OP, + P,Q. 

Hence there are :—1 different broken courses 

O...P;, P;...Q; 0...P,, Ps...Q; ete., 
in each of which the action is less than in the standard course 
from O to Q. But whatever be the deviation of P, it may 
clearly be compounded of deviations P to P,, P to P,, P to P,, 
... P to Py_;, corresponding to these t—1 cases respectively ; 
and it is easily seen from the analysis that 
OP, +P,Q—0Q=(OP,+P,Q—0Q)+(OP,+ P,Q—0Q)+.... 
Hence OP,+ P,Q < OQ, which was to be proved. 

365. Considering now, for simplicity, only cases in which 
there are but two degrees (§§ 195, 204) of freedom to move, we 
see that after any infinitely small conservative disturbance 
of a system in passing through a certain configuration, the 
system will first again pass through a configuration of the un- 
disturbed course, at the first configuration of the latter at which 
the action in the undisturbed motion ceases to be a mini- 
mum. For instance, in the case of a particle, confined to a 
surface, and subject to any conservative system of force, an 
infinitely small conservative disturbance of its motion through 
any point, O, produces a disturbed path, which cuts the undis- 
turbed path at the first point, O’, at which the action in the 
undisturbed path from O ceases to be a minimum. Or, 
if projectiles, under the influence of gravity alone, be thrown 
from one point, O, in all directions with equal velocities, 
in one vertical plane, their paths, as is easily proved, in- 
tersect one another consecutively in a parabola, of which the 
focus is O, and the vertex the point reached by the particle 
projected directly upwards. The actual course of each particle 
from O is the course of least possible action to any point, P, 
reached before the enveloping parabola, but is not a course of 
minimum action to any point, Q, in its path after the envelope 
is passed. 

366. Or again, if a particle slides round along the greatest 
circle of the smooth inner surface of a hollow anchor ring, the 
“action,” or simply the length of path, from point to point, will 
be least possible for lengths (§ 351) less than m~ ab. Thus if 
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a string be tied round outside on the greatest circle of a per- Applications 
wo de- 


fectly smooth anchor ring, it will slip off unless held in posi- grees of 
s ` ; freedom. 
tion by staples, or checks of some kind, at distances of not less 


than this amount, m~ ab, from one another in succession round 
the circle. With reference to this example, see also § 361, 
above. 

Or, of a particle sliding down an inclined cylindrical groove, 

the action from any point will be the least possible along the 
straight path to any other point reached in a time less than 
that of the vibration one way of a simple pendulum of length 
equal to the radius of the groove, and influenced by a force 
equal g cos 2, instead of g the whole force of gravity. But the 
action will not be a minimum from any point, along the straight 
path, to any other point reached in a longer time than this. 
The case in which the groove is horizontal (¢= 0) and the par- 
ticle is projected along it, is particularly simple and instructive, 
and may be worked out in detail with great ease, without 
assuming any of the general theorems regarding action. 

367. In the preceding account of the Hamiltonian principle, Hamiton's 
and of developments and applications which it has received, we ae 
have adhered to the system (§§ 321, 323) in which the initial and 
final co-ordinates and the constant sum of potential and kinetic 
energies are the elements of which the action is supposed to 
be a function. Another system was also given by Hamilton, ac- 
cording to which the action 1s expressed in terms of the initial 
and final co-ordinates and the time prescribed for the motion ; 
and a set of expressions quite analogous to those with which 
we have worked, are established. For practical applications 
this method is generally less convenient than the other; and 
the analytical relations between the two are so obvious that we 
need not devote any space to them here. 

368. We conclude by calling attention to a very novel Lioevilles 
analytical investigation of the motion of a conservative system, theorem. 
by Liouville (Comptes Rendus, June 16, 1856), which leads im- 
mediately to the principle of least action, and the Hamiltonian 
principle with the developments by Jacobi and others; but 
which also establishes a very remarkable and absolutely new 
theorem regarding the amount of the action along any con- 
strained course. For brevity we shall content ourselves with 
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giving it for a single free particle, referring the reader to the 
original article for Liouville’s complete investigation in terms 
of generalized co-ordinates, applicable to any conservative 
system whatever. 


Let (x, y, z) be the co-ordinates of any point through which 
the particle may move: V its potential energy in this position : 
E the sum of the potential and kinetic energies of the motion in 
question: A the action, from any position (£o, Yo, Zo) to (£, y, z) 
along any course arbitrarily chosen (supposing, for instance, the 
particle to be guided along it by a frictionless guiding tube). 
Then (§ 318), the mass of a particle being taken as unity, 

A=/vds = /V2(E— V) (dx? + dy? +z"). 
Now let 3 be a function of x, y, z, which satisfies the partial 
differential equation 
d% d% dY 
da®* dy’ +z 72E- V). 
Then 
2 2 2 
A=| J (Gat Gat dedy +da) 
=e Pedy Fda dy — del} (de n a dy 
But 
tg y+ Guna, 
and, if x, ý, 2 denote the actual component velocities along the 
arbitrary path, and $ the rate at which 3 increases per unit of 
time in this motion, 
dx=adt, dy=ydt, dz=żdt, d}=Sdt. 
Hence the preceding becomes 


dS da, d .d%,,,.d% .d%, 
(jz) Gz ta) ta Ya) 
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CHAPTER III. 
EXPERIENCE. 


869. By the term Experience, in physical science, we desig- 
nate, according to a suggestion of Herschel’s, our means of 
becoming acquainted with the material universe and the laws 
which regulate it. In general the actions which we see ever 
taking place around us are complex, or due to the simultaneous 
action of many causes. When, as in astronomy, we endeavour 
to ascertain these causes by simply watching their effects, we 
observe ; when, as in our laboratories, we interfere arbitrarily 
with the causes or circumstances of a phenomenon, we are said 
to experiment. 

870. For instance, supposing that we are possessed of instru- 
mental means of measuring time and angles, we may trace out 
by successive observations the relative position of the sun and 
earth at different instants; and (the method is not susceptible 
of any accuracy, but is alluded to here only for the sake 
of illustration) from the variations in the apparent diameter 
of the former we may calculate the ratios of our distances from 
it at those instants. We have thus a set of observations in- 
volving time, angular position with reference to the sun, and 
ratios of distances from it; sufficient (if numerous enough) to 
enable us to discover the laws which connect the variations 
of these co- ordinates. 

Similar methods may be imagined as applicable to the 
motion of any planet about the sun, of a satellite about its 
primary, or of one star about another in a binary group. _ 

871. In general all the data of Astronomy are determined 
in this way, and the same may be said of such subjects as 
Tides and Meteorology. Isothermal Lines, Lines of Equal Dip 
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Observation. oy Intensity, Lines of No Declination, the Connexion of Solar 


Experiment. 


Spots with Terrestrial Magnetism, and a host of other data 
and phenomena, to be explained under the proper heads in 
the course of the work, are thus deducible from Observation 
merely. In these cases the apparatus for the gigantic experi- 
ments is found ready arranged in Nature, and all that the 
philosopher has to do is to watch and measure their progress to 
its last details. 

872. Even in the instance we have chosen above, that of 
the planetary motions, the observed effects are complex; because, 
unless possibly in the case of a double star, we have no instance 
of the undisturbed action of one heavenly body on another ; 
but to a first approximation the motion of a planet about the 
sun is found to be the same as if no other bodies than these 
two existed; and the approximation is sufficient to indicate 
the probable law of mutual action, whose full confirmation is 
obtained when, s truth being assumed, the disturbing effects 
thus calculated are allowed for, and found to account com- 
pletely for the observed deviations from the consequences of 
the first supposition. This may serve to give an idea of the 
mode of obtaining the laws of phenomena, which can only be 
observed in a complex form—and the method can always be 
directly applied when one cause is known to be pre-eminent. 

378. Let us take a case of the other kind—that in which 
the effects are so complex that we cannot deduce the causes 
from the observation of combinations arranged in Nature, but 
must endeavour to form for ourselves other combinations which 
may enable us to study the effects of each cause separately, or 
at least with only slight modification from the interference of 


` other causes. 


A stone, when dropped, falls to the ground; a brick and a 
boulder, if dropped from the top of a cliff at the same moment, 
fall side by side, and reach the ground together. But a brick 
and a slate do not; and while the former falls in a nearly 
vertical direction, the latter describes a most complex path. 
A sheet of paper or a fragment of gold leaf presents even greater 
irregularities than the slate. But by a slight modification of 
the circumstances, we gain a considerable insight into the 
nature of the question. The paper and gold leaf, if rolled into 


~ 
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balls, fall nearly in a vertical line. Here, then, there are evi- 
dently at least two causes at work, one which tends to make 
all bodies fall, and that vertically ; and another which depends 
on the form and substance of the body, and tends to retard 
its fall and alter its vertical direction. How can we study 
the effects of the former on all bodies without sensible com- 
plication from the latter? The effects of Wind, etc., at once 
point out what the latter cause is, the air (whose existence we 
may indeed suppose to have been discovered by such effects) ; 
and to study the nature of the action of the former it is necessary 
to get rid of the complications arising from the presence of air. 
Hence the necessity for Experiment. By means of an apparatus 
to be afterwards described, we remove the greater part of the 
air from the interior of a vessel, and in that we try again our 
experiments on the fall of bodies; and now a general law, 
simple in the extreme, though most important in its con- 
sequences, is at once apparent——-viz,, that all bodies, of what- 
ever size, shape, or material, if dropped side by side at the 
same instant, fall side by side in a space void of air. Before 
experiment had thus separated the phenomena, hasty philo- 
sophers had rushed to the conclusion that some bodies possess 
the quality of heaviness, others that of lightness, etc. Had this 
state of things remained, the law of gravitation, vigorous though 
its action be throughout the universe, could never have been 
recognised as a general principle by the human mind. 

Mere observation of lightning and its effects could never have 
led to the discovery of their relation to the phenomena pre- 
sented by rubbed amber. A modification of the course of 
nature, such as the bringing down of atmospheric electricity into 
our laboratories, was necessary. Without experiment we could 
never even have learned the existence of terrestrial magnetism 

374. In all cases when a particular agent or cause is to be 
studied, experiments should be arranged in such a way as to 
lead if possible to results depending on it alone; or, if this 
cannot be done, they should be arranged so as to increase the 
effects due to the cause to be studied till these so far exceed 
the unavoidable concomitants, that the latter may be con- 
sidered as only disturbing, not essentially modifying, the effects 
of the principal agent. 
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Thus, in order to find the nature of the action of a galvanic 
current upon a magnetized needle, we may adopt either of these 
methods, For instance, we may neutralize the disturbing effects 
of the earth’s magnetism on the needle by properly placing a 
magnetized bar in its neighbourhood. This is an instance of 
the first method. 

Or we may, by increasing the strength of the current, or by 
coiling the wire many times about the needle (as will be ex- 
plained when we describe the galvanometer), multiply the 
effects of the current so that those of the earth’s magnetism 
may be negligible in comparison. 

375. In some cases, however, the latter mode of procedure 
is utterly deceptive—as, for instance, in the use of multiplying 
condensers for the detection of very small electro-motive forces. 
In this case the friction between the parts of the condenser 
often produces more electricity than that which is to be 
measured, so that the true results cannot be deduced: a feeble 
positive charge, for instance, may be trebled, neutralized, or 
even changed to a negative one, by variations of manipulation 
so delicate as to be undiscoverable, and therefore unavoidable. 

376. We thus see that it is uncertain which of these methods 
may be preferable in any particular case; and indeed, in dis- 
covery, he is the most likely to succeed who, not allowing 
himself to be disheartened by the non-success of one form of 
experiment, carefully varies his methods, and thus interrogates 
in every conceivable manner the subject of his investiga- 
tions. 

377. A most important remark, due to Herschel, regards 
what are called residual phenomena. When, in an experiment, 
all known causes being allowed for, there remain certain un- 
explained effects (excessively slight 1t may be), these must 
be carefully investigated, and every conceivable variation of 
arrangement of apparatus, ete., tried; until, if possible, we 
manage so to exaggerate the residual phenomenon as to be able 
to detect its cause. It is here, perhaps, that in the present 
state of science we may most reasonably look for extensions 
of our knowledge; at all events we are warranted by the recent 
history of Natural Philosophy in so doing. Thus, to take only 


a very few instances, and to say nothing of the discovery of - 
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electricity and magnetism by the ancients, the peculiar smell Residual 
observed in a room in which an electrical machine is kept in Poe eae 
action, was long ago observed, but called the “smell of electricity,” 

and thus left unexplained. The sagacity of Schonbein led to 

the discovery that this is due to the formation of Ozone, a most 
extraordinary body, of enormous chemical energies ; whose 

nature is still uncertain, though the attention of chemists has 

for years been directed to it. 

378. Slight anomalies in the motion of Uranus led Adams 
and Le Verrier to the discovery of a new planet ; and the fact 
that a magnetized needle comes to rest sooner when vibrating 
above a copper plate than when the latter is removed, led Arago 
to what was once called magnetism of rotation, but has since 
been explained, immensely extended, and applied to most im- 
portant purposes. In fact, this accidental remark about the 
oscillation of a needle led to facts from which, in Faraday’s 
hands, was evolved the grand discovery of the Induction of 
Electrical Currents by magnets or by other currents. We need 
not enlarge upon this point, as in the following pages the proofs 
of the truth and usefulness of the principle will continually 
recur. Our object has been not so much to give applications 
as methods, and to show if possible how to attack a new com- 
bination, with the view of separating and studying in detail the 
various causes which generally conspire to produce observed 
phenomena, even those which are apparently the simplest. 

379. If on repetition several times, an experiment con- Unexpected 
tinually gives different results, it must either have been very discordance. 
carelessly performed, or there must be some disturbing cause diferent 
not taken account of. And, on the other hand, in cases where 7 
no very great coincidence is likely on repeated trials, an unex- 
pected degree of agreeinent between the results of various trials 
should be regarded with the utmost suspicion, as probably due 
to some unnoticed peculiarity of the apparatus employed. In 
either of these cases, however, careful observation cannot fail 
to detect the cause of the discrepancies or of the unexpected 
agreement, and may possibly lead to discoveries in a totally 
unthought-of quarter. Instances of this kind may be given 
without limit; one or two must suffice. 

380. Thus, with a very good achromatic telescope a star 
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appears to have a sensible disc. But, as it is observed that 
the discs of all stars appear to be of equal angular diameter, 
we of course suspect some common error. Limiting the aper- 
ture of the object-glass increases the appearance in question, 
which, on full investigation, is found to have nothing to do with 
discs at all. It is, in fact, a diffraction phenomenon, and will 
be explained in our chapters on Light. 

Again, in measuring the velocity of Sound by experiments 
conducted at night with cannon, the results at one station 
were never found to agree exactly with those at the other ; 
sometimes, indeed, the differences were very considerable. But 


a little consideration led to the remark, that on those nights in 


which the discordance was greatest a strong wind was blowing 
nearly from one station to the other. Allowing for the obvious 
effect of this, or rather eliminating it altogether, the mean velo- 
cities on different evenings were found to agree very closely. 

381. It may perhaps be advisable to say a few words here 
about the use of hypotheses, and especially those of very 
different gradations of value which are promulgated in the 
form of Mathematical Theories of different branches of Natural 
Philosophy. 

382. Where, as in the case of the planetary motions and 
disturbances, the forces concerned are thoroughly known, the 
mathematical theory is absolutely true, and requires only analysis 
to work out its remotest details. It is thus, in general, far 
ahead of observation, and is competent to predict effects not yet 
even observed—as, for instance, Lunar Inequalities due to the 
action of Venus upon the Earth, etc. etc., to which no amount 
of observation, unaided by theory, would ever have enabled us to 
assign the true cause. It may also, in such subjects as Geometrical 
Optics, be carried to developments far beyond the reach of 
experiment; but in this science the assumed bases of the 
theory are only approximate, and it fails to explain in all their 
peculiarities even such comparatively simple phenomena as 
Halos and Rainbows—-though it is perfectly successful for the 
practical purposes of the maker of microscopes and telescopes— 
and has, in these cases, carried the construction of instruments 
to a degree of perfection which merely tentative processes never 
could have reached. 


EXPERIENCE, 311 


383. Another class of mathematical theories, based to a Hypotheses. 
certain extent on experiment, is at present useful, and has even 
in certain cases pointed to new and important results, which 
experiment has subsequently verified. Such are the Dynamical 
Theory of Heat, the Undulatory Theory of Light, etc. ete. In 
the former, which is based upon the experimental fact that 
heat is motion, many formule are at present obscure and unin- 
terpretable, because we do not know what is moving or how it 
moves. Results of the theory in which these are not involved, 
are of course experimentally verified. The same difficulties 
exist in the Theory of Light. But before this obscurity can be 
perfectly cleared up, we must know something of the ultimate, 
or molecular, constitution of the bodies, or groups of molecules, 
at present known to us only in the aggregate. 

384. A third class is well represented by the Mathematical 
Theories of Heat (Conduction), Electricity (Statical), and 
Magnetism (Permanent). Although we do not know how 
Heat is propagated in bodies, nor what Statical Electricity 
or Permanent Magnetism are—the laws of their forces are 
as certainly known as that of Gravitation, and can therefore 
like it be developed to their consequences, by the application 
of Mathematical Analysis. The works of Fourier,’ Green,” 
and Poisson are remarkable instances of such development. 
Another good example is Ampére’s Theory of Electro-dynamics. 
And this leads us to a fourth class, which, however ingenious, 
must be regarded as in reality pernicious rather than useful 

885. A good type of such a theory is that of Weber, which 
professes to supply a physical basis for Ampére’s Theory of 
Electro-dynamics, just mentioned as one of the admirable and 
really useful third class. Ampére contents himself with ex- 
perimental data as to the action of closed currents on each 
other, and from these he deduces mathematically the action 
which an element of one current ought to exert on an element 
of another—-if such a case could be submitted to experiment. 
This cannot possibly lead to confusion. But Weber goes 
further, he assumes that an electric current consists in the 


ı Théorie Analytique dela Chaleur. Paris. 1822. 

2 Essay on the Application of Mathematical Analysis to the Theories of Electricity 
and Magnetism. Nottingham. 1828. Reprinted in Crelle’s Journal. 

3 Mémoires sur le Maynétisine. Mém. de l'Acad. des Sciences, 1811, | 
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motion of particles of two kinds of electricity moving in 
opposite directions through the conducting wire; and that 
these particles exert forces on other such particles of electricity, 
when in relative motion, different from those they would exert 
if at relative rest. In the present state of science this is wholly 
unwarrantable, because it is impossible to conceive that the 
hypothesis of two electric fluids can be true, and besides, be- 
cause the conclusions are inconsistent with the Conservation of 
Energy, which we have numberless experimental reasons for 
receiving as a general principle in nature. It only adds to the 
danger of such theories, when they happen to explain further 
phenomena, as those of induced currents are explained by that of 
Weber. Another of this class is the Corpuscular Theory of Light, 
which for a time did great mischief, and which could scarcely 
have been justifiable unless a luminous corpuscle had been 
actually seen and examined As such speculations, though. 
dangerous, are interesting, and often beautiful (as, for instance, 
that of Weber), we will refer to them again under the proper 
heads. 

886. Mathematical theories of physical forces are in general 
of one of two species. First, those in which the fundamental 
assumption is far more general than is necessary. Thus the 
equation of Laplace’s Functions [Chap. 1. App. B, (a)] contains 
the mathematical foundation of the theories of Gravitation, 
Statical Electricity, Permanent Magnetism, Permanent Flux of 
Heat, Motion of Incompressible Fluids, etc. etc., and has there- 
fore to be accompanied by limiting considerations when applied 
to any one of these subjects. 

Again, there are those which are built upon a few experi- 
ments, or simple but inexact hypotheses, only ; and which re- 
quire to be modified in the way of extension rather than 
limitation. As a notable example of such, we may give the 
whole subject of Abstract Dynamics, which requires extensive 
modifications (explained in DIVISION 11.) before it can in general 
be applied to practical purposes. 

387. When the most probable result is required from a 
number of observations of the same quantity which do not 
exactly agree, we must appeal to the mathematical theory of 
probahilities to guide us to a method of combining the results 
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of experience, so as to eliminate from them, as far as possible, ae 
the inaccuracies of observation. Of course it is to be under- bable result 
stood that we do not here class as inaccuracies of observation pens oe 
any errors which may affect alike every one of a series of 
observations, such as the inexact determination of a zero point 

or of the essential units of time and space, the personal equa- 

tion of the observer, etc. The process, whatever it may be, 

which is to be employed in the elimination of errors, is ap- 

plicable even to these, but only when several distinct series of 
observations have been made, with a change of instrument, or 

of observer, or of both. 

888. We understand as inaccuracies of observation the 
whole class of errors which are as likely to lie in one 
direction as another in successive trials, and which we may 
fairly presume would, on the average of an infinite number of 
repetitions, exactly balance each other in excess and defect. 
Moreover, we consider only errors of such a kind that their 
probability is the less the greater they are ; so that such errors 
as an accidental reading of a wrong number of whole de- 
grees on a divided circle (which, by the way, can in general be 
probably corrected by comparison with other observations) are 
not to be included. 

389. Mathematically considered, the subject is by no means 
an easy one, and many high authorities have asserted that the 
reasoning employed by Laplace, Gauss, and others, is not well 
founded ; although the results of their analysis have been 
generally accepted. As an excellent treatise on the subject has 
recently been published by Airy, it is not necessary for us to 
do more than sketch in the most cursory manner a simple and 
apparently satisfactory method of arriving at what is called the 
Method of Least Squares. — 

390. Supposing the zero-point and the graduation of an 
instrument (micrometer, mural circle, thermometer, electrometer, 
galvanometer, etc.) to be absolutely accurate, successive readings 
of the value of a quantity (linear distance, altitude of a star, 
temperature, potential, strength of an electric current, etc.) may, 
and in general do, continually differ. What is most probably 
the true value of the observed quantity ? 

` The most probable value, in all such cases, if the observa- 
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tions are all equally reliable, will evidently be the simple 
mean; or if they are not equally reliable, the mean found by 
attributing weights to the several observations in proportion to 
their presumed exactness. But if several such means have 
been taken, or several single observations, and if these several 
means or observations have been differently qualified for the 
determination of the sought quantity (some of them being 
likely to give a more exact value than others), we must assign 
theoretically the best method of combining them in practice. 
391. Inaccuracies of observation are, in general, as likely to 
be in excess as in defect. They are also (as before observed) more 
likely to be small than great; and (practically) large errors are 
not to be expected at all, as such would come under the class 
of avoidable mistakes. It follows that in any one of a series of 
observations of the same quantity the probability of an error 
of magnitude x must depend upon z’, and must be expressed 
by some function whose value diminishes very rapidly as æ 
increases. The probability that the error les between x and 
x + r, where & is very small, must also be proportional to &z. 


Hence we may assume the probability of an error of any 
magnitude included in the range of x to x + dx to be 
p(x?)dx. 
Now the error must be included between -+ œ and — œ. 
Hence, as a first condition, 


+o 
Í (x?)\dxr=1 (1). 


The consideration of a very simple case gives us the means of 
determining the form of the function ¢ involved in the preceding 
expression. ! 

Suppose a stone to be let fall with the object of hitting a mark 
on the ground. Let two perpendicular lines be drawn through 
the mark, and take them as axes of x and y respectively. The 
chance of the stone falling at a distance between x and x + dr 


from the axis of y is p(x?) xc. 
Of its falling between y and y + dy from the axis of x the chance 
is b(y*)dy. 


The chance of its falling on the elementary area dxrdy, whose co- 
ordinates are x, y, is therefore (since these are independent events, 


1 Compare Boole, Trans. R.S.E., 1857. 
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and it is to be observed that this is the assumption on which the Deduction of 
most pro- 


whole investigation depends) bable result 
from a num- 


f(x?) f(y? )dxdy, or adix)p(y*), ber of obser- 

if a denote the indefinitely small area about the point xy. ee 

Had we taken any other set of rectangular axes with the same 
origin, we should have found for the same probability the ex- 
pression adp(x'*) ply’), 
x’, y’ being the new co-ordinates of a. Hence we must have 

P(x") G(y*) = H(z") Ply), if wy =r ty”. 
From this functional equation we have at once 
dia?) = Aer, 

where A and m are constants. We see at once that m must be 
negative (as the chance of a large error is very small), and we 


may write for it "r so that A will indicate the degree of de- 


licacy or coarseness of the system of measurement employed. 
Substituting in (1) we have 


+ r? 
af E~ m dx=l, 
 —@®@ 


whence A =a , and the law of error is 


1 #8 Law of error. 

Jn he 
The law of error, as regards distance from the mark, without 
reference to the direction of error, is evidently 

Sox? oly? \dacdy, 
taken through the space between concentric circles whose radii 
are r and r+ôr, and is therefore 
A 

q£ “rêr, 
which is of the same form as the law of error to the right or left 
of a line, with the additional factor r for the greater space for 
error at greater distances from the centre. As a verification, we 


see at once that 
2(° _ r 
he | i E wrdr=1 
as was to be expected. 
392, The Probable Error of an observation is a numerical Provable 
quantity such that the error of the observation 1s as likely to 


exceed as to fall short of it in magnitude. 


Probable 
error. 


Probable 
error of a 
sum, differ- 
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multiple. 
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If we assume the law of error just found, and call P the 
probable error in one trial, 


f £7 ad= £T Zdr 


The solution of this equation by trial and error leads to the 
approximate result 
| P=0°477 h. 

393. The probable error of any given multiple of the value 
of an observed quantity is evidently the same multiple of the 
probable error of the quantity itself. 

The probable error of the sum or difference of two quantities, 
affected by independent errors, is the square root of the sum of 
the squares of their separate probable errors. 


To prove this, let us investigate the law of error of 
XtY=Z 
where the laws of error of X and Y are 
JE ae: and qe m 
respectively. The chance of an error in Z, of a magnitude not 
exceeding the limits [z, z + ôz], is evidently 


+ 0 x2 2+d2—x y? 
al € a? def € dy. 


-T 


For, whatever value is assigned to x, the value of y is given by 
the limits z— x and z + 6z— x [or z + x, z + êz + x; but the 
chances of + x are the same, and both are included in the limits 
(+ œ) of integration with respect to x]. 

The value of the above integral becomes, by effecting the in- 
tegration with respect to y, 


Tab) — 


Thus the probable error is 0:-477a?-+52, whence the proposition. 
And the same theorem is evidently true for any number of quan- 
tities. 


394. As above remarked, the principal use of this theory is 
in the deduction, from a large series of observations, of the 
values of the quantities sought in such a form as to be liable 
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to the smallest probable error. As an instance—by the prin- Practical 
application. 

ciples of physical astronomy, the place of a planet is calculated eed or 

from assumed values of the elements of its orbit, and tabulated 

in the Nautical Almanac. The observed places do not exactly 

agree with the predicted places, for two reasons—first, the data 

for calculation are not exact (and in fact the main object of the 

observation is to correct their assumed values); second, the 

observation is in error to some unknown amount. Now the 

difference between the observed, and the calculated, places 

depends on the errors of assumed elements and of observation. 

Our methods are applied to eliminate as far as possible the 

second of these, and the resulting equations give the required 

corrections of the elements. 

Thus if @ be the calculated R.A. of a planet: 8a, ĉe, 83, ete., 
the corrections required for the assumed elements—the true 
R.A. is 6+ Ada+ Ede+ Iléz-+ete., 
where A, E, II, etc., are approximately known. Suppose the 
observed R.A. to be ©, then 

0+ Aéa+ £ée+Il8s+...=9Q 
or Aéa+ £e+lés+...=Q—89, 
a known quantity, subject to error of observation. Every obser- 
vation made gives us an equation of the same form as this, and 
in general the number of observations greatly exceeds that of the 
quantities da, dc, da, ete., to be found. But it will be sufficient to 
consider the simple case where only one quantity is to be found. 

Suppose a number of observations, of the same quantity z, lead 
to the following equations :— 

x=B,, x=B,, ete., 

and let the probable errors be Æ, E,,... Multiply the terms of 
each equation by numbers inversely proportional to E,, Ey, .... 
This will make the probable errors of the second members of all 
the equations the same, e suppose. The equations have now the 
general form ax=b, 
and it is required to find a system of linear factors, by which 
these equations, being multiplied in order and added, shall lead 
to a final equation giving the value of x with the probable error a 
Minimum. Let them be f,, fz, etc. Then the final equation is 

| (Zaf)x= (sf) 
and therefore P?(2af )?=e72( f*) 
by the theorems of § 393, if P denote the probable error of x. 


Method of 
least squares. 


Methods of 
representing 
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Hence =F") isa minimum, and its differential coefficients 
(Saf) | 

with respect to each separate factor f must vanish. 

This gives a series of equations, whose general form is 

f2\af) — a2(f*)=0, 

which give evidently f,=a,, f,=dz, ete. 

Hence the following rule, which may easily be seen to hold for 
any number of linear equations containing a smaller number of 
unknown quantities, 


Make the probable error of the second member the same in each 
equation, by the employment of a proper factor; multiply each 
equation by the coefficient of x in it and add all, for one of the 
final equations; and so, with reference to y, z, ete., for the others. 
The probable errors of the values of x, y, ete., found from these 
final equations will be less than those of the values derived 
from any other /inear method of combining the equations. 

This process has been called the method of Least Squares, 
because the values of the unknown quantities found by it are 
such as to render the sum of the squares of the errors of the 
original equations a minimum. 

That is, in the simple case taken above, 
2(ax — b)’ = minimum. 
For it is evident that this gives, on differentiating with respect 


to x, 2a(ax — b) =0, 
which is the law above laid down for the formation of the single 
equation. 


895. When a series of observations of the same quantity 


experimental has been made at different times, or under different circum- 


results. 


stances, the law connecting the value of the quantity with the 
time, or some other variable, may be derived from the results 
in several ways—all more or less approximate. Two of these 
methods, however, are so much more extensively used than the 
others, that we shall devote a page or two here to a preliminary 
notice of them, leaving detailed instances of their application 
till we come to Heat, Electricity, ete. They consist in (1.) a 
Curve, giving a graphic representation of the relation between 
the ordinate and abscissa, and (2.) an Empirical Formula con- 
necting the variables, 

896. Thus if the abscissa represent intervals of time, and 
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the ordinates the corresponding height of the barometer, we Curves. 
may construct curves which show at a glance the dependence 
of barometric pressure upon the time of day; and so on. Such 
curves may be accurately drawn by photographic processes on a 
sheet of sensitive paper placed behind the mercurial column, 
and made to move past it with a uniform horizontal velocity 
by clockwork. A similar process is applied to the Temperature 
and Electricity of the atmosphere, and to the components of 
terrestrial magnetism. 

397. When the observations are not, as in the last section, 
continuous, they give us only a series of points in the curve, 
from which, however, we may in general approximate very 
closely to the result of continuous observation by drawing, 
liberd manu, a curve passing through these points. This pro- 
cess, however, must be employed with great caution; because, 
unless the observations are sufficiently close to each other, 
most important fluctuations in the curve may escape notice. It 
is applicable, with abundant accuracy, to all cases where the 
quantity observed changes very slowly. Thus, for instance, 
weekly observations of the temperature at depths of from 6 to 
24 feet underground were found by Forbes sufficient for a very 
accurate approximation to the law of the phenomenon. 

398. As an instance of the processes employed for obtaining Interpola- 

. o . tion and 
an empirical formula, we may mention methods of Interpola- empirical 
tion, to which the problem can always be reduced. Thus from” 
sextant observations, at known intervals, of the altitude of the 
sun, it is a common problem of astronomy to determine at what 
instant the altitude is greatest, and what is that greatest alti- 
tude. The first enables us to find the true solar time at the 
place, and the second, by the help of the Nautical Almanac, 
gives the latitude. The differential calculus, and the calculus 
of finite differences, give us formule for any required data; 
and Lagrange has shown how to obtain a very useful one by 
elementary algebra. 
By Taylor’s Theorem, if y=f(x), we have 
2 


y= feo B—H0)=flaa) + (wae) (ws) + ETSY sf" a) +. 


( — T, )” ni eb 
4 Fo)" por, + e—a9)] (1). 
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eos where 0 is a proper fraction, and x, is any quantity whatever. 
empirical This formula is useful only when the successive derived values 
orinul®. 


of f(x.) diminish very rapidly. 
In finite differences we have 


Jathi Drar) 
= f(x) hAf(x)+ Ata) + os (2): 


a very useful formula when the higher differences are small. 

(1) suggests the proper form for the required expression, but it 
is only in rare cases that f (x), f(x), ete., are derivable directly 
from observation. But (2) is useful, inasmuch as the successive 
differences, Af(x), A*f(x), ete., are easily calculated from the 
tabulated results of observation, provided these have been taken 
for equal successive increments of 2. 

If for values x,, £3, ... 2, a function takes the values yı, Ys 
Yay --- Yn, Lagrange gives for it the obvious expression 

eae een Cee nee eee Le a NA 

L— HX, (XI) (Ly — Ay) ...(L— Ae) | L— r, (yx) (Xz — 45)... (7 — Ta) 
Here it is of course assumed that the function required is a 
rational and integral one in x of the n—1 degree; and, in 
general, a similar limitation is in practice applied to the other 
formule above; for in order to find the complete expression for 
f(x) in either, it is necessary to determine the values of f'(x), 
f'(xo), ... in the first, or of Af(a), A*/(x), ... in the second. If 
n of the coefficients be required, so as to give the n chief terms 
of the general value of f(x), we must have n observed simul- 
taneous values of x and f(x), and the expressions become deter- 
minate and of the n— 1th degree in x—2, and h respectively. 

In practice it is usually sufficient to employ at most three terms 
of either of the first two series. Thus to express the length / 
of a rod of metal as depending on its temperature t, we may 
assume from (1) 

I=1,+ A(t—t,) + Blt—ty)’, 
l, being the measured length at any temperature ż,. 


+ (1 —x,) (2—2)... (7 —a 


CHAPTER IV. 
MEASURES AND INSTRUMENTS. 


899. Havine seen in the preceding chapter that for the 
investigation of the laws of nature we must carefully watch 


experiments, either those gigantic ones which the universe” 


furnishes, or others devised and executed by man for special 
objects—and having seen that in all such observations accurate 
measurements of Time, Space, Force, etc., are absolutely neces- 
sary, we may now appropriately describe a few of the more 
useful of the instruments employed for these purposes, and the 
various standards or units which are employed in them. 

400. Before going into detail we may give a rapid résumé 
of the principal Standards and Instruments to be described in 
this chapter. As most, if not all, of them depend on physical 
principles to be detailed in the course of this work—we shall 
assume in anticipation the establishment of such principles, 
giving references to the future division or chapter in which the 
experimental demonstrations are more particularly explained. 
This course will entail a slight, but unavoidable, confusion— 
slight, because Clocks, Balances, Screws, etc., are familiar even 
to those who know nothing of Natural Philosophy ; unavoid- 
able, because it is in the very nature of our subject that no one 
part can grow alone, each requiring for its full development the 
utmost resources of all the others. But if one of our depart- 
ments thus borrows from others, it is satisfactory to find that it 
more than repays by the power which its improvement affords 
them. 

401. We may divide our more important and fundamental 
instruments into four classes— 
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Those for measuring Time; 


M 5 Space, linear or angular ; 
3) 2) Force ; 
sg Mass. 


Other instruments, adapted for special purposes such as the 
measurement of Temperature, Light, Electric Currents, etc., will 
come more naturally under the head of the particular physical 
energies to whose measurement they are applicable. 

402. We shall now consider in order the more prominent 
instruments of each of these four classes, and some of their 
most important applications :— 

Clock, Chronometer, Chronoscope, Applications to Ob- 
servation and to self-registering Instruments. 
Vernier and Screw-Micrometer, Cathetometer, Sphero- 
meter, Dividing Engine, Theodolite, Sextant or Circle. 
Common Balance, Bifilar Balance, Torsion Balance, Pen- 
dulum, Dynamometer. 
Among Standards we may mention— 

1. Time—Day, Hour, Minute, Second, sidereal and solar. 

2. Space-—Yard and Metre: Degree, Minute, Second. 

3. Force.—Weight of a Pound or Kilogramme, etc., in any 

particular locality (gravitation unit) ; kinetic unit. 

4. Mass.——-Pound, Kilogramme, etc. 

403. Although without instruments it is impossible to pro- 
cure or apply any standard, yet, as without the standards no 
instrument could give us absolute measure, we may consider the 
standards first—referring to the instruments as if we already 
knew their principles and applications. 

404. We need do no more than mention the standard of 
angular measure, the Degree or ninetieth part of a right angle, 
and its successive subdivisions into sixtieths called Minutes, 
Seconds, Thirds, etc. This system of division is extremely in- 
convenient, but it has been so long universally adopted by all 
Europe, that the far preferable form, the decimal division of the 
right angle, decreed by the French Republic when it success- 
fully introduced other more sweeping changes, utterly failed. 
Seconds, however, are generally divided into decimal parts. 

The decimal division is employed, of course, when circular 
measure is adopted, the unit of circular measure being the angle 
subtended at the centre of any circle by an arc equal in length 
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to the radius. Thus two right angles have the circular measure Angular 
ar or 3'14159, so that m and 180° represent the same angle: and 
the unit angle, or the angle of which the arc is equal to radius, 
is 57°°29578..., or 57°»17/n44"°8.—_ (Compare § 41.) 

Hence the number of degrees n in any angle 0 given in circular 


measure, or the converse, will be found at once by the equation 
£ =p therefore n= 0 X 57°-29578...= 0 X 57°917'44"8.., 

405. The practical standard of time is the Sidereal Day, being Measure 
the period, nearly constant, of the earth’s rotation about its axis E 
(§ 247). It has been calculated from ancient observations of 
eclipses that this has not altered by osozsoz Of its length 
from 720 B.c. From it is easily derived the Mean Solar Day, 
or the mean interval which elapses between successive passages 
of the sun across the meridian of any place. This is not so nearly 
as the former, an absolute or invariable unit; secular changes in 
the period of the earth's rotation about the sun affect it, though 
very slightly. It is divided into 24 hours, and the hour, like 
the degree, is subdivided into successive sixtieths, called minutes 
and seconds. The usual subdivision of seconds is decimal. 

It is well to observe that seconds and minutes of time 
are distinguished from those of angular measure by notation. 
Thus we have for time 13° 43" 27°58, but for angular measure 
13° 43° 27°58. 

When long periods of time are to be measured, the 
mean solar year, consisting of 366°242203 sidereal days, or 
365°242242 mean solar days, or the century consisting of 100 
such years, may be conveniently employed as the unit. 

406. The ultimate standard of accurate chronometry must Necessity for 


a perennial 


(if the human race live on the earth for a few million years) be o 
founded on the physical properties of some body of more con- suggested. 
stant character than the earth : for instance, a carefully arranged 
metallic spring, hermetically sealed in an exhausted glass vessel. 

The time of vibration of such a spring would be necessarily more 
constant from day to day than that of the balance-spring of the 

best possible chronometer, disturbed as this is by the train of 
mechanism with which it is connected : and it would almost cer- 

tainly be more constant from age to age than the time of rota- 

tion of the earth (cooling and shrinking, as it certainly is, to an 
extent that must be very considerable in fifty million years). 
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407. The British standard of length is the Imperial Yard, 
defined as the distance between two marks on a certain metallic 
bar, preserved in the Tower of London, when the whole has a 
temperature of 60° Fahrenheit. It was not directly derived 
from any fixed quantity in nature, although some important 
relations with such have been measured with great accuracy. 
It has been carefully compared with the length of a second’s 
pendulum vibrating at a certain station in the neighbourhood of 
London, so that if it should again be destroyed, as it was at the 
burning of the Houses of Parliament in 1834, and should all 
exact copies of it, of which several are preserved in various 
places, be also lost, it can be restored by pendulum observa- 
tions. A less accurate, but still (except in the event of 
earthquake disturbance) a very good, means of reproducing it 
exists in the measured base-lines of the Ordnance Survey, 
and the thence calculated distances between definite stations 
in the British Islands, which have been ascertained in terms 
of it with a degree of accuracy sometimes within an inch 
per mile, that is to say, within about =.3,5.- 

408. In scientific investigations, we endeavour as much as 
possible to keep to one unit at a time, and the foot, which is 
defined to be one-third part of the yard, is, for British measure- 
ment, generally the most convenient. Unfortunately the inch, 
or one-twelfth of a foot, must sometimes be used, but it is 
subdivided decimally. The statute mile, or 1760 yards, is 
unfortunately often used when great lengths are considered. 
Thus it appears that the British measurement of length is more 
inconvenient in its several denominations than the European 
measurement of time, or angles. 

409. A far more perfect metrical system than the British, 
is the French, in which the decimal division is exclusively 
employed. Here the standard is the Mètre, defined originally 
as the ten-millionth part of the length of the quadrant of the 
earth’s meridian from the pole to the equator; but now defined 
practically by the accurate standard metres laid up in various 
national repositories in Europe. It is somewhat longer than 
the yard, as the following Table shows. Its great convenience 
is the decimal division. Thus in any expression the units 
represent mètres, the tens decamétres, etc. ; the first decimal 
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place represents decimétres, the second centimètres, the third Morras, 
millimetres, and so on. 
Inch =25-39954 millimètres. | Millimétre=-03937079 inch. 
Foot=3-047945 decimatres. | Decimétre=-3280899 foot. 
Mile=1609-315 mètres. | Kilomatre=-6213824 mile. 


410. The unit of superficial measure is in Britain the Mesure 
square yard, in France the mètre carré. Of course we may use 
square inches, feet, or miles, as also square millimétres, kilo- 
mètres, etc, or the Hectare = 10,000 square mètres. 


Square inch = 6-451367 square centimètres. 


», foot = 9-28997 „  decimetres. 
» yard = 83-60971 ,, decimatres. 
Acre = -4046711 of a hectare. 
Square mile = 258-9895 hectares. 
Hectare = 2.471143 acres. 


411. Similar remarks apply to the cubic measure in the ™ 
two countries, and we have the following Table :— 
Cubic inch = 16-38618 cubic centimètres. 


of olami 


„ foot = 28.315312 ,, decimètres, or Litres. 
Gallon = 4.54346 litres. 

a4 == 277-274 cubic inches. 
Litre = 0-035317 cubic feet. 


412. The British unit of mass is the Pound (defined Measure 
by standards only); the French is the Kilogramme, defined ° 
originally as a litre of water at its temperature of maximum 
density ; but now practically defined by existing standards. 

Grain =64-79896 milligrammes. | Gramme =15:43235 grains. 
Pound = 453-5927 grammes. Kilogram. =2-20462125 lbs. 

Professor W. H. Miller finds (Phil. Trans. 1857) that the 
“ kilogramme des Archives” is equal in mass to 15432°34874 
grains ; and the “ kilogramme type laiton,” deposited in the 
Ministère de |’Intérieure in Paris, as standard for French com- 
"merce, is 15432'344 grains. 

413. The measurement of force, whether in terms of the Measure 
weight of a stated mass in a stated locality, or in terms of the 
absolute or kinetic unit, has been explained in Chap. I. (See 
§§ 220-226.) From the measures of force and length, we 
derive at once the measure of work or mechanical effect. That 
practically employed by engineers is founded on the gravita- 
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‘tion measure of force. Neglecting the difference of gravity at 


Clock. 


Electrically 
controlled 
clocks. 


Chronoscope. 


London and Paris, we see from the above tables that the follow- 
ing relations exist between the London and the Parisian reckon- 
ing of work :— 
Foot- pound = 0°13825 kilogramme-me¢tre. 
Kilogramme-meétre = 7°2331 foot-pounds. 

414. A Clock is primarily an instrument which, by means 
of a train of wheels, records the number of vibrations executed 
by a pendulum ; a Chronometer or Watch performs the same duty 
for the oscillations of a flat spiral spring—just as the train of 
wheel-work in a gas-meter counts the number of revolutions of 
the main shaft caused by the passage of the gas through the 
machine. As, however, it is impossible to avoid friction, re- 
sistance of air, etc., a pendulum or spring, left to itself, would 
not long continue its oscillations, and, while its motion con- 
tinued, would perform each oscillation in less and less time as 
the arc of vibration diminished : a continuous supply of energy 
is furnished by the descent of a weight, or the uncoiling of 
a powerful spring. This is so applied, through the train of 
wheels, to the pendulum or balance-wheel by means of a 
mechanical contrivance called an Escapement, that the oscilla- 
tions are maintained of nearly uniform extent, and therefore 
of nearly uniform duration. The construction of escapements, 
as well as of trains of clock-wheels, is a matter of Mechanics, 
with the details of which we are not concerned, although it may 
easily be made the subject of mathematical investigation. The 
means of avoiding errors introduced by changes of temperature, 
which have been carried out in Compensation pendulums and 
balances, will be more properly described in our chapters on 
Heat. It is to be observed that there is little inconvenience 
if a clock lose or gain regularly; that can be easily and ac- 
curately allowed for: irregular rate is fatal. 

415. By means of a recent application of electricity to be 
afterwards described, one good clock, carefully regulated from 
time to time to agree with astronomical observations, may be 
made (without injury to its own performance) to control any 
number of other less-perfectly constructed clocks, so as to com- 
pel their pendulums to vibrate, beat for beat, with its own. 

416. In astronomical observations, time is estimated to 
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tenths of a second by a practised observer, who, while watching Chronoscope. 
the phenomena, counts the beats of the clock. But for the very 

accurate measurement of short intervals, many instruments have 

been devised. Thus if a small orifice be opened in a large and 

deep vessel full of mercury, and if we know by trial the weight 

of metal that escapes say in five minutes, a simple proportion 

gives the interval which elapses during the escape of any given 

weight. It is easy to contrive an adjustment by which a vessel 

may be placed under, and withdrawn from, the issuing stream 

at the time of occurrence of any two successive phenomena. 

417. Other contrivances, called Stop-watches, Chronoscopes, 
etc., which can be read off at rest, started on the occurrence of 
any phenomenon, and stopped at the occurrence of a second, 
then again read off; or which allow of the making (by pressing 
a stud) a slight ink-mark, on a dial revolving at a given rate, 
at the instant of the occurrence of each phenomenon to be 
noted; and such like, are common enough. But, of late, these 
have almost entirely given place to the Electric Chronoscope, 
an instrument which will be fully described later, when we 
shall have occasion to refer to experiments in which it has 
been usefully employed. 

418. We now come to the measurement of space, and of 
angles, and for these purposes the most important instruments 
are the Vernier and the Screw. 

419. Elementary geometry, indeed, gives us the means of Diagonal 
dividing any straight line into any assignable number of equal 
parts; but in practice this is by no P 
means an accurate or reliable method. 
It was formerly used in the so-called 
Diagonal Scale, of which the con- 
struction is evident from the diagram. 
The reading is effected by a sliding 
piece whose edge is perpendicular to 
the length of the scale. Suppose 
that it is PQ whose position on the 
scale is required. This can evidently 
cut only one of the transverse lines. J¢s number gives the number 
of tenths of an inch [4 in the figure], and the horizontal line 
next above the point of intersection gives evidently the number 


Diagonal 
scale. 


Vernier. 
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of hundredths [in the present case 4}. Hence the reading is 
7:44. As an idea of the comparative uselessness of this 
method, we may mention that a quadrant of 3 feet radius, 
which belonged to Napier of Merchiston, and is divided on 
the limb by this method, reads to minutes of a degree; no 
higher accuracy than is now attainable by the pocket sextants 
made by Troughton and Simms, the radius of whose arc is 
virtually little more than an inch. The latter instrument is 
read by the help of a Vernier. 

420. The Vernier is commonly employed for such instru- 
ments as the Barometer, Sextant, and Cathetometer, while the 
Screw is applied to the more delicate instruments, such as 
Astronomical Circles, Micrometers, and the Spherometer. 

421. The vernier consists of a slip of metal which slides 
along a divided scale, the edges of the two being coincident. 
Hence, when it is applied to a divided circle, its edge is circular, 
and it moves about an axis passing through the centre of the 
divided limb. 

In the sketch let 0, 1, 2,... 10 be the divisions on the vernier, 
0, 1, 2, etc., any set of consecutive divisions on the limb or scale 

along whose edge it slides. If, when 0 and 0 coin- 
cide, 10 and 11 coincide also, then 10 divisions of 
J) the vernier are equal in length to 11 on the limb; 
and therefore each division on the vernier is ths, 
or 17s of a division on the limb. If, then, the ver- 
nier be moved till 1 coincides with 1, 0 will be roth 
of a division of the limb beyond 0; if 2 coincide 
with 2, 0 will be ths beyond 0; and so on. 
Hence to read the vernier in any position, note 
first the division next to 0, and behind it on 
the limb. This is the integral number of divi- 
sions to be read. For the fractional part, see 
which division of the vernier is in a line with 
one on the limb; if it be the 4th (as in the 
figure), that indicates an addition to the reading of yoths of a 
division of the limb; and so on. Thus, if the figure represent 
a barometer scale divided into inches and tenths, the reading 


in 
is 30°34, the zero line of the vernier being adjusted to the level 
of the mercury. 
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422. If the limb of a sextant be divided, as it usually is, to Vernier. 
third parts of a degree, and the vernier be formed by dividing 
21 of these into 20 equal parts, the instrument can be read to 
twentieths of divisions on the limb, that is, to minutes of are. 

If no line on the vernier coincide with one on the limb, then 
since the divisions of the former are the longer there will be 
one of the latter included between the two lines of the vernier, 
and it is usual in practice to take the mean of the readings 
which would be given by a coincidence of either pair of bound- 
ing lines. 

423. In the above sketch and description, the numbers on 
the scale and vernier have been supposed to run opposite ways. 
This is generally the case with British instruments. In some 
foreign ones the divisions run in the same direction on vernier 
and limb, and in that case it is easy to see that to read to 
tenths of a scale division we must have ten divisions of the 
vernier equal to nine of the scale. 


In general, to read to the nth part of a scale division, n divi- 
sions of the vernier must equal n+1 or n—1 divisions on the 
limb, according as these run in opposite or similar directions. 


424. The principle of the Screw has been already noticed Screw. 
(§ 102). It may be used in either of two ways, ze, the nut 
may be fixed, and the screw advance through it, or the screw 
may be prevented from moving longitudinally by a fixed collar, 
in which case the nut, if prevented by fixed guides from rotat- 
ing, will move in the direction of the common axis. The 
advance in either case is evidently proportional to the angle 
through which the screw has turned about its axis, and this 
may be measured by means of a divided head fixed perpendi- 
cularly to the screw at one end, the divisions being read off by 
a pointer or vernier attached to the frame of the instrument. 
The nut carries with it either a tracing point (as in the divid- 
ing engine) or a wire, thread, or half the object-glass of a tele- 
scope (as in micrometers), the thread or wire, or the play of the 
tracing point, being at right angles to the axis of the screw. 

425. Suppose it be required to divide a line into any 
number of equal parts. The line is placed parallel to the axis 
of the screw with one end exactly under the tracing point, or 


Screw. 


Spherometer. 
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under the fixed wire of a microscope carried by the nut, and 
the screw-head is read off. By turning the head, the tracing 
point or microscope wire is brought to the other extremity of 
the line ; and the number of turns and fractions of a turn re- 
quired for the whole line is thus ascertained. Dividing this by 
the number of equal parts required, we find at once the number 
of turns and fractional parts corresponding to one of the 
required divisions, and by giving that amount of rotation to 
the screw over and over again, drawing a line after each rota- 
tion, the required division is effected. 

426. In the Micrometer, the movable wire carried by the 
nut is parallel to a fixed wire. By bringing them into optical 
contact the zero reading of the head is known; hence when 
another reading has been obtained, we have by subtraction the 
number of turns corresponding to the length of the object to 
be measured. The absolute value of a turn of the screw is de- 
termined by calculation from the number of threads in an inch, 
or by actually applying the micrometer to an object of known 
dimensions. 

427. For the measurement of the thickness of a plate, or 
the curvature of a lens, the Spherometer is used. It consists of 
a cylindrical stem through the axis of which a good screw 
works. The stem is supported by three feet, equidistant from 
each other, and having their extremities in a plane perpendi- 
cular to the axis. The lower extremity of the screw, when 
worked down into this plane, is equidistant from each of the 
feet—and the extremities of all are delicately pointed. The 
number of turns, whole or fractional, of the screw, is read off 
by a divided head and a pointer fixed to the stem. Suppose it 
be required to measure the thickness of a plate of glass. The 
three feet of the instrument are placed upon a truly flat surface, 
and the screw is gradually turned until its point just touches 
the surface. This is determinable with the utmost accuracy, 
by the whole system commencing to zock, if slightly touched, the 
instant that the screw point passes below the plane of the three 
feet. The reason of this is, of course, that it 1s geometrically 
impossible to make a perfectly rigid body stand on four feet, 
without infinitely perfect fitting. At the instant at which this 
rocking (which is exceedingly distinct to the touch, and even 


MEASURES AND INSTRUMENTS. 331 


to the ear) commences, the point of the screw is just below the spherometer. 
plane of the feet of the instrument. The screw-head is now 
read off, and the screw turned backwards until room is left for 
the insertion, beneath its point, of the plate whose thickness is 
to be measured. The screw is now turned until the rocking 
just recommences, in which case it is evident that if the screw- 
point were depressed through a space equal to the thickness of 
the plate, it would be again just below the plane of the feet. 
From the difference of the readings of the head, we therefore 
easily calculate the thickness of the plate, the value of one turn 
of the screw having been, once for all, ascertained. 

428. If the curvature of a lens is to be measured, the in- 
strument is first placed, as before, on a plane surface, and the 
reading for the commencement of rocking is taken. The same 
operation is repeated on the spherical surface. The difference 
of the screw readings is evidently the greatest thickness of the 
glass which would be cut off by a plane passing through the 
three feet. This is sufficient, with the distance between each 
pair of feet, to enable us to calculate the radius of the spherical 
surface. 

In fact if a be the distance between each pair of feet, l the 
length of screw corresponding to the difference of the two read- 
ings, R the radius of the spherical surface; we have at once 


2R=% +1 or, as l is generally very small compared with a, 
the diameter is, very approximately, a 


429. The Cathetometer is used for the accurate determina- catheto- 
tion of differences of level—for instance, in measuring the "““” 
height to which a fluid rises in a capillary tube above the ex- 
terior free surface. It consists of a divided metallic stem, which 
can (by means of levelling screws in its three feet) be placed 
very nearly vertical. Upon this slides a metallic piece, bearing 
a telescope whose axis is rendered horizontal by means of a 
level. This is, of course, perpendicular to the stem; and when 
the latter is made to revolve in its supports, describes a hori- 
zontal plane. The adjustments are somewhat tedious, but pre- 
sent no other difficulty. In using the instrument the telescope 
is directed first to one of the objects whose difference of level 
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meter. 
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is to be found, then (with its bearing piece) it is moved by a 
delicate screw up or down the stem, until a horizontal wire in 
the focus of its eye-piece coincides with the image of the object. 
The vernier attached to the telescope is then read off—and, the 
process being repeated for the second object, a simple subtrac- 
tion gives at once the required difference of level. 

430. The principle of the Balance is known to everybody. 
We may note here a few of the precautions adopted in the best 
balances to guard against the various defects to which the in- 
strument is lable; and the chief points to be attended to in its 
construction to secure delicacy, and rapidity of weighing. 

The balance-beam should be as stiff as possible, and yet not 
very heavy. For this purpose it is generally formed either of 
tubes, or of a sort of lattice frame-work. To avoid friction, the 
axle consists of a knife-edge, as it is called; that is, a wedge of 
hard steel, which, when the balance is in use, rests on horizon- 
tal plates of polished agate. A similar contrivance is applied 
in very delicate balances at the points of the beam from which 
the scale-pans are suspended. When not in use, and just before 
use, the beam with its knife-edge is lifted by a lever arrange- 
ment from the agate plates. While thus secured it is loaded 
with weights as nearly as possible equal (this can be attained 
by previous trial with a coarser instrument), and the accurate 
determination is then readily effected. The last fraction of the 
required weight is determined by a rider, a very small weight, 
generally formed of wire, which can be worked (by a lever) 
from the outside of the glass case in which the balance is en- 
closed, and which may be placed in different positions upon 
one arm of the beam. This arm is graduated to tenths, ete., 
and thus shows at once the value of the rider in any case as 
depending on its moment or leverage, § 232. 

431. The most important qualities of a good balance are— 

1. Sensibility —The beam should be sensibly deflected from 
a horizontal position by the smallest difference between the 
weights in the scale-pans. The definite measure of the sensi- 
bility is the angle through which the beam is deflected by a 
stated percentage of difference between the loads in the pans. 

2. Stability—-This means rapidity of oscillation, and conse- 
quently speed in the performance of a weighing. It depends 


¢ 
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mainly upon the depth of the centre of gravity of the whole Balance. 
below the knife-edge, and the length of the beam. 

3. Constancy.—Successive weighings of the same body must 
give the same result—all necessary corrections (to be explained 
later) depending on temperature, height of barometer, etc., being 
allowed for. 

In our Chapter on Statics we shall give the investigation of 
the amounts of these qualities for any given form and dimen- 
sions of the instrument. 

A fine balance should turn with about a 500,000th of the 
greatest load which can safely be placed in either pan. In 
fact few measurements of any kind are correct to more than 
sux significant figures, 

The process of Double Weighing, which consists in counter- 
poising a mass by shot, or sand, or pieces of fine wire, and then 
substituting weights for it in the same pan till equilibrium is 
attained, is more laborious, but more accurate, than single 
weighing ; as it eliminates all errors arising from unequal length 
of the arms, etc. 

432. In the Torsion-balance invented, and used with great Torsion- 
effect, by Coulomb, a force is measured by the torsion of a fibre ” 
of silk, a glass thread, or a metallic wire. The fibre or wire is 
fixed at its upper end, or at both ends, according to circum- 
stances. In general it carries a very light horizontal rod or 
needle, to the extremities of which are attached the body on 
which is exerted the force to be measured, and a counterpoise. 
The upper extremity of the torsion fibre is fixed to an index 
passing through the centre of a divided disc, so that the angle 
through which that extremity moves is directly measured. If, 
at the same time, the. angle through which the needle has 
turned be measured, or, more simply, if the index be always 
turned till the needle assumes a definite position determined 
by marks or sights attached to the case of the instrument— 
we have the amount of torsion of the fibre, and it becomes a 
simple statical problem to determine from the latter the force 
to be measured ; its direction, and point of application, and 
the dimensions of the apparatus, being known. The force of 
torsion as depending on the angle of torsion was found by Cou- 
lomb to follow the law of simple proportion up to the limits of 


Torsion- 
balance, 


Pendulum. 


Bifilar. 


334 PRELIMINARY NOTIONS. 


perfect elasticity—as might have been expected from Hooke’s 
Law (see Properties of Matter), and it only remains that we 
determine the amount for a particular angle in absolute measure. 
This determination is in general simple enough in theory; but 
in practice requires considerable care and nicety. The torsion- 
balance, however, being chiefly used for comparative, not 
absolute, measure, this determination is often unnecessary. 
More will be said about it when we come to its applications. 

433. The ordinary spiral spring balances used for roughly 
comparing either small or large weights or forces, are, properly 
speaking, only a modified form of torsion-balance,! as they act 
almost entirely by the torsion of the wire, and not by longi- 
tudinal extension or by flexure. Spring balances we believe 
to be capable, if carefully constructed, of rivalling the ordinary 
balance in accuracy, while, for some applications, they far sur- 
pass it in sensibility and convenience. They measure directly 
force, not mass ; and therefore if used for determining masses 
in different parts of the earth, a correction must be applied for 
the varying force of gravity. The correction for temperature 
must not be overlooked. These corrections may be avoided 
by the method of double weighing. 

434. Perhaps the most delicate of all instruments for the 
measurement of force is the Pendulum. It is proved in kinetics 
(see Div. IL) that for any pendulum, whether oscillating about 
a mean vertical position under the action of gravity, or ina 
horizontal plane, under the action of magnetic force, or force 
of torsion, the square of the number of small oscillations in a 
given time is proportional to the magnitude of the force under 
which these oscillations take place. 

For the estimation of the relative amounts of gravity at 
different places, this is by far the most perfect instrument. 
The method of coincidences by which this process has been 
rendered so excessively delicate will be described later. 

In fact, the kinetic measure of force, as it is the true, is also 
far the most perfect, one—and admits of easy reduction to 
absolute measure. 

435. Weber and Gauss, in constructing apparatus for ob- 
servations of terrestrial magnetism, endeavoured so to modify 

1 J. Thomson. Cambridge and Dublin Math. Journal (1848), 
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them as to admit of their being read from some distance. For Birilar. 
this purpose each bar, made at that time too ponderous, carried a 
plane mirror. By means of a scale, seen after reflection in the 
mirror and carefully read with a telescope, it was of course easy 
to compute the deviations which the mirror had experienced. 
But, for many reasons, it was deemed necessary that the deflec- 
tions, even under considerable force, should be very small. With 
this view the Bzfilar suspension was introduced. The bar-mag- 
net is suspended horizontally by two vertical wires or fibres of 
equal length so adjusted as to share its weight equally between 
them. When the bar turns, the suspension-fibres become in- 
clined to the vertical, and therefore the bar must rise. Hence, if 
we neglect the torsion of the fibres, the bifilar actually measures 
a force by comparing it with the weight of the suspended 
magnet. 

Let a be the half length of the bar between the points of 
attachment of the wires, 0 the angle through which the bar has 
been turned (in a horizontal plane) from its position of equi- 
librium, Z the length of one of the wires, ı its inclination to the 
horizon. 

Then /cos« is the difference of levels between the ends of each 
wire, and evidently, by the geometry of the case, 

4] sint=a sing d. 
Now if Q be the couple tending to turn the bar, and W its weight, 
the principle of mechanical effect gives 
Qd6= — Wd(i cos +) 
= Wisin ede. 
But, by the geometrical condition above, 
i? sin ı cos ide =a? sin 640. 


H o _ Wl 
aa a?sin@ leos’ 
öt _ Wa sin 0 


= a) 
f R4 1e sing 
which gives the couple in terms of the deflection 0. 

If the torsion of the fibres be taken into account, it will be 
sensibly equal to 0 (since the greatest inclination to the vertical 
is small), and therefore the couple resulting from it will be £6, 
where E is some constant. This must be added to the value of 
Q just found in order to get the whole deflecting couple. 
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436. Dynamometers are instruments for measuring energy. 
White's friction brake measures the amount of work actually 
performed in any time by an engine or other “prime mover,” 
by allowing it during the time of trial to waste all its work on 
friction. Morin’s dynamometer measures work without wasting 
any of it, in the course of its transmission from the prime 
mover to machines in which it is usefully employed. It con- 
sists of a simple arrangement of springs, measuring at every 
instant the couple with which the prime mover turns the shaft 
that transmits its work, and an integrating machine from which 
the work done by this couple during any time can be read off. 

Let L be the couple at any instant, and ¢ the whole angle 
through which the shaft has turned from the moment at which 
the reckoning commences. The integrating machine shows at 
any moment the value of /Ld¢, which (§ 240) is the whole work 
done. 

437. White’s friction brake consists of a lever clamped to 
the shaft, but not allowed to turn with it. The moment of the 
force required to prevent the lever from going round with the 
shaft, multiplied by the whole angle through which the shaft 
turns, measures the whole work done against the friction of the 
clamp. The same result is much more easily obtained by 
wrapping a rope or chain several times round the shaft, or 
round a cylinder or drum carried round by the shaft, and 
applying measured forces to its two ends in proper directions 
to keep it nearly steady while the shaft turns round without it. 
The difference of the moments of these two forces round the 
axis, multiplied by the angle through which the shaft turns, 
measures the whole work spent on friction against the rope. 
If we remove all other resistance to the shaft, and apply the 
proper amount of force at each end of the dynamometric rope 
or chain (which is very easily done in practice), the prime 
mover is kept running at the proper speed for the test, and 
having its whole work thus wasted for the time and measured. 


DIVISION II. 


ABSTRACT DYNAMICS. 


CHAPTER V.—INTRODUCTORY.. 


438. UNTIL we know thoroughly the nature of matter and the approxi. 
forces which produce its motions, it will be utterly impossible mentor 
to submit to mathematical reasoning the exact conditions of any bnsatians. 
physical question. It has been long understood, however, that 
an approximate solution of almost any problem in the ordinary 
branches of Natural Philosophy may be easily obtained by a 
species of abstraction, or rather limitation of the data, such as 
enables us easily to solve the modified form of the question, 
while we are well assured that the circumstances (so modified) 
affect the result only in a superficial manner. 

439. Take, for instance, the very simple case of a crowbar 
employed to move a heavy mass. The accurate mathematical 
investigation of the action would involve the simultaneous treat- 
ment of the motions of every part of bar, fulcrum, and mass 
raised; and from our almost complete ignorance of the nature 
of matter and molecular forces, it 1s clear that such a treat- 
ment of the problem is impossible. 

It is a result of observation that the particles of the bar, 
fulcrum, and mass, separately, retain throughout the process 
nearly the same relative positions. Hence the idea of solving, 
instead of the above impossible question, another, in reality 
quite different, but, while infinitely simpler, obviously leading 
to nearly the same results as the former. 

440. The new form is given at once by the experimental 
result of the trial. Imagine the masses involved to be perfectly 
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rigid (ue. incapable of changing their form or dimensions), 
and the infinite series of forces, really acting, may be left 
out of consideration ; so that the mathematical investigation 
deals with a finite (and generally small) number of forces 
instead of a practically infinite number. Our warrant for 
such a substitution is to be established thus. 

441. The only effects of the intermolecular forces would be 
exhibited in alterations of the molecular form or volume of the 
masses involved. But as these (practically) remain almost 
unchanged, the forces which produce, or tend to produce, them 
may be left out of consideration. Thus we are enabled to 
investigate the action of machinery supposed to consist of 
separate portions whose form and dimensions are unalterable. 

442. If we go a little further into the question, we find that 
the lever bends, some parts of it are extended and others com- 
pressed. This would lead us into a very serious and difficult 
inquiry if we had to take account of the whole circumstances. 
But (by experience) we find that a sufficiently accurate solution 
of this more formidable case of the problem may be obtained 
by supposing (what can never be realized in practice) the mass 
to be homogeneous, and the forces consequent on a dilatation, 
compression, or distortion, to be proportional in magnitude, and 
opposed in direction, to these deformations respectively. By 
this further assumption, close approximations may be made to 
the vibrations of rods, plates, etc., as well as to the statical 
effect of springs, etc. 

443. We may pursue the process further. Compression, 
in general, develops heat, and extension, cold. These alter 
sensibly the elasticity of a body. By introducing such con- 
siderations, we reach, without great difficulty, what may be 
called a third approximation to the solution of the physical 
problem considered. 

444. We might next introduce the conduction of the heat, 
so produced, from point to point of the solid, with its accom- 
panying modifications of elasticity, and so on; and we might 
then consider the production of thermo-electric currents, which 
(as we shall see) are always developed by unequal heating in a 
mass if it be not perfectly homogeneous. Enough, however, 
has been said to show, first, our utter iznorance as to the true 
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and complete solution of any physical question by the only 
perfect method, that of the consideration of the circumstances 
which affect the motion of every portion, separately, of each 
body concerned ; and, second, the practically sufficient manner 
in which practical questions may be attacked by limiting their 
generality, the limitations introduced being themselves deduced 
From experience, and being therefore Nature’s own solution (to 
a less or greater degree of accuracy) of the infinite additional 
number of equations by which we should otherwise have been 
encumbered. 

445. To take another case: in the consideration of the pro- 
pagation of waves on the surface of a fluid, it is impossible, 
not only on account of mathematical difficulties, but on account 
of our ignorance of what matter is, and what forces its particles 
exert on each other, to form the equations which would give 
us the separate motion of each. Our first approximation to 
a solution, and one sufficient for most practical purposes, is 
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derived from the consideration of the motion of a homogene- . 


ous, incompressible, and perfectly plastic mass ; a hypothetical 
substance which, of course, nowhere exists in nature. 

446. Looking a little more closely, we find that the actual 
motion differs considerably from that given by the analytical 
solution of the restricted problem, and we introduce further 
considerations, such as the compressibility of fluids, their internal 
friction, the heat generated by the latter, and its effects in 
dilating the mass, etc. etc. By such successive corrections we 
attain, at length, to a mathematical result which (at all events 
in the present state of experimental science) agrees, within the 
limits of experimental error, with observation. 

447. It would be easy to give many more instances substan- 
tiating what has just been advanced, but it seems scarcely 
necessary to do so. We may therefore at once say that there 
is no question in physical science which can be completely and 
accurately investigated by mathematical reasoning (in which, be 
it carefully remembered, it is not necessary that symbols should 
be introduced), but that there are different degrees of approxima- 
tion, involving assumptions more and more nearly coincident 
with observation, which may be arrived at in the solution of 
any particular question. 
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448. The object of the present division of this volume is to deal 
with the first and second of these approximations. In it we shall 
suppose all solids either RIGID, t.e., unchangeable in form and 
volume, or ELASTIC; but in the latter case, we shall assume the 
law, connecting a compression or a distortion with the force which 
causes it, to have a particular form deduced from experiment. 
And we shall in the latter case neglect the thermal or electric 
effects which compression or distortion generally cause. We 
shall also suppose fluids, whether liquids or gases, to be either 
INCOMPRESSIBLE or compressible according to certain known 
laws; and we shall omit considerations of fluid friction, 
although we admit the consideration of friction between solids. 
Fluids will therefore be supposed perfect, i.e., such that any par- 
ticle may be moved amongst the others by the slightest force. 

449. When we come to Properties of Matter and the Physical 
Forces, we shall give in detail, as far as they are yet known, 
the modifications which further approximations have introduced 
into the previous results. 

450. The laws of friction between solids were very ably 
investigated by Coulomb; and, as we shall require them in 
the succeeding chapters, we give a brief summary of them 
here ; reserving the more careful scrutiny of experimental 
results to our chapter on Properties of Matter. 

451. To produce sliding of one solid body on another, the 
surfaces in contact being plane, requires a tangential force 
which depends—(1.) upon the nature of the bodies; (2.) upon 
their polish, or the species and quantity of lubricant which may 
have been applied ; (3.) upon the normal pressure between 
them, to which it is in general directly proportional; (4.) upon 
the length of time during which they have been suffered to 
remain in contact. 

It does not (except in extreme cases where scratching or 
abrasion takes place) depend sensibly upon the area of the 
surfaces in contact. This, which is called Statical Friction, is 
thus capable of opposing a tangential resistance to motion 
which may be of any requisite amount up to uR ; where R is 
the whole normal pressure between the bodies; and p (which 
depends mainly upon the nature of the surfaces in contact) 
is the coefficient of Statical Friction. This coefficient varies 
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greatly with the circumstances, being in some cases as low as Laws of 
0:03, in others as high as 0°80. Later, we shall give a table of ae 
its values. Where the applied forces are insufficient to produce 
motion, the whole amount of statical friction is not called into 

play ; its amount then just reaches what is sufficient to equili- 

brate the other forces, and its direction is the opposite of that in 
which their resultant tends to produce motion. When the statical 
friction has been overcome, and sliding is produced, experiment 
shows that a force of friction continues to act, opposing the 
motion, sensibly proportional to the normal pressure, but for 

the same two bodies the coeficient of Kinetic Friction is less 

than that of Statical Friction, and is approximately the same 
whatever be the rate of motion. 

452. When, among the forces acting in any case of equi- Introduction 
librium, there are frictions of solids on solids, the circum- into the ` 
stances would not be altered by doing away with all friction, equations. 
and replacing its forces by forces of mutual action supposed 
to remain unchanged by any infinitely small relative motions 
of the parts between which they act. By this artifice all such 
cases may be brought under the general principle of Lagrange, 

§ 289. 

4538. In the following Chapters on Abstract Dynamics we Rejection 
will confine ourselves strictly to such portions of this extensive furious” 
subject as are likely to be useful to us in the rest of the work, tins.” 
or are of sufficient importance of themselves to warrant their 
introduction—-except in special cases where results, more curi- 
ous than useful, are given to show the nature of former appli- 
cations of the methods, or to exhibit special methods of inves- 
tigation adapted to the difficulties of peculiar problems, For 
a general view of the subject as a purely analytical problem the 
reader is referred to special mathematical treatises, such as those 
of Poisson, Delaunay, Duhamel, Todhunter, Tait and Steele, 
Griffin, ete. From these little is to be learned save dexterity 
in the solution of problems which are in general of no great 
physical interest—the objects of these treatises being pro- 
fessedly the mathematical analysis of the subject; while in 
the present work we are engaged specially with those questions 
which best illustrate physical principles—-neither seeking, nor 
avoiding, difficulties of a purely mathematical kind. 
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STATICS OF A PARTICLE.—- ATTRACTION, 


454. WE naturally divide Statics into two parts—the 
equilibrium of a particle, and that of a rigid or elastic body or 
system of particles whether solid or fluid. The second law 
of motion suffices for one part—for the other, the third, and its 
consequences pointed out by Newton, are necessary. In avery 
few sections we shall dispose of the first of these parts, and the 
rest of this chapter will be devoted to a digression on the 
important subject of Attraction. 

455. By § 255, forces acting at the same point, or on the 
same material particle, are to be compounded by the same laws 
as velocities. Hence, evidently, the sum of their resolved parts 
in any direction must vanish if there is equilibrium. And 
thence the necessary and sufficient conditions. 

They follow also directly from Newton’s statement with 
regard to work, if we suppose the particle to have any velocity, 
constant in direction and magnitude (and § 245, this is the 
most general supposition we can make, since absolute rest is 
probably non-existent). For the work done in any time, since 
there is no change of kinetic energy, is the product of the dis- 
placement during that time into the algebraic sum of the effective 
components of the applied forces. Hence this sum must vanish 
for every direction. Practically, as any displacement may be 
resolved into three, in any three directions not coplanar, these 
three suffice for the criterion. But, in general, it is convenient 
to assume them in directions at right angles to each other. 

Hence, for the equilibrium of a material particle, it is neces- 
sary, and suficient, that the (algebraic) sums of the applied 
forces, resolved in any three rectangular directions, should 
vanish. 
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If P be one of the forces, l, m, n its direction-cosines, we Equilibrium 
have at once 2IP=0, ZmP=0, ZnP=0. —, 
If there be not equilibrium, suppose R, with direction-cosines 
À, p, v, to be the resultant force. If reversed in direction, it 
will, with the other forces, produce equilibrium. Hence 

2IP—AR=0, ZmP—pR=0, ZnP—vR=0. 
And Rt =(ZIP)*+(2ZmP)* + (InP), 
À p v 
UP mP InP ` 

456. We may take one or two particular cases as examples 
of the general results above. Thus, 

(1.) If the particle rest on a smooth curve, the resolved 
force along the curve must vanish. 

If x, y, z be the co-ordinates of the point of the « curve at which 
the particle rests, we ak = 


Pe + mo. 4 n— Z= 
When P, l, m, n are given in terms of x, y, z, this, with the two 
equations to the curve, determines the position of equilibrium. 
(2.) If the curve be rough, the resultant force along it must 
be balanced by the friction. 
If F be the j the aie is , 
put nt mn £4 n Z) F=0. 
This gives the sea of aa aii will be called into play ; 


and equilibrium will subsist until, as a limit, the friction is p times 
the normal pressure on the curve. as the normal pressure is 


dz dx, .\t 
P( (mG —n By + (nF 1S + CL — mE) 
Hence, the limiting positions, between which equilibrium is pos- 


sible, are given by the pe eo to the curve, combined with 
tint tn) EuP, (meng (ve AE ay — n&y)F 0, 

(3.) If the particle rest on a smooth surface, the resultant of 

the applied forces must evidently be perpendicular to the surface. 

If ¢(x, y, z)=0 be the equation to the surface, we must there- 


fore have dp dy do 
dr dy _ dz 
IP mP nP 


and these three equations determine the position of equilibrium. 


while 


Equilibrium 


of a particle. 


Angle of 
repose. 
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(4.) If it rest on a rough surface, friction will be called into 
play, resisting motion along the surface; and there will be 
equilibrium at any point within a certain boundary, determined 
by the condition that at zt the friction is œ times the normal 
pressure on the surface, while within it the friction bears a less 
ratio to the normal pressure. When the only applied force is 
gravity, we have a very simple result, which is often practically 
useful. Let 6 be the angle between the normal to the surface 
and the vertical at any point; the normal pressure on the sur- 
face is evidently Wcos 0, where W is the weight of the particle ; 
and the resolved part of the weight parallel to the surface, 
which must of course be balanced by the friction, is Wsin 6. 
In the limiting position, when sliding is just about to com- 
mence, the greatest possible amount of statical friction is called 
into play, and we have 

Wein 0=pWeos8, 

or tan d=p. 

The value of 0 thus found is called the Angle of Repose, and 
may be seen in nature in the case of sand-heaps, and slopes 
formed by debris from a disintegrating cliff (especially of a 
flat or laminated character), on which the lines of greatest 
slope are inclined to the horizon at an angle determined by this 
consideration. 


Let $ (x, y, z)=0 be the surface: P, with direction-cosines 
l, m, n, the resultant of the applied forces. The normal pressure is 


Lhe Age ata 
3 3 
IS TTG 
The resolved part of P lame to the surface is 


24  )\2 “TNS 
@ Pa! rn a 
Hence, for the boundary of the portion of the surface within 


which equilibrium is possible, we have the additional equation 


(nbn Pi (nee Hn j =p? GAMAE OP ye, 


dz 


P 
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457. A most important case of the composition of forces Attraction. 

acting at one point is furnished by the consideration of the 
attraction of a body of any form upon a material particle any- 
where situated. Experiment has shown that the attraction 
exerted by any portion of matter upon another is not modified 
by the neighbourhood, or even by the interposition, of other 
matter; and thus the attraction of a body on a particle is 
the resultant of the several attractions exerted by its parts. 
To treatises on applied mathematics we must refer for the 
examination of the consequences, often very curious, of various 
laws of attraction ; but, dealing with Natural Philosophy, we 
confine ourselves to the law of gravitation, which, indeed, fur- 
nishes us with an ample supply of most interesting as well as 
useful results. 

458. This law, which (as a property of matter) will be care- Universal 
fully considered in the next Division of this Treatise, may be attraction. 
thus enunciated. 

Every particle of matter in the universe attracts every other 
particle with a force, whose direction is that of the line joining 
the two, and whose magnitude is directly as the product of their 
masses, and inversely as the square of their distance from each 
other. 

Experiment shows (as will be seen further on) that the same 
law holds for electric and magnetic attractions ; and it is pro- 
bable that it is the fundamental law of all natural action, at 
least when the acting bodies are not in actual contact. 

459. For the special applications of Statical principles to Specia unit 
which we proceed, it will be convenient to use a special unit of of matter. 
mass, or quantity of matter, and corresponding units for the 
measurement of electricity and magnetism. 

Thus if, in accordance with the physical law enunciated in 
§ 458, we take as the expression for the forces exerted on each 
other by masses M and m, at distance D, the quantity 


Min. 
“pr” 
it is obvious that our unit force is the mutual attraction of two 


units of mass placed at unit of distance from each other. 
460. It is convenient for many applications to speak of the 


Linear, sur- 
fuce, and 
volume, 
densities, 


Electric and 
magnetic 
reckonings 
of quantity. 


Positive and 
negative 
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density of a distribution of matter, electricity, ete., along a bine, 
over a surface, or through a volume. 


Here density of line = quantity of matter per unit of length. 
£ „ surface = y ss „ > area. 
” „ Volume = 5 ji i volume. 


461. In applying the succeeding investigations to electricity 


‘or magnetism, it is only necessary to premise that M and m stand 


for quantities of free electricity or magnetism, whatever these 
may be, and that here the idea of mass as depending on inertia 


; aa Mm _.., |. 
is not necessarily involved. The formula T will still repre- 


sent the mutual action, if we take as unit of imaginary electric 
or magnetic matter, such a quantity as exerts unit force on an 
equal quantity at unit distance. Here, however, one or both 
of M, m may be negative; and, as in these applications like 
kinds repel each other, the mutual action will be attraction 
or repulsion, according as its sign is negative or positive. With 
these provisos, the following theory is applicable to any of the 
above-mentioned classes of forces. We commence with a few 
simple cases which can be completely treated by means of ele- 
mentary geometry. 

462. If the different points of a spherical surface attract 
equally with forces varying inversely as the squares of the dis- 
tances, a particle placed within the surface is not attracted in 
any direction. 

Let HIKL be the spherical surface, and P the particle 
within it. Let two lines HK, IL, intercepting very small arcs 
HI, KL, be drawn through P; then, 
on account of the similar triangles 
HPI, KPL, those arcs will be propor- 
tional to the distances HP, LP; and 
any small elements of the spherical 
surface at HI and KL, each bounded 
all round by straight lines passing 
through P [and very nearly coincid- 
ing with HK], will be in the duplicate 
ratio of those lines. Hence the forces exercised by the matter 
of these elements on the particle P are equal ; for they are as 
the quantities of matter directly, and the squares of the dis- 


STATICS. 347 


tances, inversely ; and these two ratios compounded give that 
of equality. The attractions therefore, being equal and oppo- 
site, destroy one another: and a similar proof shows that all 
the attractions due to the whole spherical surface are destroyed 
by contrary attractions. Hence the parce P is not urged in 
any direction by these attractions. 

463. The division of a spherical surface into infinitely small 

elements, will frequently occur in the investigations which 
- follow: and Newton’s method, described in the preceding de- 
monstration, in which the division is effected in such a manner 
that all the parts may be taken together in pairs of opposite 
elements with reference to an internal point ; besides other 
methods deduced from it, suitable to the special problems to be 
examined ; will be repeatedly employed. The present digres- 
sion, in which some definitions and elementary geometrical 
propositions regarding this subject are laid down, will simplify 
the subsequent demonstrations, both by enabling us, through 
the use of convenient terms, to avoid circumlocution, and by 
affording us convenient means of reference for elementary 
principles, regarding which repeated explanations might other- 
wise be necessary. 

464. If a straight line which constantly passes through a 
fixed point be moved in any manner, it is said to describe, or 
generate, a conical surface of which the fixed point is the vertex. 

If the generating line be carried from a given position con- 
tinuously through any series of positions, no two of which 
coincide, till it is brought back to the first, the entire line on 
the two sides of the fixed point will generate a complete conical 
surface, consisting of two sheets, which are called vertical or 
opposite cones. Thus the elements HJ and KL, described in 
Newton’s demonstration given above, may be considered as being 
cut from the spherical surface by two opposite concs having P 
for their common vertex. 

465. If any number of spheres be described from the ver- 
tex of a cone as centre, the segments cut from the concentric 
spherical surfaces will be similar, and their areas will be as the 
squares of the radii. The quotient obtained by dividing the 
area of one of these segments by the square of the radius of the 
spherical surface from which it is cut, is taken as the measure 
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Solid angle of the solid angle of the cone. The segments of the same 
spherical surfaces made by the opposite cone, are respectively 
equal and similar to the former. Hence the solid angles of 
two vertical or opposite cones are equal: either may be taken 
as the solid angle of the complete conical surface, of which the 
opposite cones are the two sheets. 

Sui set 466. Since the area of a spherical surface is E to the 

angles round square of its radius multiplied by 4y, it follows that the sum 

tee of the solid angles of all the distinct cones which can be de- 
scribed with a given point as vertex, is equal to 4r. 

Sum of the 467. The solid angles of vertical or opposite cones being 

solid angles ‘ . 

earths equal, we may infer from what precedes that the sum of the 

ee i solid angles of all the complete conical surfaces which can be 

~ described without mutual intersection, with a given point as 
vertex, is equal to 27. 
Solid angle 468. The solid angle subtended at a point by a superficial 


subtende d at 


a point bya area of any kind, is the solid angle of the cone generated by 


terminated 


surface. a Straight line passing through the point, and carried entirely 
round the boundary of the area. 

Orthogonal 469. A very small cone, that is, a cone such that any two 

and oblique 


sections of a positions of the generating line contain but a very small angle, 
~ is said to be cut at right angles, or orthogonally, by a spherical 
surface described from its vertex as centre, or by any surface, 
whether plane or curved, which touches the spherical surface at 

the part where the cone is cut by it. 

A very small cone is said to be cut obliquely, when ihe 
section is inclined at any finite angle to an orthogonal section ; 
and this angle of inclination is called the obliquity of the section. 

The area of an orthogonal section of a very small cone is 
equal to the area of an oblique section in the same position, 
multiplied by the cosine of the obliquity. 

Hence the area of an oblique section of a small cone is equal 
to the quotient obtained by dividing the product of the square 
of its distance from the vertex, into the solid angle, by the 
cosine of the obliquity. 

araos  47Q,. Let E denote the area of a very small clement of a 


ment cut 


trom spheri- spherical surface at the point Æ (that is to say, an element 


eal surface 


by small every part of which is very near the point Æ), let w denote the 
solid angle subtended by £ at any point P, and let PE, pro- 
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duced if necessary, meet the surface again in £”: then a de- Area ot seg. 


ment cut 


noting the radius of the spherical surface, we have from spheri- 
cai RUuUrIace 
2a.w. PE’ by small 
E= BE’ : cone. 


For, the obliquity of the element Æ, considered as a section 
of the cone of which P is the vertex and E 
the element £ a section; being the angle 
between the given spherical surface and p 
another described from P as centre, with 
PE as radius; is equal to the angle be- 
tween the radii, EP and EC, of the two 
spheres. Hence, by considering the iso- 
sceles triangle ECE’, we find that the cosine of the obliquity 

EE’ EE’ 
ag SS 
expression for £. 

471. The attraction of a uniform spherical surface on an Uniform 


is equal to , and we arrive at the preceding 


7 spherical 
external point is the same as if the whole mass were collected at shell, At- 
the centre. emal 

point. 


- Let P be the external point, C the centre of the sphere, and 
CAP a straight line cutting 

the spherical surface in A. 

Take J in CP, so that CP, 

CA, CI may be continual pro- 

portionals, and let the whole P 
spherical surface be divided 

into pairs of opposite elements I 

wih reference to the point I. 

Let H and H’ denote the magnitudes of a pair of such 
elements, situated respectively at the extremities of a chord 
HH’ ; and let w denote the magnitude of the solid angle sub- 
tended by either of these elements at the point T. 

1 This theorem, which is more comprehensive than that of Newton in his first 
proposition regarding attraction on an external point (Prop. LXXI.), is fully 
established as a corollary to a subsequent proposition (Prop. LXXIII. cor. 2). If 
we had considered the proportion of the forces exerted upon two external points at 
different distances, instead of, as in the text, investigating the absolute force on 
one point, and if besides we had taken together all the pairs of elements which 
would constitute two narrow annular portions of the surface, in planes perpen- 


dicular to PC, the theorem and its demonstration would have coincided precisely 
with Prop. LXXI. of the Principia. 
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We have (§ 469), 
w. H° , owIH”? 
=o e 0 = os CHT 
Hence, if p denote the density of the surface, the attractions 
of the two elements H and H’ on P are respectively 
Ww IH? w IH” 
Pos CHI PH*?*™"? cos OHI PH" 

Now the two triangles PCH, HCI have a common angle at C, 
and, since PC: CH :: CH : CI, the sides about this angle are 
proportional. Hence the triangles are similar; so that the 
angles CPH and CHI are equal, and 

TH CH a 

HP CP CP* 
In the same way it may be proved, by considering the triangles 
PCH’, H’CI, that the angles CPH’ and CH'I are equal, and 
that 

IH’ CH a 

HP CP” CP’ 
Hence the expressions for the attractions ‘of the elements 
H and H’ on P become 


a? 


W a’ w 
P cos CHI’ OPY? AP CHT OP? 
which are equal, since the triangle HCH’ is isosceles; and, for 
the same reason, the angles CPH, CPH’, which have been 
proved to be respectively equal to the angles CHI, CH'I, are 
equal. We infer that the resultant of the forces due to the two 
elements is in the direction PC, and is equal to 


a? 
op 
To find the total force on P, we must take the sum of all the 
forces along PC due to the pairs of opposite elements; and, 
since the multiplier of w is the same for each pair, we must 
add all the values of w, and we therefore obtain (§ 466), for the 
required resultant, 


20).p. 


árpa” 
cP 
The numerator of this expression; being the product of the 
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density, into the area of the spherical surface; is equal to the 
mass of the entire charge; and therefore the force on P is the 
same as if the whole mass were collected at C. 

Cor. The force on an external point, infinitely near the sur- 
face, is equal to 4arp, and is in the direction of a normal at the 
point. The force on an internal point, however near the sur- 
face, is, by a preceding proposition, equal to nothing. 

472. Let o be the area of an infinitely small element of the Attraction 
surface at any point P, and at any other I ment ofthe 
point H of the surface let a small element 
subtending a solid angle w, at P, be taken. 

The area of this element will be equal to 
w.PH* 
cos CHP ’ 
and therefore the attraction along HP, 
which it exerts on the element ø at P, will be equal to 


ate Ee E p*o. 
cos CHP? ecos CHP 
Now the total attraction on the element at P is in the direction 
CP ; the component in this direction of the attraction due to 
the element H, is 
w.p*T ; 
and, since all the cones corresponding to the different elements 
of the spherical surface lie on the same side of the tangent 
plane at P, we deduce, for the resultant attraction on the 
element ø, 
2rp*o. 


From the corollary to the preceding proposition, it follows that 
this attraction is half the force which would be exerted on an 
external point, possessing the same quantity of matter as the 
element ø, and placed infinitely near the surface. : 
478. In some of the most important elementary problems attraction of 


a ° i . .je a spherical 

of the theory of electricity, spherical surfaces with densities surface of 

» e e ° e whie} th 

varying inversely as the cubes of distances from eccentric points density 

e. œ e varies in- 

occur: and it is of fundamental importance to find the attrac- versely as 
. ‘ e e . the cube of 
tion of such a shell on an internal or external point. This may the distance 
à ‘ . ‘ r from a given 

be done synthetically as follows ; the investigation being, as we point. 


shall sce below, virtually the same as that of § 462, or § 471. 


Attraction of 


a spherical 
surface of 
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density 
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versely as 
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474, Let us first consider the case in which the given point 
S and the attracted point P are separated by the spherical sur- 
face. The two figures represent the varieties of this case in 
which, the point S being without the sphere, P is within; and, 
S being within, the attracted point is external The same de- 
monstration is applicable literally with reference to the two 
figures ; but, for avoiding the consideration of negative quan- 
tities, some of the expressions may be conveniently modified to 
suit the second figure. In such instances the two expressions 
are given in a double line, the upper being that which is most 
convenient for the first figure, and the lower for the second. 

Let the radius of the sphere be denoted by a, and let f be 
the distance of S from C, the centre of the sphere (not repre- 
sented in the figures). 

Join SP and take T in this line (or its continuation) so that 

(fig. 1) SP.ST=f!—a’. 

(fig. 2) SP.TS=a’?—f?. 
Through T draw any line cutting the spherical surface at K, 
K’. Join SK, SK’, and let the lines so drawn cut the spheri- 
cal surface again in E, F. 

Let the whole spherical surface be divided into pairs of 
opposite elements with reference to the point T. Let K and 
K” be a pair of such elements situated at the extremities of the 
chord KK’, and subtending the solid angle w at the point T; 
and let elements Ẹ and E” be taken subtending at S the same 
solid angles respectively as the elements K and K’. By this 
means we may divide the whole spherical surface into pairs of 
conjugate elements, E, F’, since it is easily seen that when we 
have taken every pair of elements, K, K ' the whole surface 


K i 
: D 
is 
> 
E! 
K Bo o 


will have been exhausted, without repetition, by the deduced 
elements, E, KF. Hence the attraction on P will be the 


STATICS. 353 


final resultant of the attractions of all the pairs of elements, Attrition of 


> aspherical 


E E’ surface of 
; . which the 
Now if p be the surface density at E, and if F denote the density 
attraction of the element FE on P, we have ee 
the distance 
re pE froin a given 
Ep?’ point. 
According to the given law of density we shall have 
À 
OSE 


where A is a constant. Again, since SHK is equally iuclined 
to the spherical surface at the two points of intersection, we 
have pa SE p _SE' 2av.TK? 
SK? SK** Kk’ ’ 
and hence 
à SE’? 2aw.TK* - 
SE SEU KK p2, OTEO 
EP* ~ KR’ SESK*.EP* 

Now, by considering the great circle in which the sphere is cut 
by a plane through the line SX, we find that 

(fig. 1) SK.SE=f?—a’, 

(fig. 2) KSSE=a'—s', 
and hence SK.SE=SP.ST, from which we infer that the tri- 
angles KST, PSE are similar; so that TK:SK::PE:SP. 
Hence TK? 1 

SKIPE SP?’ 
and the expression for F becomes 
2a 1 
F=À. TE SESE” 

Modifying this by preceding expressions we have 


F= 


2a w 
fig. 1) F= 4. at ee tees, ENA. 
g. 1) KE ` GaP S 
2a W 
fi e 9 F= À. . Seen eee ee e . 
fig. 2) EK wP ** 
Similarly, if F’ denote A PECON of E’ on P, we have 
fig. 1 I ee E ~ e 
Cet) = K (f — e) SP oa 
Gi) Fa a eS. 


KK’ (a? —f*)SP* 
Now in the triangles which have been shown to be similar, the 
angles TKS, EPS are equal; and the same may be proved of 
7. 
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Attraction of the angles K'ST, PSE’. Hence the two sides SK, SK’ of the 


a spherica 


nurture of triangle K SK’ are inclined to the third at the same angles 
which the 


density as those between the line PS and directions PE, PE’ of the 


varies in- 


versely as tWO forces on the point P; and the sides SK, SK’ are to 
e cube o 


Ea one another as the forces, F, F”, in the directions PE, PE’. It 
point. follows, by “ the triangle of forces,” that the resultant of F and 
F’ is along PS, and that it bears to the component forces the 
same ratios as the side AK’ of the triangle bears to the other 
two sides. Hence the resultant force due to the two elements 


E and F’ on the point P, is towards S, and is equal to 


2a W , À.2a.w 
À. ft ee E i a eed 
KE Gonan sP EA O ranas 


The total resultant force will consequently be towards S; and 
we find, by summation (§ 466) for its magnitude, 
À.4Ta l 
Hence we infer that the resultant force at any point P, 
separated from S by the spherical surface, is the same as if a 
quantity of matter equal to ee were concentrated at the — 
point S. 
475. To find the attraction when S and P are either both 
without or both within the spherical surface. 
Take in CS, or in CS produced through S, a point S, such 
that : CS.CS, =a". 
Then, by a well-known geometrical theorem, if E be any point 
on the spherical surface, we have 
SE f 
SE a 
Hence we have 
À Àa? 
SE* PSE 
Hence, p being the electrical density at E, we have 
Aa? 


if À =- . 


Hence, by the investigation in the preceding section, the 
attraction on P is towards Sj, and is the same as if a quantity 
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4ra 
3 


À. ; 
of matter equal to Tina were concentrated at that point ; 
1 ~ 


E P 


Ji being taken to denote C's,. If for fi and A, we substitute 


; a’ a’ : : 
their values, F and Fe? We have the modified expression 
AS . dra 
T ae f’ 


for the quantity of matter which we must conceive to be col- 
lected at S}. 

476. If a spherical surface be electrified in such a way 
that the electrical density varies inversely as the cube of the 
distance from an internal point S, or from the corresponding 
external point S,, it will attract any external point, as if its 
whole electricity were concentrated at S, and any internal point, 
as if a quantity of electricity greater than its own in the ratio 


of a to f were concentrated at S. 
Let the density at Æ be denoted, as before, by a Then, 


if we consider two opposite elements at E and 2’, ae sub- 
tend a solid angle w at the point S, the areas of these 


2 SE? 2a.SE 
elements being = a and nan E » the quantity of elec- 


tricity which they possess will be 
À.2a.w, 1 À.2a.w 
ce (SETSE) "SESE 

Now SE.SE’ is constant (Euc. 111. 35) and its value is a?—/?, 
Hence, by summation, we find for the total quantity of elec- 
tricity on the spherical surface 

À.ára 

a? —f? ° 
Hence, if this be denoted by m, the expressions in the preced- 
ing paragraphs, for the quantities of electricity which we must 


Attraction of 
a spherical 
surface of 
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density 
varies in- 
versely as 
the cube of 
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Uninsulated 
sphere under 
the influence 
of an electric 
point. 
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Uninsulated suppose to be concentrated at the point S or S,, according as P 
sphere under , , igs : : 

the influence ig without or within the spherical surface, become respectively 
oT ah electric 


palng: m, and =m. 
ikat Gale 477. The direct analytical solution of such problems con- 


culation of gists in the expression, by § 455, of the three components of 
the whole attraction as the sums of its separate parts due to the 
several particles of the attracting body; the transformation, by 
the usual methods, of these sums into definite integrals ; and the 
evaluation of the latter. This is, in general, inferior in elegance 
and simplicity to the less direct mode of solution depending 
upon the determination of the potential energy of the attracted 
particle with reference to the forces exerted upon it by the 
attracting body, a method which we shall presently develop 
with peculiar care, being of incalculable value in the theories of 
Electricity and Magnetism as well as in that of Gravitation. 
But before we proceed to it, we give some instances of the 
direct method, beginning with the case of a spherical shell. 


Uniforms, (a) Let P be the attracted point, O the centre of the shell. Let 
ell any plane perpendicular to OP cut it in W, and the sphere in the 


small circle QR. Let 
QOP = 0, OQ = a, 
OP=D. Then as the 
whole attraction is evi- 
dently along PO, we 
may at once resolve 
the parts of it in that 
direction. The circular 
band corresponding to 
[0, 0+d0] has for area 
2ra’ sind. Hence if M be the mass of the shell, the attraction 
of the band on P, resolved along PO, is 


PN 
J7 O46. Bos 
But PQ?=x'=a’'+ D*—2aD cos8, 
xdx=aD sin 6d6. 
2 
Also PN= D—a cos gE +d f 


2D 
and the attraction of the band is 
M x?—a 4+ D? 
43 ax’ dx 


STATICS. 357 


This divides itself, on integration, intu wwo cases, TEPEE 
(1) P external, i.e., D=a. Here the limits of x are D—a and os 
D-+a, and the attraction is A É na S| ae Es » as 
before. 
(2) P internal, ¿e D<a. Here the limits are a—D and 
x a&@&@— pD: |at+D 
a ax a—D 
(6) A useful case is that of the attraction of a circular plate of Uniform 
uniform surface density on a point in a line through its centre, oreo 
and perpendicular to its plane. voces 
If a be the radius of the plate, A the distance of the point from 
it, and M its mass, the attraction (which is evidently in a dirce- 
tion perpendicular to the plate) is easily seen to be 
M [+ 2hrdr 2M 
at) (attri at Oy as To 
If p denote the surface density of - plate, this becomes 


2rp(1—— —.); . 


JeF : 
which, for an infinite plate, becomes 
2Tp. 
From the preceding formula many useful results may easily be 
deduced : thus, 
(c) A uniform cylinder of length J, and diameter a, attracts @ Cylinder on 
point in its axis at a distance x from the nearest end with a force Pyrele in 


z+l eres es 
2p G-r _ ah=2rpil—/ (1+) +a?+/2*+a'}. 


When the cylinder is of infinite length (in one direction) the 
attraction is therefore 
2rp(a/ x? +a°— x); 
and, when the attracted particle is in contact with the centre of 
the end of the infinite cylinder, this is 
2Tpa. 
(d) A right cone, of semivertical angle a, and length J, attracts Right cone 
a particle at its vertex. Here we have at once for the attraction, Sp particle 
the expression 
2rpl(1— cosa), 
which is simply proportional to the length of the axis. 
It is of course easy, when required, to find the necessarily less 
simple expression for the attraction on any point of the axis. 
(e) For magnetic and electro. magnetic applications a very use- 
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ful case is that of two equal discs, each perpendicular to the line 

joining their centres, on any point in that line—their masses 

(§ 461) being of opposite sign—that is,-one repelling and the 

other attracting. 

Let a be the radius, p the mass of a superficial unit, of either, 
c their distance, x the distance of the attracted point from the 
nearest disc. The whole action is evidently 
s x+c x 
Tl Tapa JF 
In the particular case when c is diminished without limit, 
this becomes a’ 
27 pc ———_—_. . 
(x° +a) 

478. Let P and P’ be two points infinitely near one another 
on two sides of a surface over which matter is distributed; and 
let p be the density of this distribution on the surface in the 
neighbourhood of these points. Then whatever be the resultant 
attraction, R, at P, due to all the attracting matter, whether 
lodging on this surface, or elsewhere, the resultant force, A’, on 
P is the resultant of a force equal and parallel to R, and a 
force equal to 47rp, in the direction from P’ perpendicularly 
towards the surface. For, suppose PP’ to be perpendicular to 
the surface, which will not limit the generality of the pro- 
position, and consider a circular disc, of the surface, having its 
centre in PP’, and radius infinitely small in comparison with 
the radii of curvature of the surface but infinitely great in com- 
parison with PP’. This disc will [§ 477, (0)] attract P and P’ 
with forces, each equal to 27rp and opposite to one another in 
the line PP’. Whence the proposition. It is one of much im- 
portance in the theory of electricity. 


o As a further example of the direct analytical process, let us 
find the components of the 
attraction exerted by a uni- 
form hemisphere on a particle 
at its edge. Let A be the 
particle, AB a diameter of 
the base, AC the tangent to 
the base at A; and AD per- 
pendicular to AC, and AB. 
Let RQA be a section by a 
plane passing through AC; AQ any radius-vector of this section ; 
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< < 
P a point in AQ. Let AP=r, RAQ=¢, RAB=O. Then, Uniform 
evidently, the volume of an element at P is dir paiticle: 


t edge. 
rdd.rsind0.dr=rtsinOdddOdr. i 
The attraction on unit of matter at A is evidently zero along 
AC. Along AB it is 
pif sinOdpdédr cos $cos8, 


between proper limits. The limits of r are 0 and 2acosô coso, 
those of 6 are 0 and > , and those of ¢ are — > and + F 


Hence, Attraction along AB=&%zpa. 
Along AD the attraction is 


+= s a cos 8 cos ġ 7 
e| igi sinOdfdddr cos sinb = 4 pa. 
2 


(b) Hence at the southern base of a hemispherical hill of radius iteration of 
a and density p, the true latitude (as measured by the aid of the puvitinon® 
plumb-line, or by reflection of starlight in a trough of mercury) is gat ° 
diminished by the attraction of the mountain by the angle 
rpa 
G—4pa 
where @ is the attraction of the earth, estimated in the same 
units. Hence, if R be the radius and æ the mean density of the 
earth, the angle is 
rpa 
470 R—4pa’ 
Hence the latitudes of stations at the base of the hill, north and 


or 4 SO approximately. 


south of it, differ by Ret £); instead of by a , as they would 


do if the hill were removed. 
In the same way the latitude of a place at the southern edge 
of a hemispherical cavity is increased on account of the cavity by 


4 E where p is the density of the superficial strata. 
T 


479. As a curious additional example of the class of ques- vy crevasse. 
tions we have just considered, a deep crevasse, extending east 
and west, increases the latitude of places at its southern edge 


by (approximately) the angle ł -A where p is the density of 
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Alteration of the crust of the earth, and a is the width of the crevasse. Thus 
atitude; by i A 
crevasse. ~ the north edge of the crevasse will have a lower latitude than 


the south edge if gf 51, which might be the case, as there 


are rocks of density #x5°5 or 3°67 times that of water. At a 
considerable depth in the crevasse, this change of latitudes is 
nearly doubled, and then the southern side has the greater 
latitude if the density of the crust be not less than 1:83 times 
that of water. 

Attractionof 480. It is interesting, and will be useful later, to consider 


a sphere ‘ g i 
composed of as a particular casce, the attraction of a sphere whose mass is 
concentric : . : 

shells of uni- composed of concentric layers, each of uniform density. 

forin density. 


Let R be the radius, r that of any layer, p= F (r) its density. 
Then, if o be the mean density, 


R 
gron =i f prèdr, 
0 


from which o may be found. 
The surface attraction is 4mo R, =G, suppose. 


At a distance r from the centre the attraction is = f pr*dr. 
r Jo 


If it is to be the same for all points inside the sphere 
J G 
2 — yp? 
[ pr dr= yor : 
H ee h isite ] i 
ence p= H= ~ is the requisite law of density. 


If the density of the upper crust be r, the attraction at a depth 
h. small compared with the radius, is 
d4ro,(R—h)=G, 
where a, is the mean density of nucleus when a shell of thickness 
h is removed from the sphere. Also, evidently, 
4ro,(R—h)'+4r7(R—h)*h=47r0R?}, 


or G,(R—h)? +4rr(R—A) h= GR, 
whence G,=G(1 +72) —4eth. 


The attraction is therefore unaltered at a depth A if 


—_= gro = rr. 


R 


481. Some other simple cases may be added here, as their 
results will be of use to us subsequently. 
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(a) The attraction of a circular arc, AB, of uniform density, Attraction of 
on a particle at the centre, C, of the Sula wees 
circle, lies evidently in the line CD 
bisecting the arc. Also the resolved part 
parallel to CD of the attraction of an 
element at P is 

mass of element at P 
CD 

Now suppose the density of the chord AB 

to be the same as that of the arc. Then 


< 
for (mass of element at P x cos PCD) 
we may put mass of projection of element 


< 
os. PCD. 


< < 
on AB at Q; since, if PT be the tangent at P, PTQ = PCD. 


f S f projected nt 
Hence attraction along CD = a a elemen à 


pAB 
= CD?’ 
if p be the density of the given arc, 


< 
_ 2psinACD | 
= CD. 
It is therefore the same as the attraction of a mass equal to the 
chord, with the arc’s density, concentrated at the point D. 
(b) Again a limited straight line of uniform density attracts any straight line. 
external point in the same direction and with the same force as 
the corresponding 
are of a circle of 
the same density, 
which has the 
point for centre, 
and touches the 
straight line. 3 
For if CpP be A P B D 


drawn cutting the circle in p and the line in P; Element at 
p:element at P:: Cp: cP oe that is, as Cp*: CP*. Hence the 


attractions of these elements on C are equal and in the same 
line. Thus the arc ab attracts C as the line AB does; and, by 
the last proposition, the attraction of AB bisects the angle ACB, 


and is equal to < 
i a sin }ACB. 
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auala C (c) This may 
straight line. be put into other 
useful forms — 
thus, let CKF 
bisect the angle 
ACB, and let 
Aa, Bb, EF, be 


A . drawn perpen- 
/K B D dicular to CF 
e F from the ends 
be and middle point 
a of AB. We 
< r 
have sin K B= sin CED — 4 OB oe 
Hence the attraction, which is along CK, is 


2pAB ae pAB OF 
(AC+CB)CK 2(AC+CB)(AC+CB*—AB) ` 
For, evidently, 
bK : Ka: BK: KA:: BC: CA ::bC: Ca, 
i.e., ab is divided, externally in C, and internally in K, in the 
same ratio. Hence, by geometry, 
KC.CF=aC.Cb=1{ AC+ CB*—AB", 
which gives the transformation in (1). 

(d) CF is obviously the tangent at C to a hyperbola, passing 
through that point, and having A and B as foci. Hence, if in 
any plane through AB any hyperbola be described, with foci A 
and B, it will be a line of force as regards the attraction of the 
line AB; that is, as will be more fully explained later, a curve 
which at every point indicates the direction of attraction. 

(e) Similarly, if a prolate spheroid be described with foci A and 
B, and passing through C, CF will evidently be the normal at C; 
thus the force on a particle at C will be perpendicular to the 
spheroid; and the particle would evidently rest in equilibrium on 
the surface, even if it were smooth. This is an instance of (what 
we shall presently develop at some length) a surface of equili- 
brium, a level surface, or an equipotential surface. 

(f) We may further prove, by a simple application of the pre- 
ceding theorem, that the lines of force due to the attraction of 
two infinitely long rods in the line AB produced, one of which 
is attractive and the other repulsive, are the series of ellipses 
described from the extremities, A and B, as foci, while the sur- 
faces of equilibrium are generated by the revolution of the con- 
focal hyperbolas. 


(1) 
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482. As of immense importance, in the theory not only Fpyential. 
of gravitation but of electricity, of magnetism, of Aid niotign, `$% 
of the conduction of heat, etc., we give here an investigation of 
the most important properties of the Potential, $ s 7 ri | 

483. This function was introduced for sation by 
Laplace, but the name was first given to it by Green, who may 
almost be said to have created the theory, as we now have it. 
Green’s work was neglected till 1846, and before that time most 
of its important theorems had been re-discovered by Gauss, 
Chasles, Sturm, and Thomson. 

In § 273, the potential energy of a conservative system in 
any configuration was defined. When the forces concerned 
are forces acting, either really or apparently, at a distance, as 
attraction of gravitation, or attractions or repulsions of electric 
or magnetic origin, it is in general most convenient to choose, 
for the zero configuration, infinite distance between the bodies 
concerned. We have thus the following definition :—. 

484. The mutual potential energy of two bodies in any 
relative position is the amount of work obtainable from their 
mutual repulsion, by allowing them to separate to an infinite 
distance asunder. When the bodies attract mutually, as for 
instance when no other force than gravitation is operative, 
their mutual potential energy, according to the convention for 
zero now adopted, is negative, or (§ 547 below) their exhaustion 
of potential energy is positive. 

485. The Potential at any point, due to any attracting or 
repelling body, or distribution of matter, is the mutual potential 
energy between it and a unit of matter placed at that point. 
But in the case of gravitation, to avoid defining the potential 
as a negative quantity, it is convenient to change the sign. 
Thus the gravitation potential, at any point, due to any mass, 
is the quantity of work required to remove a unit of matter 
from that point to an infinite distance. 

486. Hence if V be the potential at any point P, and V, 
that at a proximate point Q, it evidently follows from the above 
definition that V—V, is the work required to remove an inde- 
pendent unit of matter from P toQ; and it is useful to note 
that this is altogether independent of the form of the path 
chosen between these two points, as it gives us a preliminary 
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itlga, .of the’ power we acquire by the introduction of this mode 
of: appresevitllAan. : 


i Suppose Q to:be so near to P that the attractive forces 
“exerts q ont unit of matter at these points, and therefore at any 
point in thè`Ìine PQ, may be assumed to be equal and parallel. 
Then if F represent the resolved part of this force along PQ, 


F.PQ is the work required to transfer unit of matter from P to 


Q. Hence 
V—V,=F.PQ, 
or ie ; 


Foree in that is, the attraction on unit of matter at P in any direction 

potential. PQ, is the rate at which the potential at P increases per unit 
of length of PQ. 

Eqnipoten 487. A surface, at every point of which the potential has 
the same value, and therefore called an Egyuipotential Surface, 
is such that the attraction is everywhere in the direction of 
its normal. For in no direction along the surface does the 
potential change in value, and therefore there is no force in 
any such direction. Hence if the attracted particle be placed 
on such a surface (supposed smooth and rigid), it will rest in 
any position, and the surface is therefore sometimes called a 
Surface of Lquailibrium. We shall see later, that the force on 
a particle of a liquid at the free surface is always in the direc- 
tion of the normal, hence the term Level Surface, which is 
often used for the other terms above. 

Relative in- 488. If a series of equipotential surfaces be constructed for 


tensities of 


force at dif- values of the potential increasing by equal small amounts, it is 
erent points 


of an vquipo- evident from § 486 that the attraction at any point is inversely 

face. proportional to the normal distance between two successive 
surfaces close to that point; since the numerator of the ex- 
pression for F is, in this case, constant. 

Lineofforee. 489, A line drawn from any origin, so that at every point 
of its length its tangent is the direction of the attraction at that 
point, is called a Line of Force; and it obviously cuts at right 
angles every equipotential surface which it meets. 

These three last sections are true whatever be the law of 
attraction; in the next we are restricted to the law of the 


inverse square of the distance. 
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490. If, through every point of the boundary of an infinitely 
small portion of an equipotential surface, the corresponding 
lines of force be drawn, we shall evidently have a tubular 
surface of infinitely small section. The force in any direction, 
at any point within such a tube, so long as it does not cut 
through attracting matter, is inversely as the section of the 
tube made by a plane passing through the point and perpen- 
dicular to the given direction. Or, more simply, the whole 
force is at every point tangential to the direction of the tube, 
and inversely as its transverse section: from which the more 
general statement above is easily seen to follow. 

This is an immediate consequence of a most important 
theorem, which will be proved later, § 492. The surface in- 
tegral of the attraction exerted by any distribution of matter in 
the direction of the normal at every point of any closed surface 
is 47M; where M is the amount of matter within the surface, 
while the attraction is considered positive or negative according 
as it is inwards or outwards at any point of the surfuce. 

For in the present case the force perpendicular to the tubular 
part of the surface vanishes, and we need consider the ends only. 
When none of the attracting mass is within the portion of the 
tube considered, we have at once 

Fs — F'z'= 0, 
F being the force at any point of the section whose area is s. 
This is equivalent to the celebrated equation of Laplace— 
App. B (a); and below, § 491 (e). 

When the attracting body is symmetrical about a point, the 
lines of force are obviously straight lines drawn from this 
point. Hence the tube is in this case a cone, and, by § 469, = 
is proportional to the square of the distance from the vertex. 
Hence F is inversely as the square of the distance for points 
external to the attracting mass. 

When the mass is symmetrically disposed about an axis in 
infinitely long cylindrical shells, the lines of force are evidently 
perpendicular to the axis. Hence the tube becomes a wedge, 
whose section is proportional to the distance from the axis, and 
the attraction is therefore inversely as the distance from the 
axis. 

When the mass is arranged in infinite parallel planes, each 
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of uniform density, the lines of force are obviously perpen- 
dicular to these planes; the tube becomes a cylinder; and, 
since its section is constant, the force is the same at all dis- 
tances. 

If an infinitely small length ¿ of the portion of the tube con- 
sidered pass through matter of density p, and if œ be the area 
of the section of the tube in this part, we have 


Fa — F'a = 4rlwp. 


This is equivalent to Poisson’s extension of Laplace’s equa- 
tion [§ 491 (c)]. 

491. In estimating work done against a force which varies 
inversely as the square of the distance from a fixed point, the 
mean force is to be reckoned as the geometrical mean between 
the forces at the beginning and end of the path: and, what- 
ever may be the path followed, the effective space is to be 
reckoned as the difference of distances from the attracting point. 
Thus the work done in any course is equal to the product of 
the difference of distances of the extremities from the attract- 
ing point, into the geometrical mean of the forces at these dis- 
tances ; or, if O be the attracting point, and m its force on 
a unit mass at unit distance, the work done in moving a 
particle, of unit mass, from any position P to any other posi- 
tion P’, is 


m 


PoPa Lene ee 
s IN OPOP? © OP- OP 


To prove this it is only necessary to remark, that for any in- 
finitely small step of the motion, the effective space is clearly the 
difference of distances from the centre, and the working force 
may be taken as the force at either end, or of any intermediate 
value, the geometrical mean for instance : and the preceding 
expression applied to each infinitely small step shows that the 
same rule holds for the sum making up the whole work done 
through any finite range, and by any path. 

Hence, by § 485, it is obvious that the potential at P, of a 
n and thus that the potential of any 
mass at a point P is to be found by adding the quotients of 
every portion of the mass, each divided by its distance from P. 


mass m situated at O, is 
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(a) For the analytical proof of these propositions, consider, first, Analytical 
nvestiga- 
a pair of particles, O and P, whose masses are m and unity, and tion of the 


‘ : : value of the 
co-ordinates a, b,c, x, y, z. If D be their distance potential. 


Dt=x—a*+y—b?+2—c?. 
The mutual attraction has components 
= —b = 
ï= nma ) Y=— m ) Z=—m ; 
and therefore the work required to remove P to infinity is 


+n [Eztur yte 


dD 
= 4m Di 


which, since the superior limit is D = œ, is equal to 
m 
+H f 

The mutual potential energy is therefore, in this case, the pro- 
duct of the masses divided by their mutual distance; and there- 
fore the potential at x, y, z, due to m, is 5 

Again, if there be more than one fixed particle m, the same 
investigation shows us that the potential at x, y, z is 


=(F). 


And if the particles form a continuous mass, whose density at 
a, b, c is p, we have of course for the potential the expression 


dadbdc 
| J f ES 


the limits depending on the form of the mass. 

If we call V the potential at any point P (x, y, z), it is evi- Force at 
dent (from the way in which we have obtained its value) that the Pa 
components of the attraction on unit of matter at P are 


dV- dV aV 
Ae = dy’ aS dz 


Hence the force, resolved along any curve of which s is the arc, 


i8 dy dz_dV dx dV dy dV dz 
ratri ds +7 ds do ds t dy ds © dz ds 


av 

ds 

All this is evidently independent of the question whcther P lics 
Within the attracting mass or not. 


oY 
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(b) If the attracting mass be a sphere of density p, and centre 
a, b, c, and if P be within its surface, we have, since the exterior 
shell has no effect, 


dV 4 xr—a 
X= ate. D: 
4 
= — Tpx —a). 
Hence dX _ CV __ 47 
dx dx 3 p 


(c) Now, in general, if 


d’ d* 
v = gatat ga’ 
we have y=., as was proved before, App. B (g), (14). For 
d ee 
dt DTT ps 
d? 1, 1 _3(x—a} 
DTT Dt pe’ 


and from this, and the similar expressions for the second differ- 
entials in y and z, the theorem follows at once. 


= v=f f [ens dadbde 


and p does not involve x, y, z, we see AR as long as D does not 
vanish within the limits of integration, t.e., as long as P is not a 
point of the attracting mass 


Hence as 


YV V=0; 
or, in terms of the components of the force, 
dX dY dZ_ 
dx * dy ly dz 


If P be within the attracting mass, suppose a small sphere 
to be described so as to contain P. Divide the potential into two 
parts, V, that of the sphere, V, that of the rest of the body. 

The expression above shows that ` 


V: V,=0. 
Also the expressions for d , etc., in the case of a sphere (b) 
give Ve V, = — 4rp, : 
where p is the density of the sphere. 
Hence as V=V, +V, 
V? V= —4rp, 


which is the general equation of the potential, and includes the 


STATICS. 369 


case of P being wholly external to the attracting mass, since Poisson's 


then p=0. In terms of the components of the force, this equation of Laplace! à 
becomes dX dY dZ equation. 
—+ -+H = mrp 
dx dy dz 


(d) We have already, in these most important equations, the 
means of verifying various former results, and also of adding new 
ones. 

Thus, to find the attraction of a hollow sphere composed of Potential 
concentric shells, each of uniform density, on an external point grrunged in 
(by which we mean a point not part of the mass). In this case (iierieat 
symmetry shows that V must depend upon the distance from ‘Miso 
the centre of the sphere alone. Let the centre of the sphere be ‘eusity. 
origin, and let 

r =x 4y +z, 
Then V is a function of r alone, and consequently 
adV_dVdr_xd F 
dx dr dx r dr’ 
d*V_idV x dV, x dV 
‘dz? r dr rdr rt dr’ 
ay _ 2daV dV 
and V’ V= ae + — ae 
Hence, when P is outside the sphere, or in the hollow space 
within it, 2dV d'V 
r d © d 
dV n 
rg 7C 
For a point outside the shell C has a finite value, which is easily 
scen to be — M, where M is the mass of the shell. 
For a point in the internal cavity C=0, because evidently at 


=0. 


A first integral of this is 


the centre there is no attraction—i.e, there r=0, “=o together. 
r 


Hence there is no attraction on any point in the cavity. 

We nced not be surprised at the apparent discontinuity of this 
solution. It is owing to the discontinuity of the given distribution 
of malter. Thus it appears, by § 491 (c), that the true general 
equation to the potential is not what we have taken above, but 

dV 2d4aV__ is 
dr 'r dr fa 
where p, the density of the ae at distance r from the centre, 
is zero when r < a the radius of the cavity: has a finite value vg, 
which for simplicity we may consider constant, when r>a aid 
<a’ the radius of the outer bounding surface : and is zero, again, 
2A 
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see 


ABSTRACT DYNAMICS. 


for all values of r exceeding a’. Hence, integrating from r=0, 


to r=r, any value, we have (since rp o when r=0), 


dV r 

dimi —4r | prtdr= —M,, 

if M, denote the whole amount of matter within the spherical 
surface of radius r; which is the discontinuous function of r 


specified as follows :— 


From r=0 to r=a, r=ator=a’, r=a' tor=o, 
M,=0, M, =a’), My=", (e—a). 


We have entered thus into detail in this case, because such 
apparent anomalies are very common in the analytical solution 
of physical questions. To make this still more clear, we sub- 
dV av 
ar) i a 
for this case. ABQC, the curve for V, is partly a straight line, 
and has a point of inflection at Q: but there is no discontinuity 


and no abrupt change of direction. OEFD, that for on is 
r 


join a graphic representation of the values of V, 


continuous, but its direction twice changes abruptly. That for 


2 
consists of three detached portions, OE, GH, KL. 


5 : 
: N 
= AK 
a c 
= 
A i 
= VU 
cost IN 
G 
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(e) For a mass disposed in infinitely long concentric cylindrical Coaxal right 

r ‘ ° . ; cylinders of 

shells, each of uniform density, if the axis of the cylinders be z, uniform 
ensity anc 


we must evidently have V a function of x*+-y* only. infinite 
ength. 
Hence = 0, or the attraction is wholly perpendicular to the 
axis. 
d? V 
Also, Ja =; and therefore by (d) 
dV 1dV 
ty Ea age a 
Aa d? 'rdr aP: 
Hence a C— 4r ll prdr, 
dr 


from which conclusions similar to the above may be drawn. 

(f) If, finally, the mass be arranged in infinite parallel planes, 
each of uniform density, and perpendicular to the axis of x; 
the resultant force must be parallel to this direction : that is to 
say, Y=0, Z=0, and therefore 


aX _ = 4mp Matter ar- 

dx ? ranged in 
. F è f . A infinite 

which, if p is known in terms of x, is completely integrable. parallel 
°. vanes o 
Outside the mass, p=0, and therefore hniform 
F C, density. 


or the attraction is the same at all distances—a result easily 
verified by the direct methods. 

If the mass consist of an infinite plane lamina of thickness £, 
and constant density p; then, supposing the origin to be half-way 
between its faces, A=C—4rpxr 
so long as x is between +5 and -> - But for z=0 we must 
evidently have X=0, and therefore C=0. Hence 
l X= —4rpzx. 
Outside the lamina X= C, (since p=0). At the positive surface, 
and everywhere beyond it, C, = —2rpt, and at and beyond the 
negative it is -+2rpt. The difference of these is — 4rpt (§ 478). 

(g) Since in any case dV’ is the attraction resolved in the Equi- 

ds potential 

direction of the tangent to the arc s, it will be wholly perpen- TER 
dicular to that arc if 


dV 
ao 
or V=C. 


This is the equation to an equipotential surface. 
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Equi- If n be the normal to such a surface, measured outwards, the 
Pi whole attraction at any point is evidently 

dV 

dn ? 


and its direction is that in which V increases. 


Integral of 492. Let S be any closed surface, and let O be a point, either 


attraction external or internal, where a mass, m, of matter is collected. 
surface. Let N be the component of the attraction of m in the direction 
of the normal drawn inwards from any poiut P, of S. Then, if 
do denotes an element of S, and // integration over the whole 
of it, 
J{Ndo=4rm, or =0, 
according as O is internal or external. 
Fquivalent Case 1, O internal. Let OP,P.P;... be a straight line drawn 
erteni Rof in any direction from O, cutting S in P}, Pa Ps, etc., and there- 
equation, fore passing out at P, in at P,, out again at Ps, in again at P,, 
and so on. Let a conical surface be described by lines through 
O, all infinitely near OP,P,..., and let w be its solid angle 
(§ 465). The portions of //Ndoe corresponding to the ele- 
ments cut from S by this case will be clearly each equal in 
absolute magnitude to wm, but will be alternately positive and 
negative. Hence as there is an odd number of them their 
sum is +@wm. And the sum of these, for all solid angles round 
O is (§ 466) equal to 4mm ; that is to say, //Ndo = 4mm. 
Pait Case 2, O external. Let OP,P.P,... be a line drawn from O 
equation, passing across S, inwards at P,, outwards at P, and so on. 
Drawing, as before, a conical surface of infinitely small solid 
angle, w, we have still wm for the absolute value of each of the 
portions of //Ndo corresponding to the elements which it cuts 
from S; but their signs are alternately negative and positive: 
and therefore as their number is even, their sum is zero. 
Hence //Ndo= 0. 

From these results it follows immediately that if there 
be any continuous distribution of matter, partly within and 
partly without a closed surface S, and N and dø be still used 
with the same signification, we have 


MNdoe=4írM 
if M denote the whole amount of matter within S. 
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This is only a particular case of the analytical theorem of Integral 


Chap. 1. App. A (a). For if a=1, and U'=1, it becomes attraction i 
OVET R ciose 
0=/fJdrðU—// V* Udxdydz. AUTOR: 


Now let U be the potential at (x, y, z), due to the distribution of 
matter in question. Then, according to the meaning of 0, we 
have \U=—WN. Also, let p be the density of the matter at 
(x,y,z). Then [§ 491 (c)] we have 


Vi0=— drp. 
Hence the preceding equation gives 
J{Ndo=4nf//pdxdydz= 47M. 


493. From this it follows that the potential cannot have potential in 
a maximum or minimum value at a point in free space. For eee. 
if it were so, a closed surface could be described about the oy simun 
point, and indefinitely near it, so that at every point of it ‘""* 
the value of the potential would be less than, or greater than, 
that at the point ; so that NV would be negative or positive all 
over the surface, and therefore //Ndo would be finite, which 
is impossible, as the surface contains none of the attracting 
mass. 

494. It is also evident that N must have positive values at conse. 
some parts of this surface, and negative values at others, unless it 7°""** 
is zero all over it. Hence in free space the potential, if not con- 
stant round any point, increases in some directions from it, and 
diminishes in others ; and therefore a material particle placed 
at a point of zero force under the action of any attracting 
bodies, and free from all constraint, is in unstable equilibrium, 
a result due to Earnshaw.’ 

495. If the potential be constant over a closed surface which 
contains none of the attracting mass, it has the same constant 
value throughout the interior. For if not, it must have a 
maximum or minimum value somewhere within, which is im- 
possible. | 

496. The mean potential over any spherical surface, due to mean po- 
matter entirely without it, is equal to the potential at its centre ; aphericall 
a theorem apparently first given by Gauss. See also Cambridge tu that at its 
Mathematical Journal, Feb. 1845 (vol. iv. p. 225). It is one of “""* 


1 Cambridge Phil. Trans., March 1839. 
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tential over 

a applied to potentials, found by applying App. B. (16) to the 

to that at its formule of § 539, below. But the proof in the paper now 
| referred to is noticeable as independent of the harmonic ex- 


pansion. 


Let, in Chap. 1. App. B. (a), S be a spherical surface, of 
radius a; and let U be the potential at (x, y, z), due to matter 
altogether external to it; let U’ be the potential of a unit 
of matter uniformly distributed through a smaller concentric 
spherical surface ; so that, outside S and to some distance within 


it, U'= 1; and lastly, let a =1. The middle member of 
r 
App. B (a) (1) becomes 


1n Udo —///U'V" Udxdydz, 


which is equal to zero, since V?U=0 for the whole internal 


space, and (§ 492) //\Udc=0. Equating therefore the third 
member to zero we have 


[fdo UU =UV: U'dxdydz. 


Now at the surface, S, dU’ = — I, and for all points external 
a 


Mean po- the most elementary propositions of spherical harmonic analysis, 


to the sphere of matter to which U’ is due, V*U’=0, and for all 
internal points V° U’ = — 4rp', if p’ be the density of the matter. 
Hence the preceding equation becomes 


+ [fUdo= snl f fp! Udxdyd:. 
Qa 


Let now the density p' increase without limit, and the spherical 
space within which the triple internal extends, therefore become 
infinitely small. If we denote by U, the value of U at its centre, 
which is also the centre of S, we shall have 


Mp Udxdyd: =U Sf fp dicdydz= U. 
Hence the equation becomes 


Udo _ 
Ara Uo, 
which was to be proved. 
P 497. If the potential of any masses has a constant value, V, 


through any finite portion, K, of space, unoccupied by matter, 
it is equal to V through every part of space which can be 
reached in any way without passing through any of those 
masses: a very remarkable proposition, due to Gauss. For, if 
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the potential differ from V in space contiguous to K, it must fg" 
(§ 495) be greater in some parts and less in others. 

From any point C within K, as centre, in the neighbourhood 
of a place where the potential is greater than V, describe a 
spherical surface not large enough to contain any part of any 
of the attracting masses, nor to include any of the space ex- 
ternal to K except such as has potential greater than V. But 
this is impossible, since we have just seen (§ 497) that the 
mean potential over the spherical surface must be V. Hence 
the supposition that the potential is greater than V in some 
places and less in others, contiguous to K and not including 
masses, is false. 

498. Similarly we see that in any case of symmetry round 
an axis, if the potential is constant through a certain finite 
distance, however short, along the axis, it is constant through- 
out the whole space that can be reached from this portion of 
the axis, without crossing any of the masses. (See § 546, below.) 

499. Let S be any finite portion of a surface, or complete A 
closed surface, or infinite surface, and let E be any point on 
S. (a.) It is possible to distribute matter over S so as to pro- 
duce potential equal to F (E), any arbitrary function of the 
position of E, over the whole of S. (b.) There is only one 
whole quantity of matter, and one distribution of it, which can, 
satisfy this condition. 


In Chap. 1. App. A. (b) (e), ete., let a=1. By (e) we see that 

there is one, and that there is only one, solution of the equation 
V?U=0 

for all points not belonging to S, subject to the condition that U 
shall have a value arbitrarily given over the whole of S. Continu- 
ing to denote by U the solution of this problem, and considering 
first the case of S an open shell, that is to say, a finite portion of 
curved surface (including a plane, of course, as a particular case), 
let, in Chap. 1. A. (a), U’ be the potential at (x, y, z) due to a 
distribution of matter, having œ (Q) for density at any point, Q. 
Let the triple integration extend throughout infinite space, ex- 
clusive of the infinitely thin shell S. Although in the investiga- 
tion referred to [A. (a)] the triple integral extended only through 
the finite space contained within a closed surface, the same pro- 
cess shows that we have now, instead of the second and third 
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members of (1) of that investigation, the following equated ex- 
pressions :— 
JfdcU'{PU|—(0U) } —f/dadydz UV*U 
=/fdo U{[(oU']—OU’)} —f//dxdydz UV? U’ 
where [DU] denotes the rate of variation of U on either side of 
S, infinitely near Æ, reckoned per unit of length from S; and 
(OU) denotes the rate of variation of U infinitely near Æ, on the 
other side of S, reckoned per unit of length towards S; and 
[9U'], @U’) denote the same for U’. Now we shall suppose the 
matter of which U” is the potential not to be condensed in finite 
quantities in any finite areas of S, which will make 
DU] =(0 U’) : 
and the conditions defining U and U’ give, throughout the space 
of the triple integral, 
V:U=0, and V: U'=— 4ra; 
= denoting the value of z (Q) when Q is the point (x, y, z). 
Hence the preceding equation becomes 
Sfdo U[U]— OU); =4r//fJdxdydza U. 
Let now the matter of which U’ is the potential be equal in 
amount to unity and be confined to an infinitely small space round 
a point Q. We shall have 
. 1 


U= FO 
Mdxdydzz U= U(Q) ///adxdydz = UQ), 
if we denote the value of U at (Q) by U (Q). The equation 


becomes 


PUJ- QU) je — 
Sf HO RUR) (1). 
Hence a distribution of matter over S, having 
1 é 
+ (PU}—Ev)} (2) 


for density at the point Æ, gives U as its potential at (x, y, z). 
We conclude, therefore, that it is possible to find one, but only one, 
distribution of matter over S which shall produce an arbitrarily 
given potential over the whole of S; and in (2) we have the 
solution of this problem, when the problem of finding U to fulfil 
the conditions stated above, has been solved. 

If S is any finite closed surface, any group of surfaces, open or 
closed, or an infinite surface, the same conclusions clearly hold. 
The triple integration used in the investigation must then be 
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separately carried out through all the portions of space separated Soe 
from one another by S, or by portions of S. 
If the solution, p, of the problem has been obtained for the case 
in which the arbitrary function is the potential at any point of S, 
due to a unit of matter at any point P not belonging to S, that 


is to say, for the case of F(Z)= = P?’ the solution of the general 
problem was shown by Green to deducible from it thus :— Te 
solved syn- 
U=/JpF(E)do (Oe eres 


The proof is obvious: For let, for a moment, p denote the super- Canan 
ficial density required to produce U, then ,p’ denoting the value Pohiti 
of p for any other element, Æ’, of S, we have 
‘do’ 
F(E)=o. 
(E)=4 E’E 
Hence the preceding double integral becomes 


Lfdopffdeo' iv or Mae" p'ffdo rs i 


'E ’ 
But, by the definition of p, 
Pies bs 
OTT = EP 


and therefore the expression becomes 
, P 
Sdo E P ? 


which is equal to U, according to the definition of „p. 

The expression (46) of App. B., from which the spherical har- 
monic expansion of an arbitrary function was derived, is a case 
of the general result (3) now proved. 


500. It is important to remark that, if S consist, in part, of Isolation of 


š ‘ : P . 5 effect b 
a closed surface, Q, the determination of U within it will be ciosea por- 


independent of those portions of S, if any, which lie without auret 
it; and, vice versa, the determination of U through external 
space will be independent of those portions of S, if any, which 

lie within the part Q. Or if S consist, in part, of a surface Q, 
extending infinitely in all directions, the determination of U 
through all space on either side of Q, is independent of those 
portions of S, if any, which lie on the other side. This follows 

from the preceding investigation, modified by confining the 
triple integration to one of the two portions of space separated 
completely from one another by Q. 
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501. Another remark of extreme importance is this :—If 
F(E) be the potential at E of any distribution, M, of matter, 
and if S be such as to separate perfectly any portion or portions 
of space, H, from all of this matter ; that is to say, such that 
it is impossible to pass into H from any part of M without 
crossing S; then, throughout H, the value of U will be the 
potential of ©. 

For if V denote this potential, we have, throughout H, V?V=0; 
and at every point of the boundary of H, V=F(E). Hence, 
considering the theorem of Chap. 1. App. A (c), for the space H 
alone, and its boundary alone, instead of S, we see that, through 
this space, V satisfies the conditions prescribed for U, and there- 
fore, through this space, U= V. 

502. Thus, for instance, if S consist of three detached sur- 
faces, S,, So Sg as in the diagram, of which S,, S, are closed, 
and S, is an open shell, and if F(E) be the potential due to M, at 
any point, £, of any of these portions of S ; then throughout H,, 
and H,, the spaces within S, and 
without S,, the value of U is 
simply the potential of M. The 
value of U through K, the re- 
mainder of space, depends, of 
course, on the character of the 
composite surface S, and is a 
case of the general problem of 
which the solution was proved to be possible and single in 
Chap. I. App. A. 

503. From § 500 follows the grand proposition :—It is 
possible to find one, but no other than one, distribution of matter 
over a surface S which shall produce over S, and throughout 
all space H separated by S from every part of M, the same 
potential as any given mass M. 

Thus, in the preceding diagram, it is possible to find one, 
and but one, distribution of matter over S,, S» S which shall 
produce over S and through H, and H, the same potential 
as M. 

The statement of this proposition most commonly made is: 
It is possible to distribute matter over any surface, S, completely 
enclosing a mass M, so as to produce the same potential as M 


——= 
==, = 
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through all space outside M ; which, though seemingly more Green's 
limited, is, when interpreted with proper mathematical com- Pae 
preheusiveness, equivalent to the foregoing. 

504. If S consist of several closed or infinite surfaces, S}, Simultane- 


Sa S,, respectively separating certain isolated spaces H,, Ha Hs, ranuences” 
from H, the remainder of all space, and if F (E) be the potential separate 
by infinitely 


of masses M, Mg Mg, lying in the spaces H,, H, H,; the por- thin con- 
tions of U due to S,, S» Sa respectively will throughout H be faces 
equal respectively to the potentials of m,, M ms, separately. 


For as we have just seen, it is possible to find one, but only 
one, distribution of matter over S, which shall produce the 
potential of m,, throughout all the space H, H., H,, etc., and 
one, but only one, distribution 
over S, which shall produce the 
potential of m, throughout H, 
H, H etc.; and so on. But 
these distributions on S,, S,, 
etc., jointly constitute a distri- 
bution producing the potential 
F (E) over every part of S, and 
therefore the sum of the potentials due to them all, at any 

point, fulfils the conditions presented for U. This is therefore 

(§ 500) the solution of the problem. 

505. Considering still the case in which F(E) is prescribed Reducible 
to be the potential of a given mass, M: let S be an equipoten- Green's pro- 
tial surface enclosing M, or a group of isolated surfaces enclos- 
ing all the parts of M, and each equipotential for the whole of 
M. The potential due to the supposed distribution over S will 
be the same as that of M, through all external space, and will 
be constant (§ 496) through each enclosed portion of space. Its 


Reducible 
case of 
Green's pro- 
blem ; 


applied to 
the inven- 
tion of solved 
problems of 
eleetric in- 
fluence. 


380 ABSTRACT DYNAMICS. 


resultant attraction will therefore be the same as that of M on 
all external points, and zero on all internal points. Hence we 
see at once that the density of the matter distributed over it, to 


produce F(E), is equal to = where R denotes the resultant 
force of M, at the point E. 


We have [DU]=—R and (1U)=0. Whence, by § 500 (2), 
the law of density 


506. When M consists of two portions m, and m’ separated 
by an equipotential S,, and S consists of two portions, S,, and 
S’, of which the latter separate the former perfectly from m’; 
we see by § 504 that the distribution over S, produces through 
all space on the side of it on which S’ lies, the same potential, 
V,, as m, and the distribution on S’ produces through space 
on the side of it on which S, lies, the same potential, V”, as 
m’. But the supposed distribution on the whole of S is such 
as to produce a constant potential, C, over S,,and consequently 
the same at every point within S,. Hence the internal potential 
due to S, alone, is C,—V’%. 

Thus, passing from potentials to attractions, we see that the 
resultant attraction of S, alone, on all points on one side of it 
is the same as that of m,; and on the other side is equal and 
opposite to that of the remainder m’ of the whole mass. The 
most direct and simple complete statement of this result is as 
follows :— 

If masses m, m’, in portions of space, H, H’, completely sepa- 
rated from one another by one continuous surface S, whether 
closed or infinite, are known to produce tangential forces equal 
and in the same direction at each point of S, one and the same 
distribution of matter over S will produce the force of m 
throughout H’, and that of m’ throughout H. The density of 


this distribution is equal to =, if R denote the resultant force 


due to one of the masses, and the other with its sign changed. 
And it is to be remarked that the direction of this resultant 
force is, at every point, E, of S, perpendicular to S, since the 
potential due to one mass, and the other with its sign changed, 
is constant over the whole of S. 
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507. Green, in first publishing his discovery of the result Reducible 
stated in § 505, remarked that it shows a way to find an in- Green's pro- 
finite variety of closed surfaces for any one of which we can ee ca 
solve the problem of determining the distribution of matter 
over it which shall produce a given uniform potential at each 
point of its surface, and consequently the same also throughout 
its interior. Thus, an example which Green himself gives, let 
M be a uniform bar of matter, AA’. The equipotential sur- 
faces round it are, as we have seen above (§ 481), prolate 
ellipsoids of revolution, each having A and A’ for its foci; 


and the resultant force at C was found to be 


m 
Mezaj © 
the whole mass of the bar being denoted by m, its length by 
2a, and A’C + AC by 2l.. We conclude that a distribution of 
matter over the surface of the ellipsoid, having 


1 m.CF 


for density at C, produces on all external space the same 
resultant force as the bar, and zero force or a constant poten- 
tial through the internal space. This is a particular case of 
the general result regarding ellipsoidal shells, proved below, in 
§§ 520, 521. 
508. As a second example, let Af consist of two equal 
particles, at points J, I’. If we take the mass of each as unity, 


the potential at P is and therefore 


1 1 
TPT rp? 
1 1 

IPTE] 


is the equation of an equipotential surface; it being under- 
stood that negative values of IP and I’P are inadmissible, and 
that any constant value, from œ to 0, may be given to ©. The 
curves in the annexed diagram have been drawn, from this 
equation, for the cases of C equal respectively to 10, 9, 8, 7, 6, 
5, 4°5, 4'3, 4:2, 4°1, 4, 3°9, 3°8, 3:7, 3°5, 3, 2°5, 2; the value of 
IT’ being unity. 
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The corresponding equipotential surfaces are the surfaces 
traced by these curves, if the whole diagram is made to rotate 


round II’ as axis. Thus we see that for any values of C less 
than 4 the equipotential surface is one closed surface. Choos- 
ing any one. of these surfaces, let R denote the resultant of forces 
equal to zz and y in the lines PI and PI’. Then if matter 
be distributed over this surface, with density at P equal to 
= , its attraction on any internal point will be zero; and on 
any external point, will be the same as that of J and I’. 

509. For each value of C greater than 4, the equipotential 
surface consists of two detached ovals approximating (the last 
three or four in the diagram, very closely) to spherical surfaces, 
with centres lying between the points J and J’, but approximat- 
ing more and more closely to these points, for larger and larger 
values of C. 

Considering one of these ovals alone, one of the series enclos- 
ing I’, for instance, and distributing matter over it according 


to the same law of density, 7 » we have a shell of matter which 
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exerts (§ 507) on external points the same force as J’; and on Reducible 
internal points a force equal and opposite to that of J. Green’s pro- 


blem :—ex- 


510. As an example of exceedingly great importance in the amples. 
theory of electricity, let M consist of a positive mass, m, con- ad 
centrated at a point J, and a E 
negative mass, —-m’, at I’; 
and let S be a spherical surface 
cutting JI’, and II’ produced 
in points A, A,, such that 
TA: AI’: 1A; TA m: w. 
Then, by a well-known geo- 
metrical proposition, we shall have JE: I’E::m:m’; and 
therefore 


A, V S ; 


r 


cat, 

IE TE 
Hence, by what we have just seen, one and the same distribu- 
tion of matter over S will produce the same force as’ m’ through 
all external space, and the same as m through all the space 


n in EI, 


in I’E produced, which, as these forces are inversely 


within S. And, finding the resultant of the forces 
m’ 

and TE! 

as TE to T'E, is (§ 256) equal to 


m Ir m Il 1 
TEE? m IE’ 


we conclude that the density in the shell at £ is 
mI 1 
4mm IE’ 
That the shell thus constituted does attract external points 
as if its mass were collected at J’, and internal points as a 
certain mass collected at I, was proved geometrically in § 474 
above. 
O11. Ifthe spherical surface is given, and one of the points, 


I, I’, for instance J, the other is found by taking CI’ = CA 


Cr’ 
and for the mass to be placed at it we have 
I'A. CA Cr’ 


me At Cr" GA 


Flectrie 
images. 


Transforma- 
tion by re- 
ciprocal 
radius- 
vectors, 
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Hence if we have any number of particles m,, m,, etc., at points 
I, I, etc., situated without S, we may find in the same way 
corresponding internal points J’,, I’,, etc., and masses m’;, M'a, 
etc.; and, by adding the expressions for the density at E given 
for each pair by the preceding formula, we get a spherical shell 
of matter which has the property of acting on all external 
space with the same force as —m’,, —-m’,, etc, and on all 
internal points with a force equal and opposite to that of 
My, Ma, ete. 

912. An infinite number of such particles may be given, 
constituting a continuous mass Af; when of course the corre- 
sponding internal particles will constitute a continuous mass, 
— M’, of the opposite kind of matter; and the same conclusion 
will hold. IfS is the surface of a solid or hollow metal ball 
connected with the earth by a fine wire, and M an external 
influencing body, the shell of matter we have determined is 
precisely the distribution of electricity on S called out by the 
influence of M: and the mass — M’, determined as above, is 
called the Electric Image of M in the ball, since the electric 
action through the whole space external to the ball would be 
unchanged if the ball were removed and —- M’ properly placed 
in the space left vacant. We intend to return to this subject 
under Electricity. 

513. Irrespectively of the special electric application, this 
method of images gives a remarkable kind of transformation 
which is often useful It suggests for mere geometry what 
has been called the transformation by reciprocal radius-vectors ; 
that is to say, the substitution for any set of points, or for any 
diagram of lines or surfaces, another obtained by drawing radii 
to them from a certain fixed point or origin, and measuring off 
lengths inversely proportional to these radii along their direc- 
tions. We see in a moment by elementary geometry that any 
line thus obtained cuts the radius-vector through any point of 
it at the same angle and in the same plane as the line from 
which it is derived. Hence any two lines or surfaces that cut 
one another give two transformed lines or surfaces cutting at 
the same angle : and infinitely small lengths, areas, and volumes 
transform into others whose magnitudes are altered respectively 
in the ratios of the first, second, and third powers of the distances 
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of the latter from the origin, to the same powers of the distances Transforma- 


tion by re- 


of the former from the same. Hence the lengths, areas, and cipreal 
volumes in the transformed diagram, corresponding to a set TET 
of given equal infinitely small lengths, areas, and volumes, how- 

ever situated, at different distances from the origin, are in- 
versely as the squares, the fourth powers and the sixth powers 

of these distances. Further, it is easily proved that a straight 

line and a plane transform into a circle and a spherical surface, 

each passing through the origin; and that, generally, circles 

and spheres transform into circles and spheres. 

514. In the theory of attraction, the transformation of 
masses, densities, and potentials has also to be considered. 
Thus, according to the foundation of the method (§ 512), equal 
masses, of infinitely small dimensions at different distances 
from the origin, transform into masses inversely as these dis- 
tances, or directly as the transformed distances: and, therefore, 
equal densities of lines, of surfaces, and of solids, given at any 
stated distances from the origin, transform into densities directly 
as the first, the third, and the fifth powers of those distances ; 
or inversely as the same powers of the distances, from the 
origin, of the corresponding points in the transformed system. 

515. The statements of the last two sections, so far as General 
proportions alone are concerned, are most conveniently ex- of ration. 
pressed thus :— 

Let P be any point whatever of a geometrical diagram, or 
of a distribution of matter, O one particular point (“ the 
origin”), and @ one particular length (the radius of the “ reflect- 
ing sphere”). In OP take a point P’, corresponding to P, and 
for any mass m, in any infinitely small part of the given dis- 
tribution, place a mass m’; fulfilling the conditions 

OP’ = -~ aa m= mies ah 
OP OP a 
Then if Z, A, V, p(L), p(A), p(V) denote an infinitely small 
length, area, volume, linear-density, surface-density, volume- 
density in the given distribution, infinitely near to P, or 
anywhere at the same distance, 7, from O as P, and if the 
corresponding elements in the transformed diagram or dis- 
tribution be denoted in the same way with the addition of 
accents, we have 
2B 


General 
summary 
of ratios. 


Application 
to the 
potential. 


Any distri- 
bution ona 
spherical 
shell. 
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2 2 ‘ 4 ‘4 a’ p's 
U=—L=—L; A=—A=—A; Vi=—V=— V. 
r? a 


r3 a? rt at 
E E E ET 
p'(L)=—p(L)=— p(L); P (4) =zp(4)=7zP(4); 


p V)= ol V) =p V). 


The usefulness of this transformation in the theory of electricity, 
and of attraction in general, depends entirely on the following 
theorem :— 

516. (Theorem.)--Let @ denote the potential at P due to 
the given distribution, and @/ the potential at P’ due to the 
transformed distribution : then shall 


aa Bice 
p SR a p a r' dp. 

Let a mass m collected at I be any part of the given distri- 
bution, and let m’ at I’ be 
the corresponding part in 
the transformed distribu- 
tion. We have 

a’= Ol'.OI=OP’.OP, 
and therefore 0 T 

OI: OP:: OP: OL; 
which shows that the triangles ZPO, P’J’O are similar, so that 
IP: P'T::~OILOP:NOP OT :: OLOP: a’. 
We have besides 


P 
Pi 


T 


m:m: OL: a, 
and therefore 
m m 
IP IP ` OP : a. 

Hence each term of œ bears to the corresponding term of o’ 
the same ratio; and therefore the sum, ¢, must be to the sum, 
¢’, in that ratio, as was to be proved. 

517. As an example, let the given distribution be con- 
fined to a spherical surface, and let O be its centre and a its 
own radius. The transformed distribution is the same. But 
the space within it becomes transformed into the space without 
it. Hence if ¢ be the potential due to any spherical shell at 
a point P, within it, the potential due to the same shell at the 
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a is equal to E a 
DUCTION ON A 
OP’ 


OP È er 
(which is an elementary proposition in the spherical harmonic 
treatment of potentials, as we shall see presently). Thus, for 

instance, let the distribution be uniform. Then, as we know 

there is no force on an interior point, œ must be constant; and 

therefore the potential at P’, any external point, is inversely 
proportional to its distance from the centre. 

Or let the given distribution be a uniform shell, S, and let O Uniform 

be any eccentric or any external point. The transformed dis- tricatly re- 
tribution becomes (§§ 513, 514) a spherical shell, S, with id 
density varying inversely as the cube of the distance from C. 
If O is within S, it is also enclosed by S’, and the whole space 
within § transforms into the whole space without S’. Hence 
(§ 516) the potential of S’ at any point without it is inversely 
as the distance from O, and is therefore that of a certain quantity 
of matter collected at O. Or if O is external to S, and con- 
sequently also external to S, the space within S transforms 
into the space within S’. Hence the potential of S’ at any 
point within it is the same as that of a certain quantity of 
matter collected at O, which is-now a point external to it. 
Thus, without taking advantage of the general theorems 
(S§ 499, 506), we fall back on the same results as we inferred 
from them in § 510, and as we proved synthetically earlier 
(SS 471, 474,475). It may be remarked that those synthetical 
demonstrations consist merely of transformations of Newton’s 
demonstration, that attractions balance on a point within a 
uniform shell. Thus the first of them (§ 471) is the image of 
Newton’s in a concentric spherical surface; and the second is 
its image in a spherical surface having its centre external to 
the shell, or internal but eccentric, according as the first or the 
second diagram is used. 

518, We shall give just one other application of the theorem Uniform i 
of § 516 at present, but much use of it will be made later, in eccentrivally 
the theory of Electricity. = 

Let the given distribution of matter be a uniform solid 
sphere, B, and let O be external to it. The transformed system 
will be a solid sphere, B’, with density varying inversely as 
the fifth power of the distance from O, a point external to it. 


point P’ in OP produced till OP’= 
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uae The potential of S is the same throughout external space as 
eccentrically that due to its mass, m, collected at its centre, C. Hence the 
` potential of S” through space external to it is the same as that 
of the corresponding quantity of matter collected at C”, the 
transformed position of C. This quantity is of course equal 
to the mass of B’. And it is easily proved that C’ is the posi- 
tion of the image of O in the spherical surface of B’. We 
conclude that a solid sphere with density varying inversely 
as the fifth power of the distance from an external point, O, 
attracts any external point as if its mass were condensed at 
the image of O in its external surface. It is easy to verify 
this for points of the axis by direct integration, and thence the 
general conclusion follows according to § 490. 
Attractionof | §19, The determination of the attraction of an ellipsoid, or 
, an ellipsoid. ; ; : ‘ : 
of an ellipsoidal shell, is a problem of great interest, and its 
results will be of great use to us afterwards, especially in 
Magnetism. We have left it till now, in order that we may 
be prepared to apply the properties of the potential, as they 
afford an extremely elegant method of treatment. A few de- 
finitions and lemmas are necessary. 
Correspond- Corresponding points on two confocal ellipsoids are such as 
T G coincide when either ellipsoid by a pure strain is deformed so 
as to coincide with the other. 
And it is easily shown, as below, that if any two points, 
P, Q, be assumed on one shell, and their corresponding points, 
p, q, on the other, we have Pg = Qp. 


EEA 

If atpta=! (1) 
ee See E 

aus Pos OI OLA (2) 


be any two confocal ellipsoids; and P [&, n, ¢], a point on (1), p 
Nath, /bith VSct+h 
oa £ on wD P (] 

is cvidently a point on (2), and is the corresponding point to P. 


Let A) be [é’, 1 ioe Then of me A, eens 
remit YE Beyi Lita LEP 


? 


ajap — Lethe gy a E 
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Aand Pgt—Qpt=(@F°_1) (g¢—¢") a. 
on Contrecta 
, ' ellipsoids. 
= p n? a, N a 
Shi ati ac aa bT ai 
=0. - 


The species of shell which it is most convenient to employ Enipsoidal 
in the subdivision of a homogeneous ellipsoid is bounded by e" 
similar, similarly situated, and concentric ellipsoidal surfaces ; 
and it is evident from the properties of pure strain (§ 182) 
that such a shell may be produced from a spherical shell of 
uniform thickness by simple extensions and compressions in 
three rectangular directions. Unless the contrary be specified, 
the word “shell” will always signify an infinitely thin shell of 
this kind. 

520. Since, by § 462, a homogeneous spherical shell exerts exerts no 
no attraction on an internal point, a homogeneous shell (which Epon adi 
need not be infinitely thin) bounded by similar, and similarly panicle 
situated and concentric ellipsoids, exerts no attraction on an 
internal point. 

For suppose the spherical shell of § 462, by simple ex- 
tensions and compressions in three rectangular directions, to 
be transformed into an ellipsoidal shell. In this distorted form 
the masses of all parts are reduced or increased in the propor- 
tion of the mass of the ellipsoid to that of the sphere. Also 
the ratio of the lines HP, PK is unaltered, § 158. Hence the 
elements IH, KL still attract P equally, and the proposition 
follows as in § 462. 

Hence inside the shell the potential is constant. 

521. Two confocal shells (§ 519) being given, the potential Comparison 
of the first at any point, P, of the surface of the second, is of two shells 
to that of the second at the corresponding point, p, on the 
surface of the first, as the mass of the first is to the mass of 
the second. This beautiful proposition is due to Chasles. 

To any element of the mass of the outer shell at Q corre- 
sponds an element of mass of the inner at g, and these bear 
the same ratio to the whole masses of their respective shells, 
that the corresponding element of the spherical shell from 
which either may be derived bears to its whole mass. Whence, 
since Pg = Qp, the proposition is true for the corresponding 
elements at Q and q, and therefore for the entire shells. 


Equi- * 
potential 
surface for 
ellipsoidal 
shell, 


Attraction 
of homo- 
geneous 
ellipsoid. 
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Also, as the potential of a shell on an internal point is con- 
stant, and as one of two confocal ellipsoids is wholly within 
the other: it follows that the external equipotential surfaces 
for any such shell are confocal ellipsoids, and therefore that 
the attraction of the shell on an external point is normal to a 
confocal ellipsoid passing through the point. 

022. Now it has been shown (§ 478) that the attraction 
of a shell on an external point near its surface exceeds that on 
an internal point infinitely near it by 4arp where p is the 
surface-density of the shell at that point. Hence, as, § 520, 
there is no attraction on an internal point, the attraction of a 
shell on a point at its exterior surface is 4arp: or 4mpt if p be 
now put for the volume-density, and ¢ for the (infinitely small) 
thickness of the shell, § 491 (f). From this we obtain im- 
mediately the determination of the whole attraction of a homo- 
geneous ellipsoid on an external particle. 


Let ao, bo, Co be the axes of the attracting ellipsoid, and let 
a=a,0, b=b,0, c=c,0, be the axes of any similar, similarly 
situated, and concentric surface drawn within it; 0 being thus a 
proper fraction. If we consider a shell bounded by surfaces 
corresponding to 6, and @—d6, respectively, its attraction on 
the external point P (Ẹ, 7, Ê), is to that of a shell whose surfaces 
are confocal with these, and whose outer surface passes through 
P, as the mass of the first shell to that of the second. If A, B, 
C be the axes of this outer surface, we have 


A =at hat HEG 
B=)? +h=),77?+6'¢? 
C= +h=e,? 6+ 6'¢?, 


(1), 


where ¢ is a new variable, connected with 0 by the equation 


sre ere eee 
A? +p: + O? =], (2), 

y DS a EOR a 2 ° k 
or aiet AET AET . (8). 


Now it is evident that, if A— dA, B—dB, C—dU, be the axes of 
the inner surface of the new shell, 

aA _aB_aC_da_db_de_dé 

A B C a b c 6’ 
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and that, if = be the perpendicular from the centre on the tangent attraction 


plane at P, and ¢ the thickness of the shell at that point, ee 
t dA dê ellipsoid, 
ao A Oo 
Also, by geometry, 
=O 4 04 & (4) 
B* ? ? 
and the PR E S 3 are 
af an af 
A?’ B’ Ci 
Hence the attraction, parallel to axis of x, of shell [0, 9—d9] is 
aabot — dO a a*02d0 


4 sE 
™P—7BCO 7 0 At ATA pe 


For the whole attraction in this direction we have only to inte- 
grate this expression, as a function of 0, from 0=0 to 6=1. 
The integration is easier if we make ¢ the variable. Thus, 


differentiating (3), we have 


_ 6 


and therefore the whole aon is 
0: 
— Arpad ott J p 
spadal alp) 
= — 2rpagb oly J R 
He Hast $$") Otte) 
The limits are given at once by (3), if we remember that 0 
ranges from 0 to 1; and are evidently oo, and the positive root of 
£ q? (e 
MET EAE T URET 
Call this root a°, then the x component of the attraction is 
Me : ($F) 
NY Tact E] (bat + 8) (Co #) 
where M is the mass of the ellipsoid. 


It is worthy of remark that the three components depend upon 
the one elliptic integral 


(9) 


= E d(e?) 
ara/ (ao? + e’) da TETIN 
and are X=—3ME. ila ia 


with similar expressions for Y and Z as partial differential coeffi- 
cients with respect to b,* and c,’ respectively, a being treated as 
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a constant. When the attracted point lies on the surface of the 
ellipsoid, the only requisite change is to put a=0. 
Attraction of If we put c,=b, the ellipsoid becomes a spheroid of revolu- 
Se eS tion: and for its attraction parallel to the axis we have 
d(¢’) 
Mel aE OOF A) 
where a’ is the positive root of the equation 


g wae 


aipat Batat 
This integral is, of course, easily expressed in finite terms. 
But, as we shall see presently, it is sufficient to find its value for 
a point on the surface; for which we have 
— UP) 
=e ref (ac? + $*)i(bo* + $4?) S 
To work this out in real finite terms for an oblate spheroid, let 
bt =a, Hb, e, 
and the definite integral above becomes 
F CERTEN d(¢* +a’) = d(w*) 
0 (at +A) (at +57" FPT a w (betw?) 
2 be ~, de 


we bala, Ao S a, ) 
Now M=4rpb,*4/1—e?. 
Hence we easily obtain 
1 le. x 
X= K f aiñ 'e) (7). 


For one of the components perpendicular to the axis we have 
anf” ee a 
at(bs? + 8)*a/ ao FP" 
which, when the a is on the surface, becomes 
a") 
3M ie (8). 
TR ISo (bt +O) att Ft 
The definite integral is ee reduced to 
| 2 dz 1 bye ase 
2, ————__ = m (t — 
| rene by? e (tan a bo ) 
Hence we have 


Y= 2npy( si eo") (9). 


Mauclanrin's 628. From what we have already given of the analysis of 
this question, it is easy to deduce the following splendid 
theorem, due to Maclaurin :— 

The attractions exerted by two homogeneous and confecal ellip- 
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souls on the same point external to each, or external to one and Macau 
on the surface of the other, are in the same direction and pro- 
portional to their masses. 
The x component is, as above, 
2 
T ON > 
ata/ (ao + $7)*(bo* + 4%) (co* + A) 


with a’ the positive root ae 
l 


3 
$ mito T Fe at c+? 
For a eal ellipsoid the axes are 
a,*=a,*+h, bt =b th, c,*=c,? +A. 
And the x component is 
d ($*) 


E fa (ai + $) (btt $) GETI 
where a,” is the positive root of 
3 7 ¢* 
a E E 
AENA AET ET 
If we put h+¢* for ¢* in the first integral and in the equation 
for its limit, we reproduce the second and its limiting equation. 
Hence the integrals are equal, and corresponding components of 
the attraction are as M to M,. 
524. In a similar way we may at once prove Ivory’s Ivory's 
theorem— | 
Let corresponding points P, p, be taken on the surfaces of two 
homogeneous confocal ellipsoids, E, ee The x component of the 
attraction of E on p, is to that of e on P as the area of the section 
of E by the plane of yz ts to that of the coplanar section of e. 
The x component of M on £, 1, ¢, is already given [§ 522 (5)]. 
That of M, on ae, a e, is 
1 
sy” 7: d($*) 
a Ces ery (e+ 9") 
with the condition that a,* 1 the positive root of 
& 
a,?+ nite? b 
ge AREE aan eee EA 
ao*+h+ ¢? B FAFp ci fh gt 
Now the integrals are evidently equal—and the whole expres- 
sions are as M to M, s, 


’ 
1 
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Avory's Poisson showed that this theorem is true for any law of 
force whatever. This is easily proved by employing in the 
general expressions for the components of the attraction of any 
body, after one integration, the properties of corresponding 
points upon confocal ellipsoids (§ 519). 

Law of at- 525. An ingenious application of Ivory’s theorem, by 


traction 


whenaunt- Duhamel, must not be omitted here. Concentric spheres are 
form spheri- 


eal shell  q particular case of confocal ellipsoids, and therefore the at- 


exerts no 


action onan traction of any sphere on a point on the surface of an internal 

point. concentric sphere, is to that of the latter upon a point in the 
surface of the former as the squares of the radii of the spheres. 
Now qf the law of attraction be such that a homogeneous spherical 
shell of uniform thickness exerts no attraction on an internal point, 
the action of the larger sphere on the internal point is reduci- 
ble to that of the smaller. Hence the /aw is that of the inverse 
square of the distance, as is easily seen by making the smaller 
sphere less and less till it becomes a mere particle. This 
theorem is due originally to Cavendish. 

Centre of 526. (Definition.) If the action of terrestrial or other gravity 


gravity. b ‘ ; è ‘ : : 

i on a rigid body is reducible to a single force in a line passing 
always through one point fixed relatively to the body, whatever 
be its position relatively to the earth or other attracting mass, 
that point is called its centre of gravity, and the body is called 

Centrobarie a centrobaric body. 

bodies, : ‘ ‘ ’ 

proved 527. One of the most startling results of Green’s wonderful 
Pr Greco, theory of the potential is its establishment of the existence of 


centrobaric bodies; and the discovery of their properties is 
not the least curious and interesting among its very various 
applications. 
Properties of 528. If a body (B) is ceutrobaric relatively to any one 
medics attracting mass (A), it is centrobaric relatively to every other: 
and it attracts all matter external to itself as if its own mass 
were collected in its centre of gravity.’ 
Let O be any point so distant from B that a spherical surface 
described from it as centre, and not containing any part of B, 
is large enough entirely to contain A. Let A be placed within 
any such spherical surface and made to rotate about any axis, 
OK, through O. It will always attract B in a line through G, 
the centre of gravity of B. Hence if every particle of its mass 
1 Thomson, Proc. R.S.E., Feb. 1864. 
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be uniformly distributed over the circumference of the circle 
that it describes in this rotation, the mass, thus obtained, will 
also attract B in a line through G. And this will be the case 
however this mass is rotated round O; since before obtaining 
it we might have rotated A and OK in any way round O, hold- 
ing them fixed relatively to one another. We have therefore 
found a body, A’, symmetrical about an axis, OK, relatively 
to which B is necessarily centrobaric. Now, O being kept 
fixed, let OK, carrying A’ with it, be put successively into an 
infinite number, n, of positions uniformly distributed round O; 
that is to say, so that there are equal numbers of positions of 


OK in all equal solid angles round O: and let — part of the 


mass of A’ be left in each of the positions into which it was 
thus necessarily carried. B will experience from A all this 
distribution of matter, still a resultant force through G. But 
this distribution, being symmetrical all round O, consists of 
uniform concentric shells, and (§ 471) the mass of each of these 
shells might be collected at O without changing its attraction 
on any particle of B, and therefore without changing its re- 
sultant attraction on B. Hence B is centrobaric relatively to 
a mass collected at O; this being any point whatever not 
nearer than within a certain limiting distance from B (accord- 
ing to the condition stated above). That is to say, any point 
placed beyond this distance is attracted by B in a line through 
G; and hence, beyond this distance, the equipotential surfaces 
of B are spherical with @ for common centre. B therefore 
attracts points beyond this distance as if its mass were collected 
at G: and it follows (§ 497) that it does so also through the 
whole space external to itself. Hence it attracts any group 
of points, or any mass whatever, external to it, as if its own 
mass were collected at G. 

529. Hence §§ 497, 492 show that-- 

(a) The centre of gravity of a centrobaric body necessarily lies 
in its interior; or in other words, can only be reached from 
external space by a path cutting through some of its mass. And 

(6) No centrobaric body can consist of parts isolated from one 
another, each in space external to all: in other words, the outer 
boundary of every centrobaric body is a single closed surface, 


Properties of 
eentrobaric 
bodies. 


Properties of 


centrobarie 
bodies. 


Centrobarie 
shell. 
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Thus we see, by (a), that no symmetrical ring, or hollow 
cylinder with open ends, can have a centre of gravity; for its 
centre of gravity, if it had one, would be in its axis, and there- 
fore external to its mass. 

530. If any mass whatever, M, and any single surface, Ñ, 
completely enclosing it be given, a distribution of any given 
amount, M', of matter on this surface may be found which shall 
make the whole centrobarie with rts centre of gravity in any 
given position (G) within that surface. 

The condition here to be fulfilled is to distribute M’ over S, 
so as by it to produce the potential 

M+M 
EG" 
any point, E, of S; V denoting the potential of M at this 
point. The possibility and singleness of the solution of this 
problem were proved above (§ 499). It is to be remarked, 
however, that if M’ be not given in sufficient amount, an extra 
quantity must be taken, but neutralized by an equal quantity 
of negative matter, to constitute the required distribution on SN. 

The case in which there is no given body M to begin with 
is important ; and yields the following :— 

581. A given quantity of matter may be distributed in one 
way, but in only one way, over any given closed surface, so as to 
constitute a centrobaric body with its centre of gravity at any 
given point within it. 

Thus we have already seen that the condition is fulfilled by 
making the density inversely as the distance from the given 
point, if the surface be spherical. From what was proved in 
§§ 501, 506 above, it appears also that a centrobaric shell may 
be made of either half of the lemniscate in the diagram of 
§ 508, or of any of the ovals within it, by distributing matter 
with density proportional to the resultant force of m at J and 
m at I’; and that the one of these points which is within 
it is its centre of gravity. And generally, by drawing the 
equipotential surfaces relatively to a mass m collected at a 
point J, and any other distribution of matter whatever not 
surrounding this point; and by taking one of these surfaces 
which encloses J but no other part of the mass, we learn, by 
Green’s general theorem, and the special proposition of § 506, 
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how to distribute matter over it so as to make it a centrobaric Properties of 
shell with J for centre of gravity. bodies. 

582. Under hydrokinetics the same problem will be solved 
for a cube, or a rectangular parallelepiped in general, in terms 
of converging series ; and under electricity (in a subsequent 
volume) it will be solved in finite algebraic terms for the 
surface of a lense bounded by two spherical surfaces cutting 
one another at any sub-multiple of two right angles, and for 
either part obtained by dividing this surface in two by a third 
spherical surface cutting each of its sides at right angles. 

583. Matter may be distributed in an infinite number of Centrobaric 
ways throughout a given closed space, to constitute a centrobarie 
body with its centre of gravity at any given point within it. 

For by an infinite number of surfaces, each enclosing the 
given point, the whole space between this point and the given 
closed surface may be divided into infinitely thin shells; and 
matter may be distributed on each of these so as to make it 
centrobaric with its centre of gravity at the given point. Both 
the forms of these shells and the quantities of matter distributed 
on them, may be arbitrarily varied in an infinite variety of 
ways. 

Thus, for example, if the given closed surface be the pointed 
oval constituted by either half of the lemniscate of the diagram 
of § 508, and if the given point be the point J within it, a 
centrobaric solid may be built up of the interior ovals with 
matter distributed over them to make them centrobaric shells 
as above (§ 531). From what was proved in § 518, we see 
that a solid sphere, with its density varying inversely as the 
fifth power of the distance from an external point, is centro- 
baric, and that its centre of gravity is the image (§ 512) of 
this point relatively to its surface. 

584. The centre of gravity of a centrobaric body composed The centre 
of true gravitating matter is its centre of inertia. For a centro- (irit exist) 
baric body, if attracted only by another infinitely distant body, of inertia. 
or by matter so distributed round itself as to produce (§ 499) 
uniform force in parallel lines throughout the space occupied 
by it, experiences (§ 528) a resultant force always through its 
centre of gravity. But in this case this force is the resultant 
of parallel forces on all the particles of the body, which (see 
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Properties of Properties of Matter, below) are rigorously proportional to 

centrobaric ; > say 

bodies. their masses: and in § 561 it is proved that the resultant of 
such a system of parallel forces passes through the point defined 
in § 230, as the centre of inertia. 

A body ts 535. The moments of inertia of a centrobaric body are 


kinetically : ; ; 
symmetrical equal round all axes through its centre of inertia. In other 


centre of words (§ 285), all these axes are principal axes, and the body 
is kinetically symmetrical round its centre of inertia. 


Let it be placed with its centre of inertia at a point O (origin 
of co-ordinates), within a closed surface having matter so dis- 
tributed over it (§ 499) as to have xyz (which satisfies V?(xyz)=0) 
for potential at any point (x, y, z) within it. The resultant action 
on the body is (§ 528) the same as if it were collected at O; that 
is to say, zero: or, in other words, the forces on its different parts 
must balance. Hence (§ 551, 1., below) if p be the density of the 
body at (x, y, z) 

Myzpdxdyd:=0, fJzx.pdzdydz=0, JJxy.pdxdydz =0. 
Hence OX, OY, OZ are principal axes; and this, however the 
body is turned, only provided its centre of gravity is kept at O. 

To prove this otherwise, let V denote the potential of the 
given body at (x, y, z); u any function of x, y, z; and æ the 
triple integral 

du ia du dV du dV. 

MM we ia dy dy" dz dz Yia: 
extended through the interior of a spherical surface, S, enclosing 
all of the given body, and having for centre its centre of gravity. 
Then, as in Chap. 1. App. A, we have 
a= /fuVdo—f/f{/V Viudxdydz 

=/{fIVudo—f//fuV* Vdxdydz. 
But if m be the whole mass of the given body, and a the radius 
of S, we have, over the whole surface of S, 


m m 


V=—, and IV=—— - 
a aè 


Also [§ 491 (c)] V? V= —4rp, 
vanishing of course for all points not belonging to the mass of 
the given body. Hence from the preceding we have 


4r //fupdxdydz = — ff(@utu)do—fffV Viudxdyds. 
a 


Let now u be any function fulfilling V?~=0 through the whole 
space within S; so that, by § 492, we have //oudc=0, and by 
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§ 496, fudr =4ra*u,, if u, denote the value of u at the centre properties of 


of S. Hence Sf fupdxdydz=muy. eae 
Let, for instance, u=yz. We have u,=0, and therefore 
SV fyzpdxdydz=0, 

as we found above. Or let u=(x*+y*)—(x*+2*), which gives 
u,=0; and consequently proves that 

Sfx" +2") pdxdydz=f//(x* + y*)pdxdydz, 
or the moment of inertia round OF is equal to that round OX, 
verifying the conclusion inferred from the other result. 


536. The spherical harmonic analysis, which forms the sub- origin of 
ject of an Appendix to Chapter 1, had its origin in the theory TOi 
of attraction, treated with a view especially to the figure of the ie 
earth ; having been first invented for the sake of expressing 
in converging series the attraction of a body of nearly spherical 
figure. It is also perfectly appropriate for expressing the 
potential, or the attraction, of an infinitely thin spherical shell, 
with matter distributed over it according to any arbitrary 
law. This we shall take first, being the simpler application. 

Let x, y, z be the co-ordinates of P, the point in question, 
reckoned from O the centre, as origin of co-ordinates: p and p’ 
the values of the density of the spherical surface at points Æ and 
E’, of which the former is the point in which it is cut by OP, or 
this line produced: do’ an element of the surface at E’, a its 
radius. Then, V being the potential at P, we have 


V= Tfr pdg (1). 
But, by B (48) 
E : ZHŽ i } when P is internal, 
E'P a (2) 
and a { 14> Qi) h » 9). external, 
r 1 
where Q; is the biaxal surface harmonic of (EZ, Æ’). Hence, if 
p =S,4$S, +S,+ etc. (3) 
be the harmonic expaneion for p, we have, according to B (52), 
Ñi ri . œ 
= f so h ternal 
V=+4ra “4G ) } when P is internal, 4), 
and = $ $ 5i external, 


a 
Zai F ) } ” ” 
If, for instance, p=.S;, we have 
Amr i S; i 


at) 4] 


7= 


inside, 
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4rait? G; 


Application and V=- outside. 
z spherical riti Əl +1 

armonic 

analysis. Thus we conclude that 


587. A spherical harmonic distribution of density on a 
spherical surface produces a similar and similarly placed 
spherical harmonic distribution of potential over every con- 
centric spherical surface through space, external and internal ; 
and so also consequently of radial component force. But the 
amount of the latter differs, of course (§ 478), by 47p, for points 
infinitely near one another outside and inside the surface, if p 
denote the density of the distribution on the surface between 
them. 

If R denote the radial component of the force, we have 
dV 4rri~) iÑ; 
R=- g= er amt 2541 Inside, (5). 
maita 
=t oe outside. 
Hence, if r=a, we have 
R (outside)— R (inside) = 4r S; = 4rp. 


538. The potential is of course a solid harmonic through 
space, both internal and external; and is of positive degree in 
the internal, and of negative in the external space. The ex- 
pression for the radial component of the force, in each division 
of space, is reduced to the same form by multiplying it by the 
distance from the centre. 

939. The harmonic development gives an expression in 
converging series, for the potential of any distribution of matter 
through space, which is useful in some applications. 


and 


Let x, y, z be the co-ordinates of P, the attracted point, and 
x’, y’, z those of P’ any point of the given mass. Then, if p’ 
be the density of the matter at P’, and V the potential at P, we 


have 
v=fff = — ű pdrdy'd? č ž (6) 
[(w—x')§ + (y—y')? +e l 


The most convenient view we can take as to the space through 

which the integration is to be extended is to regard it as infinite 

in all directions, and to suppose p’ to be a discontinuous function 

of x’, y’, z, vanishing through all space unoccupied by matter. 
Now by B (u) we have 
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See eee eee eee ne a {1 45 QZY} when r’ >r ot spherical 
[=r tyy Heh a r (Uea 
and =— (14207) p y Far 
— this in (6) we have 
p dx’ A dz’ 


=(Sff)— 


‘ax’ 1 a rary 
+2 (rar TE + LAT ]Qr"pdr'dy'dz'} (8), 
where (Af) denotes ae through all the space external to 
the spherical surface of radius r, and [///] integration through 
the interior space. 


This formula is useful for expressing the attraction of a mass potential of 
of any figure on a distant point in a single converging series. piy 
Thus when OP is greater than the greatest distance of any part 
of the body from O, the first series disappears, and the expression 
becomes a single converging series, in ascending powers of 
l 


r 


a ~ Llp de’ ay! dz' 


1 , r 1 , 1 ti t ld 1 , 
=— {pdx dy'dz' 4+ 2 ff Qr p’ dæ'dy'dz'} (9). 
If we use the notation of B (u) (53), this becomes 
1 , , / f = Pe / 4. +? / r , 
= (Mp dx dy de + 2r*ff'p Hil (x, 2), (x,y, 2°) ]dx dy de } (10) 
and we have, by B (v’) and (w), 


ny, 3), (2, yaj Po z1) costo— irae eal eet paar e a te (11) 


where cos0= ze tay + zz ‘ 


From this we find à 
Ayre tyy tez; I= lex tyy Her Py) (2 py 2)) | 
and so on. 
Let now M denote the mass of the body; and let O be taken 
at its centre of gravity. We shall have 
Sf p' dx'dy'dz' =M; and [ffp H,dx'dy'dz' =0. 
Further, let OX, OY, OZ be taken as principal axes (§§ 281, 282), 


so that SS p'y'z'dx'dy'dz' =0, ete., 
and let A, B, C be the moments of inertia round these axes. 
This will give 


boa Ale! (32—13) [ffp'x/%dx'dy'dz'+-ctc. }=4{ (82*—r)| 4(A+B4+C)—A]-+ete. } 
=1{ A(r?—329) 4 B(?-—3y?) C4-(r8—324) J= { (B+ C—2.4 )a9-++-( C4 A—2B)y4-(A+ B—2C)27} 
2c 
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Potential of Hence neglecting terms of the third and higher orders of small 
a distant , 
body. 


quantities (powers of -), we have the following approximate 
Pa for the potential :—— 
E ! (B40 2A)x?*+(C+A—2D)y?+(A+B—2C)z?} (12). 


Ás one example of the usefulness of this result, we may mention 
the investigation of the disturbance in the moon’s motion pro- 
duced by the non-sphericity of the earth, and of the reaction of 
the same disturbing force on the earth, causing lunar nutation and 
precession, which will be explained later. 

Differentiating, and retaining only terms of the first and second 
degrees of approximation, we have for the components of the 


mutual force between the body and a unit particle at (x, y, 2), 


J —?2.1 5 å 
= Me (PEOD | 5 Zi B+024)xt+(0+A—2B)+ (4+B—20)] 


Y=ete, Z= ete. 


(13): 


whence 


— C7 U 


(B— an 


T ¥r—Xy= 3 , (14). 


Ganipara these with Chap. A Poa we conclude i 

Attraction of 540. The attraction of a distant particle, P, on a rigid body 

suat if transferred (according to Poinsot’s method explained below, 

sa § 555) to the centre of inertia, J, of the latter, gives a couple 
approximately equal and opposite to that which constitutes the 
resultant effect of centrifugal force, if the body rotates with a 
certain angular velocity about JP. The square of this angular 
velocity is inversely as the cube of the distance of P, irre- 
spectively of its direction; being numerically equal to three 
times the reciprocal of the cube of this distance, if the unit 
of mass is such as to exercise the proper kinetic unit (§ 225) 
force on another equal mass at unit distance. The general 
tendency of the gravitation couple is to bring the principal axis 
of least moment of inertia into line with the attracting point. 
The expressions for its components round the principal axes will 
be used later (Chap. Lx.) for the investigation of the phenomena 
of precession and nutation produced, in virtue of the earth’s 
non-sphericity, by the attractions of the sun and moon; and 
(Chap. Ix.) to estimate the retardation produced by tidal friction 
against the earth’s rotation, according to the principle explained 
above (§ 276). 
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541. It appears from what we have seen that the amount Airtime! 
of the gravitation couple is inversely as the cube of the distance gogy ™ 
between the centre of inertia and the external attracting point : 
and therefore that the shortest distance of the line of the re- 
sultant force from the centre of inertia varics inversely as the 
distance of the attracting point. We thus sce how to a first (7 


approximation every rigid body is centrobaric relatively to a monn 


in the eom- 
fe : mon theory 
distant attracting point. eee rc 
542. The real meaning and value of the spherical harmonic %#**"y- 
method for a solid mass will be best understood by consider- 


ing the following application :— 


Let p= (rs; (15) 
where F(r) denotes any function of r, and S; a surface spherical 
harmonic function of order i, with coefficients independent of r. 
Substituting accordingly for p’ in (8), and attending to B. (52) 
and (16), we find 


Si f rr del pecs fR dr} (16). 
543. As an example, let it be required to find the potential sid sphere 


h har- 


of a solid sphere of radius a, having matter distributed through honie ais. 


tributi f 
it according to a solid harmonic function, V; dieusitys 


That is to say, let 
p=V;=r'S;, when r< a, 
and p =0 „ roa. 
Hence in the preceding formula F(r)=ri from r=0 to r=ua, 
and F(r)=0, nn r>a; and it becomes 


r? ys De 
= hen P ternal 
V= =i V ohh ET AFS) when P is internal, Re 
Ar qiits Vi ) ( ). 
~ (24--1)(2%-+3) “piti 9 3) externa . 


This result may also be obtained by the aid of the algebraical 
formula B (12) thus, on the same principle as the potential of a 
uniform spherical shell was found in § 491 (d). 

We have by § 491 (c) 

Vi V= — 4r V, when r <a, 
and =0 io. TS. l 
But by taking m=2 in B (12) we have 
T(r Vi) =2(2:+3) V 


(18). 


Potential of 
solid sphere 
with har- 
monie dis- 
tribution of 
density. 


Potential of 
any mass, in 
harmonie 
series. 


Application 
to figure of 
the varth. 
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and therefore the solution of the equation 


"H r’ Vi 
where U is any function whatever satisfying the equation 
V'U=0 


through the whole interior of the sphere. By choosing U and the 
external values of V so as to make the values of V equal to one 
another for points infinitely near one another outside and inside 


the bounding surface, to fulfil the same condition for %, and 


to ma V vanish when r = œ, Sa when r = 0, we find 
U= iF 
and obtain the expression of (17) for V external. For in the 


Vi 
first place, V external and U must clearly be AT? and BYV;,, 


where A and B are constants: and the two conditions give the 
equations to determine them. 


544. From App. B. (52) it follows immediately that any 
function of x, y, z whatever may be expressed, through the 
whole of space, in a series of surface harmonic functions, each 
having its coefficients functions of the distance (r) from the 
origin. Hence (16), with S; placed under the sign of integra- 
tion for 7’, gives the harmonic development of the potential 
of any mass whatever; being the result of the triple integra- 
tions indicated in (8) of § 539, when the mass is specified by 
means of a harmonic series expressing the density. 

045. The most important application of the harmonic de- 
velopment for solid spheres hitherto made is for investigating, 
in the Theory of the Figure of the Earth, the attraction of a 
finite mass consisting of approximately spherical layers of 
matter equally dense through each, but varying in density 
from layer to layer. The result of the general analytical 
method explained above, when worked out in detail for this 
case, is to exhibit the potential as the sum of two parts, of 
which the first and chief is the potential due to a solid sphere, 
A, and the second to a spherical shell, B. The sphere, A, is 
obtained by reducing the given spheroid to a spherical figure 
by cutting away all the matter lying outside the proper mean 
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spherical surface, and filling the space vacant inside it where Amin 
the original spheroid lies within it, without altering the density the carth. 
anywhere. The shell, B, is a spherical surface loaded with 
equal quantities of positive and negative matter, so as to com- 
pensate for the transference of matter by which the given 
spheroid was changed into A. The analytical expression of 
all this may be written down immediately from the preceding 
formule (§§ 536, 537); but we reserve it until, under hydro- 
statics and hydrokinetics, we shall be occupied with the theory 
of the Figure of the Earth, and of the vibrations of liquid globes. 

546. The analytical method of spherical harmonics is very 
valuable for several practical problems of electricity, magnetism, Case of the 


potential 


and electro-magnetism, in which distributions of force sym- symmetrical 
metrical round an axis occur: especially in this; that if the axis. 
force (or potential) at every point through some finite length 

along the axis be given, it enables us immediately to deduce 
converging series for calculating the force for points through 


some finite space not in the axis. (See § 498.) 


O being any conveniently chosen point of reference, in the 
axis of symmetry, let us have, in series converging for a portion 
AB of the axis, 


U=a +2 part + art i pete. (2) 


where U is the potential at a point, Q, in the axis, specified by 
OQ=r. Then if V be the potential at any point P, specified by 
OP=r and QOP=6, and, as in App. B. (47), Qi, Qa, ... denote 
the axial surface harmonics of 0, of the successive integral orders, 
we must have, for all values of r for which the series converges, 


Vay ++ (ar + 21)Q, + (agr* +2) Qy-fete. (d) 


provided P can be reached from Q and all points of AB within 
some finite distance from it however small, without passing 
through any of the matter to which the force in question is due, 
or any space for which the series does not converge. For 
throughout this space (§ 498) V— V’ must vanish, if V’ be the 
value of the sum of the series; since V—V’ is [App. B. (g)] 
a potential function, and it vanishes for a finite portion of the 
axis containing Q. 

The series (5) is of course convergent for all valucs of r which 
make (a) convergent, since the ultimate ratio Qi;,--Q; for in- 


Potential 
symmetrical 
about an 
axis: 


Examples. 
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finitely great values of i, is unity, as we see from any of the 
expressions for these functions in App. B. 

In general, that is to say unless O be a singular point, the 
series for U consists, according to Maclaurin’s theorem, of ascend- 
ing integral powers of r only, provided r does not exceed a certain 
limit. In certain classes of cases there are singular points, such 
that if O be taken at one of them, U will be expressed in a series 
of powers of r with fractional indices, convergent and real at 
least for all finite positive values of r not exceeding a certain 
limit. The expression for the potential in the neighbourhood 
of O in any such case, in terms of solid spherical harmonics 
relatively to O as centre, will contain harmonics [App. B. (a)] 
of fractional degrees. 

-2° > Examples—(I.) The potential of a circular ring of radius a, 
and linear density p, at a point in the axis, distant by r from the 


centre, is _2rap 

as 
Hence U=2mp(1— + se a —etc.) when r< a, 
and slay Tps T ete. ) when r > a, 


from which we have 
r? 1.3 rt 
V=2rp(1 -fnt g% —ete.) when r -< a, 


and V=2np(—— Tats =e 2 — ete.) when r> a. 
(II.) Multiplying the eee unexpanded expression for U, 
- by da, and integrating with reference to a from a=O as lower 
limit, and now calling U the potential of a circular disc of uniform 
surface density p, and radius a, at a point in its axis, we find 
U=2np{(at-+rt)i—r}, 
r being positive. 
Hence, expanding first in ascending, and secondly in descend- 
ing powers of r, for the cases of r <a and r > a, we find 
1.1 7 1.1.3 7° 


V=2rp{ -rQ +a +40, — or Ut agg aie ete. when r< a, 
a? 
and V=2rp! ess Ta SS TQ, —ete.} when r> a. 


It must be remarked that the first of these expressions is only 
continuous from 6=0 to 0=}r; and that from 6=4}7 to 0=r 
the first term of it must be made 

+2rpr Q, instead of —27prQ,. 
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(II.) Again, taking =" of the expression for U in (II.), and Potential 
r 


symmetrical 
about an 


now calling U the potential of a disc of infinitely small thickness #*is. 
c with positive and negative matter of surface density P on its 
c 


two sides, we have 
r 
U= mpa e Fr 
[obtainable also from § 479 (e), by integrating with reference to 
x, putting r for x, and p for pc]. Hence for this case 


r r? 1.3 r’ Potential in 
Vebra —Q,—-— — Q +ete.) when r< a, — the neigh- 
PL Tatham ag gi tote.) Eo 
a 13 a! a cucu 
and V= amet Qı S zQ Fete.) when r > a. mister coll 


The first of these expressions also is discontinuous ; 
is > $r and <7, its first term must be taken as 
of 2rp. 


>—< 


547. If two systems, or distributions of matt tM ang Af”, Ehi 
given in spaces each finite, but infinitely far asun@ex; baallowed en”, 
to approach one another, a certain amount of woyk-js obtiined aa 
by mutual gravitation: and their mutual po 


uibbion 
ial 


changes of position are effected, provided the relati 
positions and the relative final positions of all the particles are 
given. Hence if m, Ma... be particles of M; Mis Ma... 
particles of M’; vi va... the potentials due to M’ at the 
points occupied by M, Ma ...; Vo Va... those due to M at 
the points occupied by m’ m’s,...; and E the exhaustion of 
mutual potential energy between the two systems in any actual 
configurations ; we have 
E=2mv'=m'v. 

This may be otherwise written, if p denote a discontinuous 
function, expressing the density at any point, (x, y, z) of the 
mass M, and vanishing at all points not occupied by matter of 
this distribution, and if p’ be taken to specify similarly the other 
mass M’: Thus we have 

E= [ffp dxdydz= {fp vdxdydz, 
the integrals being extended through all space. The equality of 
the second and third members here is verified by remarking that 
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Exhaustion _ pad xd yd z 

Se v=] D ’ 
if D denote the distance between (x, y, z) and (x, y, ,2), the 
latter being any point of space, and p the value of p at it. A 
corresponding expression of course gives v’: and thus we find one 
scxtuple integral to express identically the second and third 
members, or the value of E, as follows :— 

pp'd xd yd zdxdydz 
c= 
D 
ae 548. It is remarkable that it was on the consideration of 


an analytical formula which, when properly interpreted with 
reference to two masses, has precisely the same signification as 
the preceding expressions for E, that Green founded his whole 
structure of general theorems regarding attraction. 


In App. A. (a) let a be constant, and let U, U’ be the 
potentials at (x, y, z) of two finite masses, M, M’, finitely distant 
from one another: so that if p and p’ denote the densities of M 
and M’ respectively at the point (x, y, z), we have [§ 491 (c)] 

V'U= —4rp, V?U' = —4rp’. 
It must be remembered that p vanishes at every point not form- 
ing part of the mass Jf: and so for p' and M’. In the present 
merely abstract investigation the two masses may, in part or in 
whole, jointly occupy the same space: or they may be merely 
imagined subdivisions of the density of one real mass. Then, 
supposing S to be infinitely distant in all directions, and observ- 
ing that UJU’ and U'0U are small quantities of the order of the 
inverse cube of the distance of any point of S from M and MM’, 
whereas the whole area of S over which the surface integrals of 
App. A. (a) (1) are taken is infinitely great, only of the order of 
the square of the same distance, we have 
SfdaSU' SU=0, and f/dSU0U' =0. 
Hence (a) (1) becomes 


dU dU’ dU dU’ dU dU' ; ; 
Wie a dy dy * dz yp \Aedyda = 4r fff p U'dædydz = 4r fff p' Udedyd: ; 


showing that the first member divided by 47 is equal to the ex- 
haustion of potential energy accompanying the approach of the 
two masses from an infinite mutual distance to the relative position 
which they actually occupy. | 

Without supposing S infinite, we see that the second member 
of (a) (1), divided by 47, is the direct expression for the ex- 
haustion of mutual energy between W’ and a distribution con- 
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sisting of the part of M within S and a distribution over S, of 
density =) U’; and the third member the corresponding ex- 
pression for M and derivations from M’. 


549. If, instead of two distributions, M and M’, two par- 
ticles, m,, mg alone be given; the exhaustion of mutual 
potential energy in allowing them to come together from in- 
finity, to any distance D (1, 2) asunder, is 

MM 

D (1,2) 
If now a third particle m, be allowed to come into their neigh- 
bourhood, there is a further exhaustion of potential energy 
amounting to 


mM, MM; 
D (1,3) © D (2,3) 
By considering any number of particles coming thus necessarily 
into position in a group, we find for the whole exhaustion of 
potential energy 
mm’ 
E=Z2 Dp 
where m, m’ denote the masses of any two of the particles, D 
the distance between them, and 33 the sum of the expressions 
for all the pairs, each pair taken only once. If v denote the 
potential at the point occupied by m, of all the other masses, 
the expression becomes a simple sum, with as many terms as 
there are masses, which we may write thus—- 


E=42mv; 
the factor 4 being necessary, because 3 mv takes each such term 
as DUS twice over. If the particles form an ultimately con- 
? 


tinuous mass, with density p at any point (x, y, z), we have only 
to write the sum as an integral; and thus we have 


E =4 f[f{prdxdydz , 
as the exhaustion of potential energy of gravitation accompany- 
ing the condensation of a quantity of matter from a state of 
infinite diffusion (that is to say, a state in which the density 
is everywhere infinitely small) to its actual condition in any 
finite body. 


Exhaustion 
of potential 
energy, 


in allowing 
condensa- 
tion of 
diffused 
matter. 
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Einsi An important analytical transformation of this expression is 
ae suggested by the preceding interpretation of App. A. (a); b 
which we find? 
r= 2 {[ [Got +e, V idae. 
= — ‘d. 
or E af ffe xdydz, 


if R denote the resultant force at (x, y, z), the integration being 
extended through all space. 

Detailed interpretations in connexion with the theory of energy, 
of the remainder of App. A., with a constant, and of its more 
general propositions and formulæ not involving this restriction, 
especially of the minimum problems with which it deals, are of 
importance with reference to the dynamics of incompressible 
fluids, and to the physical theory of the propagation of electric 
and magnetic force through space occupied by homogeneous or 
heterogeneous matter; and we intend to return to it when we 
shall be specially occüpicd with these subjects. 


Gauss's 550. The manner in which Gauss independently proved 

method Green’s theorems is more immediately and easily interpretable 
in terms of energy, according to the commonly-accepted idea 
of forces acting simply between particles at a distance without 
any assistance or influence of interposed matter. Thus, to prove 
that a given quantity, Q, of matter is distributable in one and 
only one way over a given single finite surface S (whether a 
closed or an open shell), so as to produce equal potential over 
the whole of this surface, he shows (1.) that the integral 


J [Jee 


has a minimum value, subject to a condition 


pdr =Q, 
where p is a function of the position of a point, P, on S, p’ its 
value at P’, and do and do’ elements of S at these points: and 
(2.) that this minimum is produced by only one determinate 
distribution of values of p. By what we have just seen (§ 549) 
the first of these integrals is double the potential energy of a 
distribution over S of an infinite number of infinitely small 
mutually repelling particles: and hence this minimum problem 
1 Nichol’s Cyclopedia, 24 Ed. 1860. Magnetism, Dynamical Relations of. 
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is (§ 292) merely an analytical statement of the problem to Puani 


find how these particles must be distributed to be in stable particles 


ege > closed 

equilibrium. in a rigid 
. . . e . smooth 
Similarly, Gauss’s second minimum problem, of which the surface. 


preceding is a particular case, and which is, to find p so as to 
make M(gw—2)pdo 


a minimum, subject to 


M pdo = Q, 
where #2 is any given arbitrary function of the position of P, 
and p'do' 
v= j| | -ppr? 
JJP 


is merely an analytical statement of the question, how must 
a given quantity of repelling particles confined to a surface S 
be distributed so as to make the whole potential energy due to 
their mutual forces, and to the forces exerted on them by a 
given fixed attracting or repelling body (of which f is the 
potential at P), be a minimum; in other words (§ 292), to find 
how the moveable particles will place themselves, under this 
influence. 


Rigid body, 


moved with- 
out rotation ; 


rotated. 


CHAPTER VII. 
STATICS OF SOLIDS AND FLUIDS. 


551. As already explained, § 454, the present application 
requires the third law of motion and its consequences. These 
are embodied, sufficiently for our present purpose, in the general 
statement of Lagrange, § 293, with its extension in § 452, to 
forces of friction. We commence with the case of a rigid body 
or system, by which we understand a group of material particles 
which are maintained by their mutual forces in definite posi- 
tions relatively to each other, though not with reference to 
external bodies. This is approximately true of all solid bodies, 
so long as the applied forces are not sufficiently powerful to 
overcome to a sensible extent the intense molecular reactions. 
We commence with a general investigation; simpler methods 
for special cases will be introduced later. 

I. Suppose the body to be displaced by translation merely 
in any direction whatever. Then if all the forces be resolved 
parallel to this line, each component will have wrought through 
the same space. But on account of the equilibrium, no work 
is done ; and therefore the sum of the components is zero. 

Thus, for equilibrium of a rigid body, it is necessary that the 
(algebraic) sum of the components of all the forces acting on 
the body, in any direction whatever, vanish. 

It is sufficient, to insure this, that the sum vanish in each 
of any three assumed directions not in one plane; for any 
translation may be resolved parallel to three such lines. In 
practice the three directions usually selected are at right angles 
to each other. 

II. Suppose the body to be displaced, by rotation merely, 
through an infinitely small angle about any axis. Then (§ 240) 
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the whole work done by the forces is the product of the angle Rigid vody. 
of rotation by the (algebraic) sum of the moments of the forces 
about the axis. This must vanish, on account of thé equi- 
librium. 
Hence, for equilibrium of a rigid body, it is necessary that 
the sum of the moments of the forces about any axis whatever 
shall vanish. 
Since a rotation about ony axis whatever is equivalent to 
translations parallel to, and rotations about, any three axes (not 
in one plane) passing through one point—it is sufficient, in 
addition to the above condition (I.) among the forces, that the 
sums of their moments about any three rectangular axes meet- 
ing in a point should vanish. 
TIL. When the forces are all in one plane, the above six Forces in 
conditions are reduced to three, viz. :— eee 
The sums of the components in any two (rectangular) 
directions must separately vanish. 
The sum of the moments about any axis perpendicular to 
the plane of the forces must vanish. 


(a) If X, Y, Z be the rectangular components of the force Analytical 
which is applied at the point P, (x, y, z) of the rigid body, and ° as 
if the body be displaced by a translation merely, whose com- 
ponents parallel to the axes are £, 7, ¢; we evidently have for 
the work done the expression 

E2(X)+y2(V)+¢2(Z). 
By Lagrange’s form of Newton’s principle, this must vanish if 
the body is in equilibrium under the action of the applied forces. 
Now &, 7, ¢ are independent, and may have any values whatever. 
Hence we must have 
2(X)=0, 2(¥)=0, =(Z)=0, 

which are, in fact, the same as the conditions already obtained 
(§ 455) for the equilibrium of a particle. 

(b) Next, suppose the body to be displaced by rotation about 
any axis. As the origin is any point whatever, we may assume 
the axis to pass through it. Let the rotation be equivalent to 
infinitely small simultaneous rotations wz, w,, w, about the axes 
of x, y, and z (§ 96). Then at once, by § 95, we sce that the 
displacement of P has for components parallel to the axes the 


quantitics WyZ— WY, WE — Uz, Wry — Wy L. 


General con- 


ditions of 
equilibrium 
of a rigid 
body. 


Resultant 
of any set 
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Couples. 
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Hence the whole work done by the applied forces is 
Di X(wyz—w.y) + Y(w.e—w,2)+ Z(w,y— wx) } 
or wz>(Zy— Vz) + wy2(Xz— Zx) + 0,2( Yr— Xy). 
Since this must vanish, and since wz, wy, w; are necessarily inde- 
pendent, we have the three additional conditions 
2(Zy— Yz)=0, 2(X:—Zxr)=0, 2 Yx—NXy)=0. 

(c) If there be not equilibrium, we evidently have as the re- 
sultant of the forces— 

I. Forces 2(X), Z(Y), 2(Z) applied at the origin (which may 
be any point whatever) in lines parallel to the axes. Let R be 
their resultant, and Z, m, n its direction-cosines. 

II. Moments, or Couples, 

2(Zy—Yz), =(Xz—Zx), 2(Yx—Xy) 
about the axes respectively. 

These may be represented by GA, Gp, Gv, where A+’ +r’ =l. 
The physical meaning of this will appear presently. 

(d) When the forces are in one plane, that of xy for instance, 
we have only three conditions, viz., 

2(X4)=0, 2(¥Y)=0, and 2(Yx— Xy)=0. 


552. If any forces whatever act on a rigid body and do not 
produce equilibrium, it is evident that their resultant (whatever 
it may be) must, if reversed, and applied simultancously with 
them, produce equilibrium. This reversed resultant must there- 
fore, in gencral, satisfy six conditions. Hence it is only in 
special cases that a number of forces acting on a rigid body are 
equivalent to a single force, but in an infinite variety of ways 
they cau generally be reduced to two forces, there being four 
conditions to spare. 

993. Before proceeding to apply the general conditions of 
equilibrium, just obtained, it will be useful to introduce the 
great simplification devised by Poinsot, which consists in the 
use of Couples. In § 234 we have already defined a couple, 
and shown that the sum of the moments of its forces is the same 
about all axes perpendicular to its plane. It may therefore 
be shifted to any new position in its own plane, or in any 
parallel plane, without alteration of its effect on the rigid body 
to which it is applied. Its arm may be turned through any 
angle in the plane of the forces, and the length of the arm and 
the magnitudes of the forces may he altered at pleasure, with- 
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out changing its statical eflect—provided the moment remain Couples. 
unchanged. Hence, as in § 234, a couple is completely re- 
presented by its axis. According to the convention of § 234 
the axis of a couple which tends to produce rota- 
tion in the direction of the hands of a watch, 
must be drawn through the back of the watch 
and vice versd. This may easily be remembered 
by the help of a simple diagram such as we 
give, in which the arrow-heads indicate the direc- 
tions of rotation, and of the axis, respectively. 
554. Couples are to be compounded or resolved by treat- composition 
ing their axes by. the law of the parallelogram, in a manner U 
identical with that which we have seen must be employed 
for linear and angular velocities, and forces. This follows 
. immediately from § 551, 1. above; but may easily be proved 
by a synthetical process. For, to find the resolved part of 
a couple in any plane, B, inclined to that, A, of the couple, 
bring, by § 553, the arm of the couple to coincide with the 
intersection of the planes. The forces are therefore in A, per- 
pendicular to this intersection, and their resolved parts in B 
are found by multiplying by the cosine of the angle between 
the planes. The moment of the resolved parts in B, since the 
arm is unaltered, is therefore diminished in this proportion. 
But the angle between two planes is the angle between perpen- 
diculars to them, i.e., between the axes of the couple and its 
resolved part. And the length of the axis of the resolved part, 
being its moment, is to that of the original couple as the cosine 
of the inclination of the axes to unity. 
Hence a couple G, whose axis has direction-cosines A, p, v, is 
equivalent to the three couples GA, Gu, Gv about the axes of 
x, y, z respectively. And so on, precisely as at the end of § 95. 
Whence we sce the meaning of the symbols in § 551 (c) 1. 


555. If a force, F, act at any point, A, of a body, it may Foree re- 
be transferred to any other point, B, without alteration of its force ant- 
direction and magnitude, if we introduce a couple whose moment Or 
is equal to that of F, when applied at A, about the point B. 

For, by the principle of superposition of forces, we may intro- 
duce at B, in the line through it parallel to the given force F, 


a pair of equal and opposite forces F and — F. Fat A, and 


Application 
to equili- 
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— F at B, form the couple just mentioned, and there remains 
F at B. 

From this we have, at once, the conditions of equilibrium 
of a rigid body already twice investigated, § 551. For, each 
force may be transferred to any assumed point as origin, if we 
introduce the corresponding couple. And the forces, which now 
act at one point, must equilibrate according to the principles 
of Chap. VI.; while the resultant couple, and therefore its com- 
ponents about any three lines at right angles to each other, 
must vanish. 

556. Hence forces represented, not merely in magnitude 
and direction, but in lines of action, by the sides of any closed 
polygon whether plane or gauche, taken in the same order, are 
equivalent to a single couple. For when transferred to any 
origin, they equilibrate, by the Polygon of Forces (§§ 27, 256). 
When the polygon is plane, twice its area is the moment of the 
couple; when gauche, the resolved part of the couple about 
any axis is twice the area of the projection on a plane perpen- 
dicular to that axis. The complete couple in this case has its 
axis perpendicular to the plane (§ 236) on which the projected 
area is a maximum. 

557. Lines, perpendicular to the sides of a triangle, and 
passing through their middle points, meet ; and their inclina- 
tions are the same as those of the corresponding sides of the 
triangle, if we take these sides all round in the same order. 
Hence, if at the middle points of the sides of a triangle, and 
in its plane, forces be applied tending inwards; and if their 
magnitudes be proportional to the sides of the triangle, they 
produce equilibrium. The same is true of any plane polygon, 
as may be at once seen by dividing it into triangles. And it 
will be shown later, that if forces be applied perpendicular to 
the faces of any closed polyhedron, at their centres of inertia, 
tending inwards and proportional to their areas, these also will 
form an equilibrating system. 

558. A couple and a force in a given line inclined to its 
plane may be reduced to a smaller couple in a plane perpen- 
dicular to the force, and a force equal and parallel to the given 
force. For the couple may be resolved into two, one in a plane 
containing the direction of the force, and the other in a plane 


STATICS. 417 


perpendicular to the force. And that the force and couple composition 
which are in the same plane are equivalent to the same force cowie” 
acting in a parallel direction but in a different line, is merely 
the converse of § 555. 

509. Hence any set of forces acting on a rigid body may be Composition 


of any set of 


resolved into a force at any point and a couple (§ 551). By forces acting 
§ 558, these may be reduced to the same force acting in a body. S 
definite line in the body, and a couple whose plane is perpen- 

dicular to the force, and which is the least couple which can 

appear as part of the resultant of the given set of forces. 

The definite line in which the force then acts is called the Central axis 
Central Axis, and it is obviously the line about which the 


moment of the given forces is least. 


With the notation of § 551 (c), let us suppose the origin to be 
changed to the point x’, y’, z. The resultant force has still the 
components 2(Y), Z(Y), 2(Z), or Rl, Rm, Rn, parallel to the 
axes. But the couples are 

2[ZAy—y')—V(2—2')], 2[Xe2—z')—LZe—e)], BL F(z—2’)—X(y—y) ; 
or 

GA—R(ny’—m2’), Gu—R(lz'—nz'), Gv—R(mz'—ly’). 
The conditions that the resultant force shall be perpendicular to 
the plane of the resultant couple are 

GA—R(ny'—mz') Gu—R(lz’—nz') _Gv—R(mz'—ly’) 

; = 


neces NG 
——_ 


m n 
These two equations among x’, y’, 2’ are those of the central axis. 
We may also obtain them by seeking the conditions that the 
resultant couple | 
N(GA—R(ny'—mz’)}?+[ Gu—R iz —nzv')}*+ [Gr— R(ma’—ly’)} 
may be a minimum subject to the independent varigtions of 
x,y’, z’. This method gives three equations (by the considera- 
tion that the partial differential coefficients of the above expression 
with respect to 2’, y’, 2’ must separately vanish), which are re- 
ducible to the two already obtained; and of which we give the 
first only. It is 
n{ Gu— R(lz’ —nx’)} —m{ Gv—R(max' —ly’)} =0. 
It is evident from the simplest properties of couples, but may be 
easily proved by the above equations, that the resultant couple 
has the same magnitude at all points of the central axis. 


560. By combining the resultant force with one of the forces Reduction to 


two forces. 


of the resultant couple, we have obviously an infinite number 
2D 
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Reduction to of ways of reducing any set of forces acting on a rigid body to 


two forces. 


Symmetrical 
case. 


Composition 
of parallel 
forces. 


two forces whose directions do not meet. But there is one case 
in which the result is symmetrical, and which is therefore 
worthy of notice. 

Thus, supposing the central axis of the system has been found, 
draw a line, AA’, at right angles through any point C in it, so 
that CA may be equal to CA’. For R, acting along the central 
axis, substitute (by § 561) 4R at each end of A.A’. Thus, choos- 
irg this line AA’ as the arm of the couple, and calling it a, we 


have at each extremity of it, two forces, ¢ perpendicular to the 
central axis, and $R parallel to the central axis. Compounding 
these we get two forces, each equal to (}R?+ oy though A 
and A’ respectively, perpendicular to AA’, and equally inclined 


2 r 
at the angle tan on the two sides of the plane through 


AA’ and the central axis. 

561. A very simple, but important, case, is that of any 
number of parallel forces acting at different points of a rigid 
body. 

Here, for equilibrium, we must obviously-have the (algebraic) 
sum of the forces equal to zero; and their moments about any 
two axes perpendicular to the common direction of the forces 
must also vanish. ; 

If P be one of the forces, x, y, z its point of application, 
l, m, n the direction-cosines of all: R the resultant, acting at 
2, 9, Z; we have 2(P)=R, and 

X Pny — Pmz)= Rnġj— Rmz, 

with two other similar equations. 

From these XP)=R 

2(Px)= Rz, 2(Py)= Rj, =(Pz)= Rz. 

The solution is definite, and indicates a particular point 2, ¥, 2, 
whose position is independent of the quantities 2, m,n. Hence 

If there be not equilibrium, the resultant of such a set of 
forces is a single force equal to their (algebraic) sum, and act- 
ing at a definite point in the body, called the Centre of Parallel 
Forces, whose position depends on the relative magnitudes, and 
points of application, of the forces, but not upon their common 
direction. 
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562. It is obvious, from the formulæ of § 230, that if masses Centre of 
proportional to the forces be placed at the several points of es 
application of these forces, the centre of inertia of these masses 
will be the same point in the body as the centre of parallel 
forces. Hence the reactions of the different parts of a rigid 
body against acceleration in parallel lines are rigorously re- 
ducible to one force, acting at the centre of inertia. The same 
is true approximately of the action of gravity on a rigid body 
of small dimensions relatively to the earth, and hence the 
centre of inertia is sometimes (§ 230) called the Centre of 
Gravity. But, except on a centrobaric body (§ 527), gravity is 
not in general reducible to a single force: and when it is so, 
this force does not pass through a point fixed relatively to the 
body in all positions. 

563. In one case the concluding statement of § 561 must Peratel 
be modified, viz., when the algebraic sum of the given forces algebraic 
vanishes. In this case the resultant is a couple whose plane 
is parallel to the common direction of the forces. A good ex- 
ample of this is furnished by a magnetized mass of sty 3 
moderate dimensions, subject to the influence of the,’ véarth’s 
magnetism only. As will be shown later, the amounfs-of the -~ 


so-called north and south magnetisms in each element of the ~~ a " 
mass are equal, and are therefore subject to equal and opposite ee; |? 
forces, all parallel to the line of dip. Thus a compass-needle `> ^, | 


experiences from the earths magnetism merely a couple or, 3; 
directive action, and is not attracted or repelled as a whole, e 
564. If three forces, acting on a rigid body, produce equili- Conditions 
brium, their directions must lie in one plane ; and must all meet brium of 
in one point, or be parallel For the proof we may introd tee sa 
a consideration which will be very useful to us in investigations 
connected with the statics of flexible bodies and fluids. 
If any forces, acting on a solid, or fluid, body, produce equi- Pivelea) 
librium, we may suppose any portions of the body to become fixed, ~~ 
or rigid, or rigid and fixed, without destroying the equilibrium. 
Applying this principle to the case above, suppose any two 
points of the body, respectively in the lines of action of two of 
the forces, to be fixed—the third force must have no moment 
about the line joining these points; that is, its direction must 
pass through the line joining them. As any two points in the 


Fanilibrium 
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lines of action may be taken, it follows that the three forces are 
coplanar. And three forces, in one plane, cannot equilibrate 
unless their directions are parallel, or pass through a point. 

565. It is easy, and useful, to consider various cases of 
equilibrium when no forces act on a rigid body but gravity 
and the pressures, normal or tangential, between it and fixed 
supports. Thus if one given point only of the body be fixed, it 
is evident that the centre of gravity must be in the vertical line 
through this point—else the weight, and the reaction of the 
support, would form an unbalanced couple. Also for stable 
equilibrium the centre of gravity must be below the point of 
suspension. Thus a body of any form may be made to stand 
in stable equilibrium on the point of a needle if we rigidly 
attach to it such a mass as to cause the joint centre of gravity 
to be below the point of the needle. 

566. An interesting case of equilibrium is suggested by 
what are called Rocking Stones, where, whether by natural or 
by artificial processes, the lower surface of a loose mass of 
rock is worn into a convex form which may be approximately 
spherical, while the bed of rock on which it rests in equili- 
brium is, whether convex or concave, also approximately 
spherical, if not plane. A loaded sphere resting on a spherical 
surface is therefore a type of such cases. 

Let O, O’ be the centres of curvature of the fixed, and rock- 

ol ing, bodies respectively, when in the position of 
equilibrium. Take any two infinitely small, 
n equal, ares PQ, Pp; and at Q make the angle 
G O'QR equal to POp. When, by displacement, Q 
: and p become the points in contact, QR will 
evidently be vertical ; and, if the centre of gravity 
G, which must be in OPO’ when the movable 
body is in its position of equilibrium, be to the 
left of QR, the equilibrium will obviously be 
stable. Hence, if it be below R, the equilibrium 

is stable, and not unless. 
0 Now if p and ø be the radii of curvature OP, 
O'P of the two surfaces, and 6 the angle PO», the angle QO'R 


will be equal to il aud we have in the triangle QO'R (§ 112) 


— 
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. . 0 eki 
RO’: co :: sinô: sin(0 +7) a 


::0: 0-+p (approximately). 
Hence PR=o———=-"_; 


and therefore, for stable equilibrium, 


PG<—.. 
“pte 
If the lower surface be plane, p is infinite, and the condition 


becomes (as in § 291) 
P@G<<o. 


If the lower surface be concave the sign of p must be changed, 
and the condition becomes 
PG<-P?_, 
PT 
which cannot be negative, since p must be numerically greater 
than o in this case. 

567. If two points be fixed, the only motion of which the Familibrium; 
system is capable is one of rotation about a fixed axis. The axis, 
centre of gravity must then be in the vertical plane passing 
through those points, and below the line joining them. 

568. If a rigid body rest on a fixed surface there will in ona tixed 
general be only three points of contact, § 427; and the body ae 
will be in stable equilibrium if the vertical line drawn from 
its centre of gravity cuts the plane of these three points within 
the triangle of which they form the corners. For if one of 
these supports be removed, the body will obviously tend to fall 
towards that support. Hence each of the three prevents the 
body from rotating about the line joining the other two. Thus, 
for instance, a body stands stably on an inclined plane (if the 
friction be sufficient to prevent it from sliding down) when the 
vertical line drawn through its centre of gravity falls within 
the base, or area hounded by the shortest line which can be 
drawn round the portion in contact with the plane. Hence a 
body, which cannot stand on a horizontal plane, may stand on 
an inclined plane. 

069. A curious theorem, due to Pappus, but commonly Pappus 
attributed to Guldinus, may be mentioned here, as it is em- ®0™ 


Pappur' 
theorein. 


Mechanical 
powers, 


Examples. 


422 ABSTRACT DYNAMICS. 


ployed with advantage in some cases in finding the centre of 
gravity of a body—though it is really one of the geometrical 
properties of the Centre of Inertia. It is obvious from § 230. 
If a plane closed curve revolve through any angle about an aris 
in its plane, the solid content of the surface gencrated is equal 
to the product of the area of either end into the length of the path 
described by its centre of gravity; and the area of the curved 
surface is equal to the product of the length of the curve into the 
length of the path described by its centre of gravity. 

570. The general principles upon which forces of constraint 
and friction are to be treated have been stated above (§§ 293, 
329, 452). We add here a few examples for the sake of 
illustrating the application of these principles to the equi- 
librium of a rigid body in some of the more important practical 
cases of constraint. 

O71. The application of statical principles to the Mechanical 
Powers, or elementary machines, and to their combinations, 
however complex, requires merely a statement of their kine- 
matical relations (as in §§ 79, 85, 102, etc.) and an immediate 
translation into Dynamics by Newton’s principle (§ 269) ; or by 
Lagrange’s Virtual Velocities (§ 289), with special attention to 
the introduction of forces of friction as in § 452. In no case 
can this process involve further difficulties than are implied 
in secking the geometrical circumstances of any infinitely small 
disturbance, and in the subsequent solution of the equations 
to which the translation into dynamics leads us. We will not, 
therefore, stop to discuss any of these questions ; but will take 
a few examples of no very great difficulty, before for a time 
quitting this-part of the subject. The principles already de- 
veloped will be of constant use to us in the remainder of the 
work, which will furnish us with ever-recurring opportunities 
of exemplifying their use and mode of application. 

Let us begin with the case of the Balance, of which we 
promised (§ 431) to give an investigation. 

572. Ex. I. We will assume the line joining the points of 
attachment of the scale-pans to the arms to be at right angles 
to the line joining the centre of gravity of the beam with the 
fulcrum. It is obvious that the centre of gravity of the beam 
must not coincide with the knifc-edge, else the beam would 
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rest indifferently in any position. We will suppose, in the first Examples. 
place, that the arms are not of equal length. 

Let O be the fulcrum, G 
the centre of gravity of the 0 
beam, M its mass; and sup- G & 
pose that with loads P and Q 
in the pans the beam rests C 
(as drawn) in a position p 
making an angle @ with the 
horizontal line. 

Taking moments about O, and, for convenience (see § 220), Sensibility. 
using gravitation measurement of the forces, we have 

Q(AB cos 6+ OA sin @)+ M.OG sin 0= P( AC cos 0— OA sin @). 

From this we find 


tan d= 


pa 


P.AC—Q.AB 
(P+ Q)0A+M.0G 
If the arms be equal we have 

(P—Q)AB_ 
(P+ Q)0A+M.0G 

Hence the Sensibility (§ 431) is greater, (1.) as the arms are 
longer, (2.) as the mass of the beam is less, (3.) as the fulcrum 
is nearer to the line joining the points of attachment of the 
pans, (4.) as the fulcrum is nearer to the centre of gravity of 
the beam. If the fulcrum be zn the line joining the points of 
attachment of the pans, the sensibility is the same for the same 
difference of loads in the pans. 

To determine the Stability we must investigate the time of staniity. 
oscillation of the balance when slightly disturbed. It will be 
seen, by reference to a future chapter, that the equation of 
motion is approximately . 

{ Mk? +-(P+ Q)AB*}6+ Qg(AB cos 0+ OA sin 0) 
+ MgOG sin 0— Pg(AC cos 0— OA sin #)=0, 
k being the radius of gyration (§ 281) of the beam. If we 
suppose the arms and their loads equal, we have for the time 
of an infinitely small oscillation 
ral ME +2P.ABY 
(2P.0A4+M.0G)g 
Thus the stability is greater for a given load, (1.) the less the 


tan d= 
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length of the beam, (2.) the less its mass, (3.) the less its radius 
of gyration, (4.) the further the fulcrum from the beam and 
from its centre of gravity. With the exception of the second, 
these adjustments are the very opposite of those required for 
sensibility. Hence all we can do is to effect a judicious com- 
promise; but the less the mass of the beam, the better will the 
balance be, in both respects. 

The general equation, above written, shows that if the length, 
and the radius of gyration, of one arm be diminished, the cor- 
responding load being increased so as to maintain equilibrium 
—a form of balance occasionally useful—the sensibility is 
increased. 

Ex, II. Find the position of equilibrium of a rod AB resting 
on a smooth horizontal rail D, its lower end pressing against a 
smooth vertical wall AC parallel to the rail. 

The figure represents a vertical section through the rod, 
which must evidently be in a plane perpendicular to the wall 
and rail. The equilibrium is obviously unstable. 

The only forces acting are three, R the pressure of the wall 
on the rod, horizontal; S that of the rail on the rod, perpendi- 

C cular to the rod; W the weight 

of the rod, acting vertically 


S downwards at its centre of ` 
gravity. Ifthe half-length of 
D the rod be a, and the distance 
AG w of the rail from the wall b, 


these are given—and all that 
is wanted to fix the position of equilibrium is the angle, CAB, 
which the rod makes with the wall. If we call it @ we have 


b 
AD= and * | 
Resolving horizontally, R—Scosd=0, (1), 
vertically, W—S sind=0. (2). 


Taking moments about A 
S.AD— W.a sind=0 
or S.b— W.asin?6=0 (3). 
As there are only three unknown quantities R, S, and @, these 
three equations contain the complete solution of the problem. 
By (2) and (3) 


STATICS. 425 


rin ==, which gives 0. 
wW 
ence by (2) S p’ 
and by (1) R=S cos 6= W cot 0. 


Ex. III. As an additional example, suppose the wall and 
rail to be rough, and that p is the coefficient of statical friction 
for both. If the rod be placed in the position of equilibrium 
just investigated for the case of no friction, none will be called 
into play, for there will be no tendency to motion to be over- 
come. If the end A be brought lower and lower, more and 
more friction will be called into play to overcome the tend- 
ency of the rod to fall between the wall and the rail, until we 
come to a limiting position in which motion is about to com- 
mence. In that position the friction at A is p times the pres- 
sure on the wall, and acts upwards, That at D is p times the 
pressure on the rod, and acts in the direction DB. Putting 
CAD =@, in this case, our three equations become 


Ritps, sin 6,—S, cos 6,=0 (1;) 
W—pR,—S, sind, = 0) (2;) 
S,b— Wasin’6, =0 (3;). 


The directions of both the friction-forces passing through A, 
neither appears in (3,). This is why A is preferable to any 
other point about which to take moments. 

By eliminating R, and S, from these equations we get 
a 
b 
from which ĝis to be found. Then S, is known from (3,), 
and R, from either of the others. 

If the end A be raised above the position of equilibrium 
without friction, the tendency is for the rod to fall outside the 
rail; more and more friction will be called into play, till the 
position of the rod (0,) is such that the friction reaches its 
greatest value, w times the pressure. We may thus find 
another limiting position for stability; and in any position 
between these the rod is in equilibrium. 

It is useful to observe that in this second case the direction 
of each friction is the opposite to that in the former, and the 


l——sin?0, = p3 5in*ð, (cos 0, — p sind, ) (4,) 
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same equations will serve for both if we adopt the analytical 
artifice of changing the sign of u. Thus for 6,, by (4), 


1—Fsin"6, See po sin*0, (cos 0, + usin 0, ) 


Ex. IV. A rectangular block lies on a rough horizontal plane, 
K and is acted on by a 
horizontal force whose 
line of action is mid- 
way between two of 
thevertical sides. Find 
the magnitude of the 
force when just sufħ- 
cient to produce mo- 
tion, and whether the motion will be of the nature of sliding or 
overturning. 

If the force P tends to overturn the body, it is evident that 
it will turn about the edge A, and therefore the pressure, R, of 
the plane and the friction, S, act at that edge. Our statical 
conditions are, of course, 


B 


R=W 
S= P 
Wb = Pa 


where b is half the length of the solid, and a the distance of P 


from the plane. From these we have S= 2w, 


Now S cannot exceed uR, whence we must not have 2 greater 


than p, if it is to be possible to upset the body by a horizontal 
force in the line given for P. 

A simple geometrical construction enables us to solve this 
and similar problems, and will be seen at once to be merely a 
graphic representation of the above process. Thus if we pro- 
duce the directions of the applied force, and of the weight, to 
meet in H, and make at A the angle BAK whose co-tangent 
is the coefficient of friction : there will be a tendency to upset, 
or not, according as H is above, or below, AK. 

Ex. V. A mass, such as a gate, is supported by two rings, 
A and B, which pass loosely round a rough vertical post. In 
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equilibrium, it is obvious that at A the part of the ring 
nearest the mass, and at B the part farthest from it, will be 
in contact with the post. The pres- Ja | Q 
sures exerted on the rings, R and i J 
S, will evidently have the directions 
AC, CB, indicated in the diagram. 
If no other force besides gravity act 
on the mass, the line of action of its 
weight, W, must pass through the 
point C (§ 564). And it is obvious 
that, however small be the coeffi- 
cient of friction, provided there be 
friction at all, equilibrium is always 
possible if the distance of the centre of gravity from the post 
be great enough compared with the distance between the rings. 

When the mass is just about to slide down, the full amount 
of friction is called into play, and the angles which R and S 
make with the horizon are each equal to the angle of repose. If 
we draw AC, BC according to this condition, then for equili- 
brium the centre of gravity G must not lie between the post 
and the vertical line through the point C thus determined. If, 
as in the figure, G lies in the vertical line through C, then a 
force applied upwards at Q,, or downwards at Q,, will remove 
the tendency to fall; but a force applied upwards at Qs, or 
downwards at Q,, will produce sliding at once. 

A similar investigation is easily applied to the jamming of a 
sliding piece or drawer, and to the determination of the proper 
point of application of a force to move it. This we leave to the 
student. 

578. Having thus briefly considered the equilibrium of a 
rigid body, we propose, before entering upon the subject of the 
deformation of elastic solids, to consider certain intermediate 
cases, in each of which we make a particular assumption the 
basis of the investigation, and thereby avoid a very considerable 
amount of analytical difficulties. 

574. Very excellent examples of this kind are furnished by 
the statics of a flexible and inextensible cord or chain, fixed 
at both ends, and subject to the action of any forces. The 
curve in which the chain hangs in any case may be called a 
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Catenary, although the term is usually restricted to the case of 
a uniform chain acted on by gravity only. 

575. We may consider separately the conditions of equi- 
librium of each element ; or we may apply the general condition 
(§ 292) that the whole potential energy is a minimum, in the 
case of any conservative system of forces; or, especially when 
gravity is the only external force, we may consider the equi- 
librium of a finite portion of the chain treated for the time as 
a rigid body (§ 564). 

576. The first of these methods gives immediately the 
three following equations of equilibrium, for the catenary in 


tangent and general =a 


osculating 
plane, 


(1.) The rate of variation of the tension per unit of length 
along the cord is equal to the tangential component of the 
applied force, per unit of length. 

(2.) The plane of curvature of the cord contains the normal 
component of the applied force, and the centre of curvature is 
on the opposite side of the are from that towards which this 
force acts. 

(3.) The amount of the curvature is equal to the normal 
component of the applied force per unit of length at any point 
divided by the tension of the cord at the same point. 

The first of these is simply the equation of equilibrium of 
an infinitely small element of the cord relatively to tangential 
motion. The second and third express that the component of 
the resultant of the tensions at the two ends of an infinitely 
small arc, along the normal through its middle point, is directly 
opposed and is equal to the normal applied force, and is equal 
to the whole amount of it on the arc. For the plane of the 
tangent lines in which those tensions act is (§ 8) the plane 
of curvature. And if @ be the angle between them (or the in- 
finitely smnall angle by which the angle between their positive 
directions falls short of r), and T the arithmetical mean of 
their magnitudes, the component of their resultant along the 
line bisecting the angle between their positive directions is 
2Tsin3@, rigorously: or T0, since @ is infinitely small. Hence 
T6 = Nés if & be the length of the arc, and Nôs the whole 


amount of normal force applied to it. But (§ 9) 9=— if p 


be the radius of curvature; and therefore 
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1 N . Catenary. 
p T 
which is the equation stated in words (3) above. 

577. From (1) of § 576, we see that if the applied forces Integral for 
on any particle of the cord constitute a conservative system, 
and if any equal infinitely small lengths of the string experience 
the same force and -in the same direction when brought into 
any one position by motion of the string, the difference of the 
tensions of the cord at any two points of it when hanging in 
equilibrium, is equal to the difference of the potential (§ 485) 
of the forces between the positions occupied by these points. 

Hence, whatever be the position where the potential is reckoned 
zero, the tension of the string at any point is equal to potential 
at the position occupied by it, with a constant added. 

578. Instead of considering forces along and perpendicular cartesian 
to the tangent, we may resolve all parallel to any fixed direc- duiibram. 
tion: and we thus see that the component of applied force per 
unit of length of the chain at any point of it, must be equal to 
the rate of diminution per unit of length of the cord, of the 
component of its tension parallel to the fixed line of this com- 
ponent. By choosing any three fixed rectangular directions we 
thus have the three differential equations convenient for the 
analytical treatment of catenaries by the method of rectangular 
co-ordinates. 


These equations are 


d , „dx 

d imay \ _ 

FA, PA ee os | (1), 
d ,,.dz 


if s denote the length of the cord from any point of it, to a point 
P; x, y, z the rectangular co-ordinates of P; X, Y, Z the com- 
ponents of the applied forces at P, per unit mass of the cord; o 
the mass of the cord per unit length at P; and T its tension at 
this point. 

These equations afford analytical proofs of § 576, (1), (2), and 
(3) thus :—Multiplying the first by dx, the second by dy, and 
the third by dz, adding and observing that 


Catenary. 


Method of 


energy. 


430) 
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dx 
ds 
we have 
dx „dy „dz 
dT= —o (Xde-+ Ydy-+Zde)=—0o(XG +Y% +Z )ds, (2), 


which is (1) of § 576. Again, eliminating dT and 7, we have 


5 A adn AN gear aac Dza aft Wt =o, (3), 


which (§$ 9, 26) shows that the resultant of X, Y, Z is in the 
osculating plane, and therefore is the analytical expression of 


§ 576 (2). Lastly, multiplying the first by ae, the second by 


a” , and the third by am, and adding, we find 
3 


3 2 2 
dap a dy 14. BO ae aide anh + dz 


=0, 


(xa 4 raat a -)ds 
=- — um, (4) 
dx 2 2 , 
which is the analytical expression a ; 576 (3). 


579. The same equations of equilibrium may be derived 


from the energy condition of equilibrium ; analytically with 
ease by the methods of the calculus of variations. 


Let V be the potential at (x, y, z) of the applied forces per 
unit mass of the cord. The potential energy of any given length 
of the cord, in any actual position between two given fixed points, 
will be S Vods. 

This integral, extended through the given length of the cord 
between the given points, must be a minimum; while the in- 
definite integral, s, from one end up to the point (a, y, z) remains 
unchanged by the variations in the positions of this point. Hence, 
by the calculus of variations, 

S/Vods+ frAsds=0, 
where A is a function of x, y, z to be eliminated. 

Now o is a function of s, and therefore as s does not vary when 
x, y, z are changed into x-+ dz, y+dy, z+ôêz, the co-ordinates of 
the same particle of the chain in another position, we have 

§(0V)=od V = —o( Xx + Yõy -+ 262). 
Using this, and 
5 dp ee + dyddy + dzdéz 
aa eae 
in the variational equation; and integrating the last term by 
parts according to the usual rule ; we have 
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ds 


d ieee 
fds{ [oX + TFE txt [0 Y+ ži Vr Fag y+ [eZ A VFA) ]z}=0: 


whence finally 


d d 
TV+} +Xo=0, 
d d 

={(Vo+A) =} + Yo=o, 


d dz 
“{(Vo+a)F }4+Zo=0, 


which, if T be put for Vo+A, are the same as the equations (1) 
of § 578. 


580. The form of the common catenary (§ 574) may be of 
course investigated from the differential equations (§ 578) of 
the catenary in general. It is convenient and instructive, 
however, to work it out ab inttio as an illustration of the third 
method explained in § 575. 


Third method.—The chain being in equilibrium, any arc of it 
may be supposed to become rigid without disturbing the equi- 
librium. The only forces acting on this rigid body are the 
tensions at its ends, and its weight. These forces being three 
in number, must be in one plane (§ 564), and hence, since one of 
them is vertical, the whole curve lies in a vertical plane. In this 
plane let £o, Zo, So, 1, 21, 81, belong to the two ends of the arc 
which is supposed rigid, and 7, T,, the tensions at those points. 
Resolving horizontally we have 


, dx d 
To( g” T(G h 


Hence T-7, 18 constant throughout the curve. Resolving verti- 


cally we have 
dz dz 
Tah TF )o=O(S1—S0); 
the weight of unit of mass being now taken as the unit of force. 


Hence if 7, be the tension at the lowest point, where < 0, 


s=0, and T the tension at any point (x, z) of the curve, we have 
ds ds 
= T,— = rs — 1). 
Tar OE (1) 
Hence 
d ,dz 


07 i =O 
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d'z ds fo: 
gaT =o 1+3 (2). 


Integrating we have 


or 1; 


dz dz, F ; 
log E4142) s=prre, 
and the constant is zero if we take the origin so that x=0, when 


dz TE ‘ 
da 02 ie, Where the chain is horizontal. 


Hence 
dz dz, 22 
S14 (Each (3) 
whence — =4(¢ To” g To") ; 


and by integrating again 
"a ToT pe Tt 
z+ = ae (£e +E ). 
This may be written 
z=S (eo +e 4) (4), 
the ordinary equation of the catenary, the axis of x being taken 


at a distance a or To below the horizontal element of the chain. 
g 


The co-ordinates of that element are therefore x = 0, 


ge The latter shows that 
T 


T, =a, 
or the tension at the lowest poiut of tbe chain (and therefore also 


the horizontal component of the tension throughout) is the weight 
of a length a of the chain. 


Now, by (1), T= T. =o, by (4), and therefore 


the tension at any point is equal to the weight of a portion of 
the chain equal to the vertical ordinate at that point. 

581. From § 576 it follows immediately that if a material 
particle of unit mass be carried along any catenary with a velo- 
city, &, equal to T, the numerical measure of the tension at any 
point, the force upon it by which this is done is in the same 
direction as the resultant of the applied force on the catenary at 
this point, and is equal to the amount of this force per unit of 
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length, multiplied by T. For, denoting by S the tangential ie 
and (as before) by NV the normal component of the applied relative to 
force per unit of length at any point P of the catenary, we OY 
have, by § 576 (1), S for the rate of variation of s per unit 
length, and therefore Ss for its variation per unit of time. That 
Is to say, 

s=Ss= ST, 
or (§ 259) the tangential component force on the moving 
particle is equal to ST. Again, by § 576 (3), 


or the centrifugal force of the moving particle in the circle of 
curvature of its path, that is to say, the normal component of 
the force on it, is equal to NT. And lastly, by (2) this force 
is in the same direction as N. We sce therefore that the 
direction of the whole force on the moving particle is the 
same as that of the resultant of S and N; and its magnitude 
is T times the magnitude of this resultant. 


Or, by taking ds 
z = (ll, 
7 
in the differential equation of § 578, we have 
Cx d° y an: a 
qu Eos q7 TeY, de Toz, 


which proves the same conclusion. 

When ø is constant, and the forces belong to a conservative 
system, if V þe the potential at any point of the cord, we have, 
by § 578 (2), T=eV+0. 

Hence, if 7=3(oV+C)’, these equations become 

d*x dU d*y dU dďz_ dU 

di dx’? d@ dy? dt dz 
The integrals of these equations which agree with the catenary, 
are those only for which the energy constant is such that s*=2U. 


982. Thus we sce how, from the more familiar problems Examples. 
of the kinetics of a particle, we may immediately derive curious 
cases of catenaries. For instance: a particle under the in- 
fluence of a constant force in parallel lines moves (Chap. VIII.) 
in a parabola with its axis vertical, with velocity at each point 
equal to that generated by the force acting through a space 
2E 
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equal to its distance from the directrix. Hence, if z denote 
this distance, and f the constant force, 


T=4 2f 
in the allied parabolic catenary ; and the force on the catenary 


is parallel to the axis, and is equal in amount per unit of 
length, to 


si eek i 
A 2f2 r 


Hence if the force on the catenary be that of gravity, it must 
have its axis vertical (its vertex downwards of course for stable 
equilibrium) and its mass per unit length at any point must be 
inversely as the square root of the distance of this point above 
the directrix. From this it follows that the whole weight of 
any arc of it is proportional to its horizontal projection. Or, 
again, as will be proved later with reference to the motions of 
comets, a particle moves in a parabola under the influence of a 
force towards a fixed point varying inversely as the square of 
the distance from this point, if its velocity be that due to falling 


from rest at an infinite distance. This velocity being y 7 , at 


distance 7, it follows, according to § 581, that a cord will hang 
in the same parabola, under the influence of a force towards 
the same centre, and equal to 
SY ds B 
r? +a r’ or a 2r? : 
If, however, the length of the cord be varied between two 
fixed points, the central force still following the same law, the 
altered catenary will no longer be parabolic: but it will be 
the path of a particle under the influence of a central force 
equal to 


since the tension would (§ 581) be C+ "e » instead of y t, 


at distance r from the origin. 

583. Or if the question be, to find what force towards a 
given fixed point, will cause a cord to hang in any given plane 
curve with this point in its plane; it may be answered im- 
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sepa! from the solution of the corresponding problem in Catenary. 
“central forces.” But the general equations, § 578, are always problem. 

easily applicable ; as, for instance, to the following useful in- 

verse case of the gravitation catenary :— 

Find the section, at each point, of a chain of uniform Catenary of 
material, so that when its ends are fixed the tension at each point strength. 
due to its weight may be proportional to its strength (or section) at 
that point. Find also the form of the Curve, called the Catenary 
of Uniform Strength, in which it will hang. 

Here, as the only external force is gravity, the chain is in a 
vertical plane—in which we may assume the horizontal axis of x 
to lie. If p be the weight of the chain at the point (x, 2) 
reckoned per unit of length; our equations [§ 578 (1)] become 

T (T=) =0 0, 6G )= =f. 
But, by hypothesis Tæp. Let it be bu. Hence, by the first 
equation, if p, be the value of p at the lowest point 


_ ds. 
F= Pe Po ’ 
whence, by the second equation, 
d,dz,_ 1 ds 
ae 8 
d'z $ 
oF de 6 fi +( A } 
Integrating we find 
tan ' es = ’ 
dx b 


no constant being required if we take the axis of x so as to touch 
the curve at its lowest point. Integrating again we have 

z j x 
= — log cos ss 
no constant being added, if the origin be taken at the lowest 


point. We may write the equation in the form 
z 


T » 
sece — =E . 
b 


From this form of the equation we sce that the curve has vertical 
asymptotes at a horizontal distance mb from each other. And 
thus it is easy to calculate for any given data, as to the tensile 
strength and specific gravity of the material employed, the 
greatest span which can be attained in any case. 
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584. When a perfectly flexible string is stretched over a 
sinooth surface, and acted on by no other force throughout its 
length than the resistance of this surface, it will, when in 
stable equilibrium, lie along a line of minimum length on the 
surface, between any two of its points. For (§ 564) its equili- 
brium can be neither disturbed nor rendered unstable by 
placing staples over it, through which it is free to slip, at any 
two points where it rests on the surface: and for the inter- 
mediate part the energy criterion of stable equilibrium is that 
just stated. | 

There being no tangential force on the string in this case, 
and the normal force upon it being along the normal to the 
surface, its osculating plane (§ 576) must cut the surface every- 
where at right angles. These considerations, easily translated 
into pure geometry, establish the fundamental property of the 
geodetic lines on any surface. The analytical investigations 
of §§ 578, 579, when adapted to the case of a chain of not given 
length, stretched between two given points on a given smooth 
surface, constitute the direct analytical demonstration of this 
property. 

In this case it is obvious that the tension of the string is 
the same at every point, and the pressure of the surface 
upon it is [§ 576 (3)] at each point proportional to the curva- 
ture of the string. 

585. No real surface being perfectly smooth, a cord or 
chain may rest upon it when stretched over so great a length 
of a geodetic on a convex rigid body as to be not of minimum 
length between its extreme points: but practically, as in tying 
a cord round a ball, for permanent security it is necessary, by 
staples or otherwise, to constrain it from lateral slipping at 
successive points near enough to one another to make each free 
portion a true minimum on the surface. 

586. A very important practical case is supplied by the 
consideration of a rope wound round a rough cylinder. We 
may suppose it to lie in a plane perpendicular to the axis, as we 
thus simplify the question very considerably without sensibly 
injuring the utility of the solution. To simplify still further, we 
shall suppose that no forces act on the rope, but tensions and 
the reaction of the cylinder. In practice this is equivalent to 
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the supposition that the tensions and reactions are very large Rope coiled 
compared with the weight of the rope or chain; which, how- cylinder. © 
ever, is inadmissible in some important cases; especially such 
as occur in the application of the principle to brakes for laying 
submarine cables, to dynamometers, and to windlasses (or 
capstans with horizontal axes), 

If R be the normal reaction of the cylinder per unit of length 
of the cord, at any point; T and 7'+ 67 the tensions at the 
extremities of an arc és; 66 the inclination of these lines; we 
have, as in § 576, 
T80 = Ms. 
And the friction called into play is evidently equal to 67’ 
When the rope is about to slip, the friction has its greatest 
value, and then 

ôT = p Rôs = p T80. 
This gives, by integration, 
T=T coat 


showing that, for equal successive amounts of integral curva- 
ture (§ 10), the tension of the rope augments in geometrical 
progression. To give an idea of the magnitudes involved, 
suppose w= 5, 0 =m, then 
T=T,€°" =4-81T, roughly. 

Hence if the rope be wound three times round the post or 
cylinder the ratio of the tensions of its ends, when motion is 
about to commence, is 

(4:81)° : 1 or about 12,390: 1. 


Thus we see how, by the aid of friction, one man may easily 
check the motion of the largest vessel, by the simple expedient 
of coiling a rope a few times round a post. This application of 
friction is of great importance in many other applications, 
especially to Dynamometers. 

587. With the aid of the preceding investigations, the 
student may easily work out for himself the formule expressing 
the solution of the general problem of a cord under the action 
of any forces, and constrained by a rough surface; they are 
not of sufficient importance or interest to find a place here. 

088. An elongated body of elastic material, which for Elastic wire. 
brevity we shall generally call a Wire, bent or twisted to any 
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Elastic wire, degree, subject only to the condition that the radius of curva- 
rod, tamina, ture and the reciprocal of the twist (§ 119) are everywhere 
ia very great in comparison with the greatest transverse dimen- 
sion, presents a case in which, as we shall see, the solution of 
the general equations for the equilibrium of an elastic solid is 
either obtainable in finite terms, or is reducible to compara- 
tively easy questions agreeing in mathematical conditions with 
some of the most elementary problems of hydrokinetics, elec- 
tricity, and thermal conduction. And it is only for the deter- 
mination of certain constants depending on the section of the 
wire and the elastic quality of its substance, which measure its 
flexural and torsional rigidity, that the solutions of these pro- 
blems are required. When the constants of flexure and torsion 
are known, as we shall now suppose them to be, whether from 
theoretical calculation or experiment, the investigation of the 
form and twist of any length of the wire, under the influence 
of any forces which do not produce a violation of the condition 
stated above, becomes a subject of mathematical analysis in- 
volving only such principles and formulæ as those that con- 
stitute the theory of curvature (§§ 5-13) and twist (§§ 119-123) 
in geometry or kinematics. 
589. Before entering on the general theory of elastic solids, 
we shall therefore, according to the plan proposed in § 573, 
examine the dynamic properties and investigate the conditions 
of equilibrium of a perfectly elastic wire, without admitting 
any other condition or limitation of the circumstances than 
what is stated in § 588, and without assuming any special 
quality of isotropy, or of crystalline, fibrous or laminated struc- 
ture in the substance. The following short geometrical digres- 
sion is a convenient preliminary :- ~ 
composition 990. The geometrical composition of curvatures with one 
fin ae another, or with rates of twist, is obvious from the definition 
imacurve and principles regarding curvature given above in §§ 5-13 
i and twist in §§ 119-123, and from the composition of angular 
velocities explained in § 96. Thus if one line, OT, of a rigid 
body be always held parallel to the tangent, PT, at a point P 
moving with unit velocity along a curve, whether plane or 
tortuous, it will have, round an axis perpendicular to O7 and 
to the radius of curvature (that is to say, perpendicular to the 
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osculating plane), an angular velocity numerically equal to the composition 
curvature. The body may besides be made to rotate with any Honor 
angular velocity round OT. Thus, for instance, if a line of it, in Athi 
OA, be kept always parallel to a transverse (§ 120) PA, the a 
component angular velocity of the rigid body round OT will 

at every instant be equal to the “rate of twist” (§ 120) of the 
transverse round the tangent to the curve. Again, the angular 
velocity round OA may be resolved into components round 

two lines OK, OL, perpendicular to one another and to OT; 

and the whole curvature of the curve may be resolved accord- 

ingly into two component curvatures in planes perpendicular 

to those two lines respectively. The amounts of these com- 
ponent curvatures are of course equal to the whole curvature 
multiplied by the cosines of the inclinations of the osculating 

plane to their respective planes. And it is clear that each 
component curvature is simply the curvature of the projection 

of the actual curve on its plane.’ 

591. Besides showing how the constants of flexural and 
torsional rigidity are to be determined theoretically from the 
form of the transverse section of the wire, and the proper data 
as to the elastic qualities of its substance, the complete theory 
simply indicates that, provided the conditional limit (§ 588) 
of deformation is not exceeded, the following laws will be 
obeyed by the wire under stress :— 

Let the whole mutual action between the parts of the Laws of | 
wire on the two sides of the cross section at any point (being torsion. 
of course the action of the matter infinitely near this plane on 
one side, upon the matter infinitely near it on the other side), 
be reduced to a single force through any point of the section 
and a single couple. Then— 

I. The twist and curvature of the wire in the neighbourhood 
of this section are independent of the force, and depend solely 
on the couple. 


1 The curvature of the projection of a curve on a plane inclined at an angle a to 


the osculating plane, is l cosa if the plane be parallel to the tangent; and 
p 


acasa if it be parallel to the principal normal (or radius of absolute curvature). 


There is no difficulty in proving either of these expressions. 


Laws of 
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IT. The curvatures and rates of twist producible by any 
several couples separately, constitute, if geometrically com- 
pounded, the curvature and rate of twist which are actually 
produced by a mutual action equal to the resultant of those 
couples. 

592. It may be added, although not necessary for our 
present purpose, that there is one determinate point in the 
cross section such that if it be chosen as the point to which 
the forces are transferred, a higher order of approximation is 
obtained for the fulfilment of these laws than if any other 
point of the section be taken. That point, which in the case 
of a wire of substance uniform through its cross section is the 
centre of inertia of the area of the section, we shall generally 
call the elastic centre, or the centre of elasticity, of the section. 
Tt has also the following important property :—The line of 
elastic centres, or, as we shall call it, the elastic central line, 
remains sensibly unchanged in length to whatever stress within 
our conditional limits (§ 588) the wire be subjected. The elon- 
gation or contraction produced by the neglected resultant force, 
if this is in such a direction as to produce any, will cause the 
line of rigorously no elongation to deviate only infinitesimally 
from the elastic central line, in any part of the wire finitely 
curved. It will, however, clearly cause there to be no line of 
rigorously unchanged length, in any straight part of the wire: 
but as the whole elongation would be infinitesimal in compari- 
son with the effective actions with which we are concerned, 
this case constitutes no exception to the preceding statement. 

593. Considering now a wire of uniform constitution and 
figure throughout, and naturally straight; let any two planes 
of reference perpendicular to one another through its elastic 
central line when straight, cut the normal section through 
P in the lines PK and PL. These two lines (supposed to 
belong to the substance, and move with it) will remain in- 
finitely nearly at right angles to one another, and to the tan- 


` gent, PT, to the central line, however the wire may be bent 


or twisted within the conditional limits. Let x and A be the 
component curvatures (§ 590) in the two planes perpendicular 
to PK and PL through PT, and let r be the twist (§ 120) of 
the wire at P. We have just seen (§ 590) that if P be moved 
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at a unit rate along the curve, a rigid body with three rectan- Rotations 
gular axes of ee O,K, O,L, 0,T kept always parallel to ing to Hosa 
PK, PL, PT, will have angular veloces x, A, T round those — aver 
axes respectively. Hence if the point P and the lines PT, 
PK, PL be at rest while the wire is bent and twisted from its 
unstrained to its actual condition, the lines of reference P’K’, 
PL’, P'T’ through any point P’ infinitely near P, will ex- 
perience a rotation compounded of «.PP’ round PK’, »7.PP’ 
round P’L’, and 7.PP’ round P’T’. 

594. Considering now the elastic forces called into action, 
we see that if these constitute a conservative system, the work 
required to bend and twist any part of the wire from its un- Potential 
strained to its actual condition, depends solely on its figure in aeti force 
these two conditions. Hence if w.PP’ denote the amount of twisted wire. 
this work, for the infinitely small length PP’ of the rod, w 
must be a function of x, A, 7; and therefore if K, L, T denote 
the components of the couple-resultant of all the forces which 
must act on the section through P” to hold the part PJ” in its 


strained state, it follows, from §§ 240, 272, 274, that 
Kéx=6,w, LSA =w, Tor = 8,w (1) 


where 6,1, &,, 6. denote the augmentations of w due respec- 
tively to infinitely small augmentations ôx, dA, 67, of x, A, T. 

595. Now however much the shape of any finite length of 
the wire may be changed, the condition of § 588 requires 
clearly that the changes of shape in each infinitely small part, 
that is to say, the strain (§ 154) of the substance, shall be 
everywhere very small (infinitely small in order that the theory 
may be rigorously applicable). Hence the principle of super- 
position [§ 591, 1] shows that if x, A, r be each increased or 
diminished in one ratio, K, L, T will be each increased or 
diminished in the same ratio: and consequently w in the 
duplicate ratio, since the angle through which each couple acts 
is altered in the same ratio as the amount of the couple; or, in 
algebraic language, w is a homogeneous quadratic function of 
K, A, T. 


Thus if A, B, C, a, b, ¢ denote six constants, we have 
w=} An? 4 BA? + Cr? 4-2aAt+ 2TK+ erà) (2). 
Hence, by § 594 (1), 
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L=cxe+BA+ ar 

T=bk+ad+Cr 

By the known reduction of the homogeneous quadratic function, 

these expressions may of course be reduced to the following 
simple forms :— 

w=3(A,5,2+4,5,?+ 4,557) i (4) 

L,=A4,5,, L,=Ads, L,=A,*; 

where 3,, 3,, S, are linear functions of x, A, r. And if these 

functions are restricted to being the expressions for the com- 

ponents round three rectangular axes, of the rotations x, A, T 

viewed as angular velocitics round the axes PK, PL, PT, the 

positions of the new axes, PQ,, PQ,, PQ, and the values of A,, 

A,, A, are determinate; the latter being the roots of the deter- 

minant cubic [§ 181 (10)] founded on (A, B, C, a, b, c). Hence 
we conclude that 


K=Ax+ cA+br 
l (3). 


596. There are in general three determinate rectangular 
directions, PQ,, PR} PQ;, through any point P of the middle 
line of a wire, such that if opposite couples be applied to any 
two parts of the wire in planes perpendicular to any one of 
them, every intermediate part will experience rotation in a 
plane parallel to those of the balanced couples. The moments 
of the couples required to produce unit rate of rotation round 
these three axes are called the principal torsion-flexure rigidities 
of the wire. They are the elements denoted by Á, A, A; in 
the preceding analysis. 

597. If the rigid body imagined in § 593 have moments of 
inertia equal to A,, Á» As round three principal axes through 
O kept always parallel to the principal torsion-flexure axes 
through P while P moves at unit rate along the wire, its 
moment of momentum round any axis will be equal to the 
moment of the component torsion- flexure couple round the 
parallel axes through P. This is shown by the agreement of 
the preceding formulze with those for the moment of momentum 
of a rotating rigid body given below (Chap. Ix.) 

598. The form assumed by the wire when balanced under 
the influence of couples round one of the three principal axes 
is of course a uniform helix having a line parallel to it for axis, 
and lying on a cylinder whose radius is determined by the 
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condition that the whole rotation of one end of the wire from 
its unstrained position, the other end being held fixed, is equal 
to the amount due to the couple applied. 


Let 2 be the length of the wire from one end, Æ, held fixed, to 
the other end, Æ’, where a couple, L, is applied in a plane per- 
pendicular to the principal axes PQ, through any point of the 


wire. The rotation being [§ 595 (4)] at the rate = » per unit 
1 


of length, amounts on the whole to iz - This therefore is the 
angular space occupied by the helix on the cylinder on which it 
lies. Hence if r denote the radius of this cylinder, and ż, the 
inclination of the helix to its axis (being the inclination of PQ, 
to the length of the wire), we have 
l as 
A ty 
A, sin ĉi 
whence r= (5). 
L 

599. In the most important practical cases, as we shall 
see later, those namely in which the substance is either “ iso- 
tropic,” as is the case sensibly with common metallic wires, 
or, as in rods or beams of fibrous or crystalline structure with 
an axis of elastic symmetry along the length of the piece, one 
of the three normal axes of torsion and flexure coincides 
with the length of the wire, and the two others are perpendi- 
cular to it; the first being an axis of pure torsion, and the two 
others axes of pure flexure. Thus opposing couples round the 
axis of the wire twist it simply without bending it ; and oppos- 
ing couples in either of the two principal planes of flexure, 
bend it into a circle. The unbent straight line of the wire, 
and the circular arcs into which it is bent by couples in the 
two principal planes of flexure, are what the three principal 
spirals of the general problem become in this case. 

600. In the more particular case in which two principal 
rigidities against flexure are equal, every plane through the 
length of the wire is a principal plane of flexure, and the rigi- 
dity against flexure is equal in all. This is clearly the case 
with a common round wire, or rod: or with one of square sec- 
tion. It will be shown later to be the case for a rod of iso- 
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ena tropic material and of any form of normal section which iS 
all direes  “ kinetically symmetrical,” § 285, round all axes in its plane 
through its centre of inertia. 

601. In this case, if one end of the rod or wire be held 
fixed, and a couple be applied in any plane to the other 
end, a uniform spiral form will be produced round an axis 
perpendicular to the plane of the couple. The lines of the 
substance parallel to the axis of the spiral are not, however, 
parallel to their original positions, as (§ 598) in each of the 
three principal spirals of the general problem: and lines 
traced along the surface of the wire parallel to its length 
when straivht, become as it were secondary spirals, circling 
round the main spiral formed by the central line of the 
deformed wire ; instead of being all spirals of equal step, as in 
each one of the principal spirals of the general problem. Lastly, 
in the present case, 1f we suppose the normal section of the 
wire to be circular, and trace uniform spirals along its surface 
when deformed in the manner supposed (two of which, for 
instance, are the lines along which it is touched by the in- 
scribed and the circumscribed cylinder), these lines do not 
become straight, but become spirals laid on as it were round 
the wire, when it is allowed to take its natural straight and 
untwisted condition. 


Let, in § 595, PQ, coincide with the central line of the wire, 
and let A,=A,and A,=4A,=8; so that A measures the rigidity 
of torsion and B that of flexure. One end of the wire being 
held fixed, let a couple G be applied to the other end, round an 
axis inclined at an angle @ to the length. The rates of twist and 
of flexure cach per unit of length, according to (4.) of § 595, 
will be 

Geos 0 Gsin 0 

eae aes and > B ’ 
respectively. The latter being (§ 9) the same thing as the 
curvature, and the inclination of the spiral to its axis being 0, it 


follows (§ 126, or § 590, foot-note) that Pane is the radius of 


curvature of its projection on a plane perpendicular to this line, 
that is to say, the radius of the cylinder on which the spiral lies. 


602. A wire of equal flexibility in all directions may clearly 
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be held in any specified spiral form, and twisted to any stated wire 
degree, by a determinate force and couple applied at one end, any given: 
the other end being held fixed. The direction of the force i 
must be parallel to the axis of the spiral, and, with the couple, 

must constitute a system of which this line is (§ 559) the 
central axis: since otherwise there could not be the same 
system of balancing forces in every normal section of the 
spiral All this may be seen clearly by supposing the wire to 

be first brought by any means to the specified condition of 
strain; then to have rigid planes rigidly attached to its two 

ends perpendicular to its axis, and these planes to be rigidly 
connected by a bar lying in this line. The spiral wire now 

left to itself cannot but be in equilibrium: although if it be 

too long (according to its form and degree of twist) the equili- 

brium may be unstable. The force along the central axis, and 

the couple, are to be determined by the condition that, when 

the force is transferred after Poinsot’s manner to the elastic 

centre of any normal section, they give two couples together 
equivalent to the elastic couples of flexure and torsion. 


Let a be the inclination of the spiral to the plane perpendicular 
to its axis; r the radius of the cylinder on which it lies; r the 
rate of twist given to the wire in its spiral form. The curvature 


is (§ 126) equal to = and its plane, at any point of the 


spiral, being the plane of the tangent to the spiral and the 
diameter of the cylinder through that point, is inclined at the 
angle a to the plane perpendicular to the axis. Hence the com- 
ponents in this plane, and in the plane through the axis of the 
cylinder of the flexural couple are respectively 


Beos’?a Beos*a 


cosa, and sina 


Also, the components of the torsional couple, in the same planes, 


are Arsina, and —Arcosa, 
Hence, for equilibrium 
B costa R 
G=——cosa+ Arsina 
(6), 
Beos*a . 
— Rr=— a sina — Arcosa 


which give explicitly the values, G and R, of the couple and force 
required, the latter being reckoned as positive when its direction 
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is such as to pull out the spiral, or when the ends of the rigid bar 
supposed above are pressed znwards by the plates attached to the 
ends of the spiral. 
If we make R=0, we fall back on the case considered previ- 
ously (§ 601). If, on the other hand, we make G=0, we have 
1 B costa 


B cos? a At 
r? sina T reosa 
from which we conclude that 


and = 


603. A wire of equal flexibility in all directions may be 
held in any stated spiral form by a simple force along its axis 
between rigid pieces rigidly attached to its two ends, provided 
that, along with its spiral form, a certain degree of twist be 
given to it. The force is determined by the condition that its 
moment round the perpendicular through any point of the 
spiral to its osculating plane at that point, must be equal 
and opposite to the elastic unbending couple. The degree of 
twist is that due (by, the simple equation of torsion) to the 
moment of the force thus determined, round the tangent at 
any point of the spiral. The direction of the force being, 
according to the preceding condition, such as to press together 
the ends of the spiral, the direction of the twist in the wire is 
opposite to that of the tortuosity (§ 9) of its central curve. 

604. The principles and formule (§§ 598, 603) with which 
we have just been occupied are immediately applicable to the 
theory of spiral springs; and we shall therefore make a short 
digression on this curious and important practical subject before 
completing our investigation of elastic curves. 

A common spiral spring consists of a uniform wire shaped 
permanently to have, when unstrained, the form of a regular 
helix, with the principal axes of flexure and torsion everywhere 
similarly situated relatively to the curve. When used in the 
proper manner, it is acted on, through arms or plates rigidly at- 
tached to its ends, by forces such that its form as altered by them 
is still a regular helix. This condition is obviously fulfilled if 
(one terminal being held fixed) an infinitely small force and 
infinitely small couple be applied to the other terminal along 
the axis and in a plane perpendicular to it, and if the force and 
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couple be increased to any degree, and always kept along and spiru 
in the plane perpendicular to the axis of the altered spiral It S 
would, however, introduce useless complication to work out the 
details of the problem except for the case (§ 599) in which one 
of the principal axes coincides with the tangent to the central 
line, and is therefore an axis of pure torsion; as spiral springs 
in practice always belong to this case. On the other hand, a very 
interesting complication occurs if we suppose (what is easily 
realized in practice, though to be avoided if merely a good 
spring is desired) the normal section of the wire to be of such a 
figure, and so situated relatively to the spiral, that the planes 
of greatest and least flexural rigidity are oblique to the tangent 
plane of the cylinder. Such a spring when acted on in the 
regular manner at its ends must experience a certain degree of 
turning through its whole length round its elastic central curve 
in order that the flexural couple developed may be, as we shall 
immediately see it must be, precisely in the osculating plane of 
the altered spiral. But all that is interesting in this very 
curious effect will be illustrated later (§ 624) in full detail in the 
case of an open circular arc altered by a couple in its own plane, 
into a circular arc of greater or less radius; and for brevity 
and simplicity we shall confine the detailed investigation of 
spiral springs on which we now enter, to the cases in which 
either the wire is of equal flexural rigidity in all directions, or 
the two principal planes of (greatest and least or least and 
greatest) flexural rigidity coincide respectively with the tangent 
plane to the cylinder, and the normal plane touching the central 
curve of the wire, at any point. 

605. The axial force, on the movable terminal of the 
spring, transferred according to Poinsot (§ 555) to any point 
in the elastic central curve, gives a couple in the plane through 
that point and the axis of the spiral. The resultant of this and 
the couple which we suppose applied to the terminal in the 
plane perpendicular to the axis of the spiral is the effective 
bending and twisting couple: and as it is in a plane perpen- 
dicular to the tangent plane to the cylinder, the component of 
it to which bending is due must be also perpendicular to this 
plane, and therefore is in the osculating plane of the spiral. 
This component couple therefore simply maintains a curvature 


Spiral 
springs. 
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different from the natural curvature of the wire, and the other, 
that is, the couple in the plane normal to the central curve, 
pure torsion. The equations of equilibrium merely express 
this in mathematical language. 


Resolving as before (§ 602) the flexural and the torsional 
couples each into components in the planes through the axis of 
the spiral, and perpendicular to it, we have 


cos?a cosa 


G= B(-——_— “)cosa’ + Arsina’, 
r To 
COS*a = COS? Ay, ~ 
— Rr= B( 7S -p sin a'— Arcosa’, (T), 


cosasina cosa, sina, 


and, by § 126, T= 


oe ay Te 


Po 


where A denotes the torsional rigidity of the wire, and B its 
flexural rigidity in the osculating plane of the spiral; a, the in- 
clination, and 7, the radius of the cylinder, of the spiral when 
unstrained; a and r the same parameters of the spiral when 
under the influence of the axial force X and couple G; and 7 the 
degree of twist in the change from the unstrained to the strained 
condition. 

These equations give explicitly the force and couple required 
to produce any stated change in the spiral; or if the force and 
couple are given they determine a’, r’ the parameters of the 
altered curve. 

As it is chiefly the external action of the spring that we are 
concerned with in practical applications, let the parameters a, r 
of the spiral be eliminated by the following assumptions :— 


leosa 
x =lsina, ¢? =- 
r 
Q 
: l cosa, (8), 
XY =lsinay, py=-—— -- 
ro 


where Z denotes the length of the wire, ¢ the angle between 
planes through the two ends of the spiral, and its axis, and x the 
distance between planes through the ends and perpendicular to 
the axis in the strained condition; and, similarly, $o, x, for the 
unstrained condition; so that we may regard (¢, x) and (po, To) 
as the co-ordinates of the movable terminal relatively to the 
fixed in the two conditions of the spring. Thus the preceding 
equations become 
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ill iced A abring. 
(9). 
R=—2{ J (t—2t)\p— (br, laos +4 (eb—xobo)p 


Here we see that Ld/+ Rdz is the differential of a function of 
the two independent variables, x, $. Thus if we denote this 
function by Æ, we have 
B A 
E= ppi (Pat) b— af (P—20") bo P35 (xp— zbo)’ 
dE dE 
L= db’ R= ae 
a conclusion which might have been inferred at once from the 
general principle of energy, thus :— 


(10), 


606. The potential energy of the strained spring is easily 
seen from § 595 (4), above, to be 
4[B(s—a,)*+Ar* Jl, 
if A denote the torsional rigidity, B the flexural rigidity in the 
plane of curvature, « and «, the strained and unstrained cur- 
vatures, and r the torsion of the wire in the strained condition, 
the torsion being reckoned as zero in the unstrained condition. 
_ The axial force, and the couple, required to hold the spring to 
any given length reckoned along the axis of the spiral, and to 
any given angle between planes through its ends and the axes, 
are of course (§ 272) equal to the rates of variation of the 
potential energy, per unit of variation of these co-ordinates 
respectively. It must be carefully remarked, however, that, if 
the terminal rigidly attached to one end of the spring be 
held fast so as to fix the tangent at this end, and the motion of 
the other terminal be so regulated as to keep the figure of the 
intermediate spring always truly spiral, this motion will be 
somewhat complicated; as the radius of the cylinder, the in- 
clination of the axis of the spiral to the fixed direction of the 
tangent at the fixed end, and the position of the point in the 
axis in which it is cut by the plane perpendicular to it through 
the fixed end of the spring, all vary as the spring changes in 
figure. The effective components of any infinitely small motion 
of the movable terminal are its component translation along, 
and rotation round, the instantaneous position of the axis of 
the spiral [two degrees of freedom], along with which it will 
2 F 
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Spiral generally have an infinitely small translation in some direction 
= and rotation round some line, each perpendicular to this axis, 
and determined from the two degrees of arbitrary motion, by 
the condition that the curve remains a true spiral. ; 
607. In the practical use of spiral springs, this condition is 
not rigorously fulfilled: but, instead, either of two plans is 
generally followed :—(1.) Force, without any couple, is applied 
pulling out or pressing together two definite points of the two 
terminals, each as nearly as may be in the axis of the unstrained 
spiral; or (2.) One terminal being held fixed, the other is 
allowed to slide, without any turning, in a fixed direction, being 
as nearly as may be the direction of the axis of the spiral when 
unstrained. The preceding investigation is applicable to the 
infinitely small displacement in either case: the couple being 
put equal to zero for case (1.), and the instantaneous rotatory 
motion round the axis of the spiral equal to zero for case (2.) 


For infinitely small displacements let ¢=¢,+65¢, and 
x=2,+6x, in (10), so that now 
dE dE 
Then, retaining only terms of the lowest degree relative to dx 
and o¢ in each formula, and writing 2 and ¢ instead of x, and 
Po, we have 


B= ppl (Bp pta rtt (A Br gid + [BU — 2) + Ant] 8p} | 


R=5((Bp ot A)p'8r-+(A—B)xgg} (11). 
L=;, {(A—B)xdiz+4[B(2 —2x*)+Ax*]8$} | 


Example 1.—For a spiral of 45° inclination we have 
x* = 41? and ahs: 
and the formule become 
1 
R=} i [(A+B)dx+(A—B)réd] 
: (12) 
i l | 
L=} ZU — B)dx+(A+ B)rd¢] 
A careful study of this case, illustrated if necessary by a model 


easily made out of ordinary iron or steel wire, will be found very 
instructive. 
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x ; ; 

Example 2.—Let 7 be very small. Neglecting, therefore, its Spiral ; 
spring o 

intinitely 

small in- 


Square, we have es » and L S ml. and R=“ by. clination : 
r l r lr? 

The first of these is simply the equation of direct flexure (§ 595). 

The interpretation of the second is as follows :— 


608. In a spiral spring of infinitely small inclination to the 
plane perpendicular to its axis, the displacement produced in 
the movable terminal by a force applied to it in the axis of the 
spiral is a simple rectilineal translation in the direction of the 
axis, and is equal to the length of the circular arc through 
which an equal force carries one end of a rigid arm or crank 
equal in length to the radius of the cylinder, attached per- 
pendicularly to one end of the wire of the spring supposed 
straightened and held with the other end absolutely fixed, and 
the end which bears the crank, free to turn in a collar. This virtually a 
statement is due to J. Thomson,’ who showed that in pulling balance. 
out a spiral spring of infinitely small inclination the action 
exercised and the elastic quality used are the same as in a 
torsion-balance with the same wire straightened (§ 433). This 
theory is, as he proved experimentally, sufficiently approximate 
for most practical applications ; spiral springs, as commonly 
made and used, being of very small inclination. There is no 
difficulty in finding the requisite correction, for the actual incli- 
nation in any case, from the preceding formule. The funda- 
mental principle that spiral springs act chiefly by torsion seems 
to have been first discovered by Binet in 1814. 

609. Returning to the case of a uniform wire straight and Fnstic 
untwisted (that is, cylindrical or prismatic) when free from niine forco 
stress; let us suppose one end to be held fixed in a given ere 
direction, and no other force from without to influence it except 
that of a rigid frame attached to its other end acted on by a 
force, R, in a given line, AB, and a couple, G, in a plane per- 
pendicular to this line. The form and twist it will have when 
in equilibrium are determined by the condition that the torsion 
and flexure at any point, P, of its length are those due to the 
couple Œ compounded with the couple obtained by bringing R 


1 Cumb. æ Dub. Math. Jour. 1848. 2 St. Venant, Comptes Rendus. Sept. 1864. 
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Kirehhot's to P, It follows that if the rigid body of § 597 be left to 
parison, — itself at any instant, moving in the manner prescribed round 
the fixed point O, and subjected only to a constant force equal 
to R acting on it at the point, ,7, in a line, ,7D, parallel to 


AB, it will continue moving in the prescribed manner. 


To prove this let the body be compelled to move in the pre- 
scribed manner, and at the same time let the force R act on it 
in the line, 7D. Then, taking the co-ordinate axis, OX, parallel 
to this line, and calling z, y, z the co-ordinates of P at any time 

dx dy dz aa, Aad : 
t, we have J) Goo i for the direction-cosines of O.7': and, 
as the length of O T is unity, the moments of Rin ,TD, round 
OX, OY, OZ are respectively 
dz dy 

0, Rg =R 
Hence the moments of momentum generated by these in any 
time (being simply their time integrals) are (since s = ¢) 

0, RzZ—z), —RYyY—Yyo), 

if (Yo, Zo), (y, 2) be the co-ordinates of P at the beginning and 
end of the time. But these are precisely the additions to the 
component flexure-torsion couples in the wire from the first to 
the second position of P; and therefore if the component 
moments of momentum of the body are equal at the beginning 
of the time to the component flexure-torsion couples of the wire 
at the point (£o, Yo, Zo) the simple action of the force R upon it, 
with the point O held fixed, will keep its moment of momentum 
constantly in agreement with the flexure-torsion couple of the 
wire, and consequently its lines O 7, OK, OL constantly parallel 
to the corresponding lines through P in the wire, as P moves 
along it at unit velocity. 


This very remarkable theorem was discovered by Kirchhoff; 
to whom also the first thoroughly general investigation of the 
equations of equilibrium and motion of an elastic wire is due.’ 

610. The comparison thus established between the static 
problem of the bending and twisting of a wire, and the kinetic 
problem of the rotation of a rigid body, affords highly interest- 
ing illustrations, and, as it were, graphic representations, of the 


1 Crelles Journal. 1859. Ucber das Gleichgewicht und die Bewegung eines 
unendlich diinnen elastischen Stabes. 


STATICS. 453 


circumstances of either by aid of the other; the usefulness of Kirchhoffa 
which in promoting a thorough mental appropriation of both parison. 
must be felt by every student who values rather the physical 
subject than the mechanical process of working through mathe- 
matical expressions, to which so many minds able for better 
things in science have unhappily been devoted of late years, 

When particularly occupied with the kinetic problem in 
chap. 1x., we shall have occasion to examine the rotations cor- 
responding to the spirals of § 601-603, and to point out also the 
general character of the elastic curves corresponding to some 
of the less simple cases of rotatory motion. 

611. For the present we confine ourselves to one example, Common 


pendulum 


which, so far as the comparison between the static and kinetic and plane 
problems is concerned, is the simplest of all—the Elastic Curve curve. 
of James Bernoulli, and the common pendulum. A uniform 
straight wire, either equally flexible in all planes through its 
length, or having its directions of maximum and minimum 
flexural rigidity in two planes through its whole length, is acted 
on by a force and couple in one of these planes, applied either 
directly to one end, or by means of an arm rigidly attached to 
it, the other end being held fast. The force and couple may, 
of course (§ 558), be reduced to a single force, the extreme case 
of a couple being mathematically included as an infinitely small 
force at an infinitely great distance. To avoid any restriction 
of the problem, we must suppose this force applied to an arm 
rigidly attached to the wire, although in any case in which the 
line of the force cuts the wire, the force may be applied directly 
at the point of intersection, without altering the circumstances 
of the wire between this point and the fixed end. The wire 
will, in these circumstances, be bent into a curve lying through- 
out in the plane through its fixed end and the line of the force, 
and (§ 599) its curvatures at different points will, as was first 
shown by James Bernoulli, be simply as their distances from 
this line. The curve fulfilling this condition has clearly just 
two independent parameters, of which one is conveniently re- 
garded as the mean proportional, a, between the radius of 
curvature at any point and its distance from the line of force, 
aud the other, the maximum distance, b, of the wire from the 
line of force. By choosing any value for each of these para- 
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Graphic meters it is easy to trace the corresponding curve with a very 
construction |. i . . - 
ofelastic high approximation to accuracy, by commencing with a small 
curve trans- 
mitting force ren arc touching at one extremity a straight line at the 
in one plane. 
given maximum distance from the line of force, ‘and continuing 
by small circular arcs, with the proper increasing radii, accord- 
: ing to the diminishing distances of their middle points from 
the line of force. The annexed diagrams are, however, not 
so drawn; but are simply traced from the forms actually 
assumed by a flat steel spring, of small enough breadth not to 
be much disturbed by tortuosity in the cases in which different 
parts of it cross one another. The mode of application of the 


foree is sufficiently explained by the indications in the 


diagram. 
Fanaticn-of Let the line of force be axis of x, and let p be the radius of 
elastie curve. curvature at any point (x, y) of the curve. The dynamical con- 
dition stated above becomes 
B 
yaaa (1) 


where B denotes the flexural rigidity, T the tension of the cord, 
and a a linear parameter of the curve depending on these 
elements. Hence, by the ordinary formula for p—, | 


ed°y 
jo. (2) 
dy” è i 
(1 EJ d 2) 
Multiplying by 2dy and integrating, we have 
2a° 
y= C-— —— 9). 
(1 F dy’ ( J; 
and finally, 
z= | gam (4° sen A (4) 
‘dat— C?42Cy?—y")t 


which is the equation of the curve expressed in terms of an 
elliptic integral. 


If, in the first integral, (3), we put =o, we find 


y=+t(C42a*) (5), 
the upper sign within the bracket giving points of maximum, and 
the lower, points, if any real, of minimum distance from the axis. 
Hence there are points of equal maximum distance from the line of 
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Equation of force on its two sides, but no real minima when C< 2a’; which 
e plane : 
clastic curve. therefore comprehends the cases of diagrams 1...5. But there are 


real minima as well as maxima when C > 2a’, which is therefore 
the case of diagram 7. In this case it may be remarked that 
the analytical equations comprehend two equal and similar de- 
tached curves symmetrically situated on the two sides of the line 
of force; of which one only is shown in the diagram. 

The intermediate case, C=2a*, is that of diagram 6. For it, 
the final integral degrades into a logarithmic form, as follows :— 


— = [ ydy - fiae 2a°dy _. 
(Gat—y h Jya y) 


or, with the integrations effected, and the constant assigned to 
make the axis of y be that of symmetry, 


x= — (4a? -yta log EC (6). 


This equation, when the radical is taken with the signs indicated, 
represents the branch proceeding from the vertex, first to the 
negative side of the axis of y, crossing it at the double point, and 
going to infinity towards the positive axis of x as an asymptote. 
The other branch is represented by the same equation with the 
sign of the radical reversed in each place. 


It need seateely be remarked that in (3) the sign of a+% dy 
can p change, for a point moving continuously along the curve, 


when & I J becomes infinite. The interpretation is facilitated by 


pune | SY = tan 8, or a+% T) t —cosð, 
which reduces (3) to 
y*?=2a* cos 0+ C (7). 

Here, when C'>-2a? (the case in which, as we have seen above, 
there are minimum as well as maximum values of y on one side 
of the line of force), there is no limit to the value of 6. It in- 
creases, of course, continuously for a point moving continuously 
along the curve; the augmentation being 2r for one complete 
period (diagram 7). 

When C<2a?, 0 has equal positive and negative values at the 
points in which the curve cuts the line of force. These values 
being given by the equation 


C 
cos ar (8), 


are obtuse when C is positive (diagram 3), and acute when C is 
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negative (diagram 1). The extreme negative value of C is of Equation of 
the plane 
course — 2a’. ti 


elastic curve. 
If we take C= —2a?+ 3, 
+b will be the maximum positive or negative value of y, as we 
see by (7); and if we suppose b to be small in comparison with 
a, we have the case of a uniform spring bent, as a bow, but 
slightly, by a string stretched between its ends. 


612. An important particular case is that of figure 1, which Bow slightly 
corresponds to a bent bow having the same flexural rigidity TR 
throughout. If the amount of bending be small, the equation 
is easily integrated to any requisite degree of approximation. 

We will merely sketch the process of investigation. 


Let e be the maximum distance from the axis, corresponding 


d 
to x=0. Then y=e gives =, and (3) becomes 


ey! T a -——_ 3; 
S142 
dy _Ve— —y */ 4a! —e ety? | 
whence > en aie ty (9). 


For a first approximation, omit e?—y? in comparison with a’ 
where they occur in the same factors, and we have 


ay _ NE — y? l 
dx a 
or, since y=e when x=0, 
y=e cos . (10) 


the harmonic curve, or curve of sines, which is the simplest form 
assumed by a vibrating cord or pianoforte-wire. 

For a closer approximation we may substitute for y, in those 
factors where it was omitted, the value given by (10); and so on. 
Thus we have 


Yo ë= = UFs 3e sin =), wt 
dy dx ae 8e? 
ji Vve—y ar iéa* 16a** o, 
from which, by integration, 
-e@ a Sa 32a? 


3e? 


x 22x 
3da ain- sin 


and y=ecos {— 2045 + 


_ 


Plane elastic 
curve and 
common 
pendulum. 


Wire of any 
shape dis- 
turbed by 
forces and 
couples 
applied 
through 

its length. 
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613. As we choose particularly the common pendulum for 
the corresponding kinetic problem, the force acting on the 
rigid body in the comparison must be that of gravity in the 
vertical through its centre of gravity. Itis convenient, accord- 
ingly, not to take unity as the velocity for the point of com- 
parison along the bent wire, but the velocity gravity would 
generate in a body falling through a height equal to half the 
constant, a, of § 611: and this constant, a, will then be the 
length of the isochronous simple pendulum. Thus if an elastic 
curve be held with its line of force vertical, and if a point, P, 
be moved along it with a constant velocity equal to y ga, (a 
denoting the mean proportional between the radius of curvature 
at any point and its distance from the line of force,) the tangent 
at P will keep always parallel to a simple pendulum, of length 
a, placed at any instant parallel to it, and projected with the 
same angular velocity. Diagrams 1...5, correspond to vibra- 
tions of the pendulum. Diagram 6 corresponds to the case in 
which the pendulum would just reach its position of unstable 
equilibrium in ap infinite time. Diagram 7 corresponds to 
cases In which the pendulum flies round continuously in one 
direction, with periodically increasing and diminishing velocity. 
The extreme case, of the circular elastic curve, corresponds to 
an infinitely long pendulum flying round with finite angular 
velocity, which of course experiences only infinitely small varia- 
tion in the course of the revolution. A conclusion worthy of 
remark is, that the rectification of the elastic curve 1s the same 
analytical problem as finding the time occupied by a pendulum 
in describing any given angle. 

614. Hitherto we have confined our investigation of the 
form and twist of a wire under stress to a portion of the whole 
wire not itself acted on by force from without, but merely 
engaged in transmitting force between two equilibrating systems 
applied to the wire beyond this portion ; and we have, thus, 
not included the very important practical cases of a curve 
deformed by its own weight or centrifugal force, or fulfilling 
such conditions of equilibrium as we shall have to use after- 
wards in finding its equations of motion according to D’Alem- 
bert’s principle. We therefore proceed now to a perfectly 
general investigation of the equilibrium of a curve, uniform or 
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not uniform throughout its length ; either straight, or bent and Wire of any 


s x dis- 
twisted in any way, when free from stress ; aiid not restricted hired by 
ces and 
by any condition as to the positions of the three principal conte 
plied 


flexure-torsion axes (§ 596); under the influence of any dis- through 
tribution whatever of force and couple through its whole ts TenBuR: 
length. 


Let a, B, y be the components of the mutual force, and £, n, ¢ 
those of the mutual couple, acting between the matter on the 
two sides of the normal section through (x, y, z). Those for the 
normal section — (c+ Sx, y+5y, z+6:) will be 


at i p+ Ëss, y+ es 


dg 7 
etas, y+ os, C4 os. 
Hence, if Xôs, Yds, Z5s, and "i M6&s, Nôs be the components 
of the applied force, and applied couple, on the portion ôs of the 
wire between those two normal sections, we have (§ 551) for the 
equilibrium of this part of the wire 
da =% _dy 

-e X= gar ? a Z= ds (1), 
and (neglecting, of course, ai small terms of the second 
order, as dyés) 


— L8s= 885+ y5y— Boz, ete.; 


or 
_dẸ dy fz _dyn , dz dx d¢ | 
matte Pg: Muta ig’ Nepp a O 


We may eliminate a, 8, y from these six equations by means of 
the following convenient rer 


oe saa pity =T (3), Tongitudinal 


tension. 


T meaning the component of the force acting across the normal 
section, along the tangent to the middle line. From this, and 
the second and third of (2), we have 
x d.d ry d¢ dy 
a= To (M+ aaa: “HN aa, 
This, and the symmetrical expressions for 8 and y, used in (1), 
give 


Wire of any 
shape dis- 
turbed by 
forces and 
couples 
applied 
through 

its length. 


Equations 
of torsion- 
flexure. 
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We have besides, from (2) 


dE, , dy dh z 
Ert MAENE (5). 
To complete the mathematical expression of the circumstances, 
it only remains to introduce the equations of torsion-flexure. 
For this purpose, let any two lines of reference for the substance 
of the wire, PA, PL, be chosen at right angles to one another in 
the normal section through P. Let «,, A, be the components of 
the curvature (§ 589) in the planes perpendicular to these lines, 
and through the tangent, PT, when the wire is unstrained ; and 
x, A what they become under the actual stress. Let 7, denote 
the rate of twist (§ 119) of either line of reference round the 
tangent from point to point along the wire in the unstrained 
condition, and 7 in the strained, so that r—7r, is the rate of twist 
produced at P by the actual stress. Thus [§ 595 (8)], we have 


§l+nm+ (n= A(x—k,)+2(A—A,)+3(7—1,) 
Soke (n'=c(x—K,))4+B(A—A,)+a(7r—7)) 


dz 


w4 (a EK) +a(A—A,)+C(r—7,) 


(6), 


where (l, m, n), (V, m’, n^, - s T) denote the directions 


' ds 
of PK, PL, PT; so that 
pa mË! dz ax. dy dz _ 
"ds n=O, ag ag a 
= «U'+mm'+nn'=0, (7). 
P+m'?+n*=1, lpm’ pnl 


Now if lines O,K, O, L, O T, each of unit length, be drawn, as in 
§ 593, always parallel to PK, PL, PT, and if P be carried at 
unit velocity along the curve, the component velocity of Z parallel 
to O,T, or that of ,7 parallel to O.K with its sign changed, is 


(§ 593) equal to x; and similar statements apply to A and r. 
Hence, 


STATICS. 461 


dx dy dz 
d— d > as 
Spey ( (pcs E E A E 
sa a a a ero 
dx dy dz 
T. dZ dz 6) 
A= l ds d8 ds 
+( ds +m ds +n ds ) 
jal yan jan 
T=+(1 ae FA +n as 


Equations (7) reduce (J, m, n), (l, m’, n’) to one variable element, 
being the co-ordinate by which the position of the substance of 
the wire, round the tangent at any point of the central curve, is 
specified: and (8) express x, A, rin terms of this co-ordinate, 
and the three Cartesian co-ordinates x, y, z of P. The specifi- 
cation of the constrained condition of the wire gives ky, Ao, To a8 
functions of s. Thus (6) gives £, 7, each in terms of s, and 
the four co-ordinates, and their differential coefficients relatively 
tos. Substituting these in (4) and (5) we have four differential 
equations which, with 

dx? , dy* | dz" 

‘ds? ds Jez ds? =1 (9), 
constitute the five equations by which the five unknown functions 
(the four co-ordinates, and the tension, T,) are to be determined 
in terms of s, or by means of which, with s and T eliminated, 
the two equations of the curve may be found, and the co-ordinate 
for the position of the normal section round the tangent deter- 
mined in terms of z, y, z. 

The terminal conditions for any specified circumstances are 
easily expressed in the proper mathematical terms, by aid o 
equations (2). Thus, for instance, if a given force and a given 
couple be directly applied to a free end, or if the problem be 
limited to a portion of the wire terminated in one direction at a 
point Q, and if, in virtue of actions on the wire beyond, we have 
a given force (ay, Bo, Yo), and a given couple (£,, 7, () acting on 
the normal section through Q of the portion under consideration, 
and if s, is the length of the wire from the zero of reckoning for s 
up to the point Q, and L., Mo, Ny the values of L, M, N at this 
point, the equations expressing the pacar conditions will be 


a an lH Tape when s=s, 


n =No, 2 = My +(a Fr w (10). 


f=, — ates om — a 2) 


Torsion, and 
two com- 
ponents of 
curvature, 
of wire (or 
component 


* angular 


velocities 
of rotating 
solid). 


Terminal 


f conditions. 


Terminal 
conditions. 


Straight 

beam infi- 

nitely little 
ent. 
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From these we see, by taking L,=0, Mf,=0, Ny =0, a,==0, 
B,.=0, Yo=I, £,=0, No =), G=0, that 


615. For the simple and important case of a naturally 
straight wire, acted on by a distribution of force, but not of 
couple, through its length, the condition fulfilled at a perfectly 
free end, acted on by neither force nor couple, is that the curva- 
ture is zero at the end, and its rate of variation from zero, per 
unit of length from the end, is, at the end, zero. In other words, 
the curvatures at points infinitely near the end are as the 
squares of their distances from the end in general (or, as some 
higher power of these distances, in singular cases). The same 
statements hold for the change of curvature produced by the 
stress, if the unstrained wire is not straight, but the other 
circumstances the same as those just specified. 

616. As a very simple example of the equilibrium of a 
wire subject to forces through its length, let us suppose the 
natural form to be straight, and the applied forces to be in 
lines, and the couples to have their axes, all perpendicular to 
its length, and to be not great enough to produce more than 
an infinitely small deviation from the straight line. Further, 
in order that these forces and couples may produce no torsion, 
let the three flexure-torsion axes be perpendicular to and 
along the wire. But we shall not limit the problem further 
by supposing the section of the wire to be uniform, as we 
should thus exclude some of the most important practical 
applications, as to beams of balances, levers in machinery, 
beams in architecture and engineering. It is more instructive 
to investigate the equations of equilibrium directly for this 
case than to deduce them from the equations worked out above 
for the much more comprehensive general problem. The par- 
ticular principle for the present case is simply that the rate of 
variation of the rate of variation, per unit of length along the 
wire, of the bending couple in any plane through the length, is 
equal, at any point, to the applied force per unit of length, with 
the simple rate of variation of the applied couple subtracted. 
This, together with the direct equations (§ 599) between the 
component bending couples, gives the required equations of 
equilibrium. 
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The diagram representing a section of the wire in the plane erclent 
CAM INi- 


xy, let OP = x, PP'= ôx. Let Yand N be the components nitely little 
f en 


in the plane of the diagram, of the applied force and couple, 
each reckoned per unit of length of the wire; so that Ydx 
and Néx will be the amounts of force and couple in this 
plane, actually applied to the portions of the wire between P 
and P’. 

Let, as before (§ 614), 8 and y denote the components parallel 
to OY and OZ of the mutual force,' and ¢ and 7 the components 
in the plane XOY, XOZ, of the mutual couple, between the 
portions of matter on the two sides of the normal scction through 
P; and 8’, y’, and ¢, 7’ the same for P’. The matter between 
these two sections is balanced under these actions from the matter 
contiguous to it beyond them, and the force and couple applied 
to it from without. These last have, in the plane XOY, com- 
ponents respectively equal to Yéx and Nox: and hence for the 
equilibrium of the portion PP’, 
| — B+ Yixr+P’ =0, by forces parallel to OF, 
and —(+WNér+(+6x=0, by couples in plane XOF, 
the term ôx in this second equation being the moment of the 
couple formed by the infinitely nearly equal forces B, 8’ in the 
dissimilar parallel directions through P and P’. Now 


p'— pas" bx, and (= Boe, 


Hence the preceding equations give 


OP ER g 
a (1); 
da N—B 


1 These forces, being each in the plane of section of the solid separating the 
portions of matter between which they act, are of the kind called sheariny forces. 
See below, $ 662. 


Straight 
beam infi- 
nitcly little 
bent. 


Case of in- 
dependent 
flexure in 

two planes, 
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and these, by the elimination of $, 
d?¢ dN 


ie ae ee (2). 
Similarly, by forces and couples in the plane XOZ, 

is PON ea 

dent ae Tf (3), 


couples in this plane being reckoned positive when they tend to 
turn from the direction of OX to that of OZ [which is opposite 
to the convention (551) gencrally adopted as being proper when 
the three axes are dealt with symmetrically]. 

Since the wire deviates infinitely little from the straight line 
OX, the component curvatures are 


d? 

in the plane XOY, 
d’z 
dt” 


Hence the equations of flexure are 


and » «OZ. 


d'y d*z (4), 


where B and C are the flexural rigidities (§ 596) in the planes 
xy and xz, and a the coefficient expressing the couple in either 
produced by unit curvature in the other; three quantities which 
are to be regarded, in general, as given functions of x. Substi- 
tuting these expressions for ¢ and 7, in (2) and (3), we have 
the required equations of equilibrium. 


617. If the directions of maximum and minimum flexural 
rigidity le throughout the wire in two planes, the equations 
of equilibrium become simplified by these planes being chosen 
as planes of reference, XOY, XOZ. The flexure in either plane 


then depends simply on the forces in it, and thus the problem 


divides itself into the two quite independent problems of in- 
tegrating the equations of flexure in the two principal planes, 
and so finding the projections of the curve on two fixed planes 
agreeing with their position when the rod is straight. 


In this case, and with XOY, XOZ so chosen, we have a=0. 
Hence the equations of flexure (4) become simply 
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and the differential equations of the curve, found by using these $traight 


in (2) and (3), nitely little 
d? (Bo) ac Les Caso of in- 
at g, OO g (jae 
de %2 ~ de -= two planes. 
where j=% ——- Ta: Y, }=— z (6). 


Here 3 and % are to be generally regarded as known functions 
of x, given explicitly by (6), being the amounts of component 
diiile forces perpendicular to the wire, reckoned per unit of its 
length, that would produce the same figure as the distribution of 
force and couple we have supposed actually applied throughout 
the length. Later, when occupied with the theory of magnetism, 
we shall meet with a curious instance of the relation expressed by 
(6). In the meantime it may be remarked that although the 
figure of the wire does not sensibly differ when the simple distri- 
bution of force is substituted for any given distribution of force and 
couple, the shearing forces in normal sections become thoroughly 
altered by this change of circumstances, as is shown by (1). 
When the wire is uniform, B and C are constant, and the equa- 
tions of equilibrium become 

d‘ d'z _ È 

TAB? =o (7): 
The simplest example is had by taking {J and & each constant, a Pank nant 
very interesting and uscful case, being that of a uniform beam weight 
influenced only by its own weight, except where held or pressed 
by its supports. Confining our attention to flexure in the one 
principal plane, XOF, and supposing this to be vertical, so that 
Y =gw, if w be the mass per unit of length; we have, for the 
complete integral, of course 


y= r + Kat + Kt + Ket RK") (8), 


where K, K’, ete., denote constants of integration. These, four 
in number, are determined by the terminal conditions; which, for 


dy. . 
instance, may be that the value of y and of oa is given for each 


end. Or, as for instance in the case of a plank simply resting 
with its ends on two edges or tressles, and free to turn round 
either, the condition may be that the curvature vanishes at each 
end: so that if OX be taken as the line through the points of 
support, we have 

2G 


Plank sup- 
orted by 
ts ends ; 


by its 
middle. 


Droops com- 
pared. 
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y=0 
T'Y o when x=0 and when x=], 
dx? 
I being the length of the plank. The solution then is 
y= (xt 2ixt +l) (9). 
Hence, by putting r= 41, we find y= =I for the distance 


A TxA x i 
by which the middle point is deflected from the straight line 
joining the points of support. 
Or, as in the case of a plank balanced on a tressle at its middle 
(taken as zero of x), or hung by a rope tied round it there, we 
may have 


dx 
3 

and CY =o 

d'y when x=}4l [see above, § 614 (10)]. 

dx’ 
The solution in this case is, for the positive half of the plank, 

y= hat — lat + 3lta?) (10). 
ing x= PE ste 

By putting x=, we find y= a ae ok Hence 


618. When a uniform bar, beam, or plank is balanced on a 
single tressle at its middle, the droop of its ends is only 3 of the 
droop which its middle has when the bar is supported on tressles 
at its ends. From this it follows that the former is 3 and the 
latter § of the droop or elevation produced by a force equal to 
half the weight of the bar, applied vertically downwards or 
upwards to one end of it, if the middle is held fast in a hori- 
zontal position. For let us first suppose the whole to rest on a 
tressle under its middle, and let two tressles be placed under 
its ends and gradually raised till the pressure is entirely taken 
off from the middle. During this operation the middle remains 
fixed and horizontal, while a force increasing to half the weight, 
applied vertically upwards on each end, raises it through a 
height equal to the sum of the droops in the two cases above 
referred to. This result is of course proved directly by com- 
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paring the absolute values of the droop in those two cases as ie 
found above, with the deflection from the tangent at the end of ae adie 
the cord in the elastic curve, figure 2, of § 611, which is 

cut by the cord at right angles. It may be stated otherwise 

thus: the droop of the middle of a uniform beam resting on 

tressles at its ends is increased in the ratio of 5 to 13 by laying 

a mass equal in weight to itself on its middle: and, if the 

beam is hung by its middle, the droop of the ends is increased 

in the ratio of 3 to 11 by hanging on each of them a mass 

equal to half the weight of the beam. 

619. The important practical problem of finding the distri- by three or 
bution of the weight of a solid on points supporting it, when ™°™ Pre 
more than two of these are in one vertical plane, or when 
there are more than three altogether, which (§ 568) is indeter- 
minate: if the solid is perfectly rigid, may be completely solved 
for a uniform elastic beam, naturally straight, resting on three. 
or more points in rigorously fixed positions all nearly in one 
horizontal line, by means of the preceding results. 

If there are 7 points of support, the ~—1 parts of the rod 
between them in order and the two end parts will form 7+1 
curves expressed by distinct algebraic equations [§ 617 (8)], each 
involving four arbitrary constants. For determining these con- 
stants we have 4t + 4 equations in all, expressing the following 
conditions :— 

I. The ordinates of the inner ends of the projecting parts of 
the rod, and of the two ends of each intermediate part, are 
respectively equal to the given ordinates of the corresponding 
points of support [22 equations]. 

II. The curves on the two sides of each support have co- 
incident tangents and equal curvatures at the point of transi- 
tion from one to the other [272 equations]. 

IIL The curvature and its rate of variation per unit of 
length along the rod, vanish at each end [4 equations]. 

Thus the equation of each part of the curve is completely 
determined: and then, by § 616, we find the shearing force 
in any normal section. The difference between these in the 


1 It need scarcely be remarked that indeterminateness does not exist in nature. 
How it may occur in the problems of abstract dynamics, and is obviated by taking 
something more of the properties of matter into account, is instructiveiy: illustrated 
by the circumstances referred to in the text. 


Plank sup- 
ported by its 
ends and 
middle. 


Rotation of 
a wire round 
its elastic 
central line. 


Elastic uni- 
versal flexure 
joint; § 189. 


468 ABSTRACT DYNAMICS. 


neighbouring portions of the rod on the two sides of a point 
of support, is of course equal to the pressure on this point. 

620. The solution for the case of this problem in which 
two of the points of support are at the ends, and the third 
midway between them either exactly in the line joining them, 
or at any given very small distance above or below it, is found 
at once, without analytical work, from the particular results 
stated in § 618. Thus if we suppose the beam, after being 
first supported wholly by tressles at its ends, to be gradually 
pressed up by a tressle under its middle, it will bear a force 
siinply proportional to the space through which it is raised 
from the zero point, until all the weight is taken off the ends, 
and borne by the nuddle. The whole distance through which 
the middle rises during this process is, as we found, = os : 
and this whole elevation is ¢ of the droop of the middle in the 
first position. If therefore, for instance, the middle tressle be 
fixed exactly in the line joining those under the ends, it will 
bear § of the whole weight, and leave to be borne by each 
end. And if the middle tressle be lowered from the line join- 
ing the end ones by x4 of the space through which it would 
have to be lowered to relieve itself of all pressure, it will bear 
just + of the whole weight, and leave the other two thirds to 
be equally borne by the two ends. 

621. A wire of equal flexibility in all directions, and 
straight when freed from stress, offers, when bent and twisted 
in any manner whatever, not the slightest resistance to being 
turned round its elastic central curve, as its conditions of 
equilibrium are in no way affected by turning the whole wire 
thus equally throughout its length. The useful application of 
this principle, to the maintenance of equal angular motion in 
two bodies rotating round different axes, is rendered somewhat 
difficult in practice by the necessity of a perfect attachment 
and adjustment of each end of the wire, so as to have the tan- 
gent to its elastic central curve exactly in line with the axis 
of rotation. But if this condition is rigorously fulfilled, and 
the wire is of exactly equal flexibility in every direction, and 
exactly straight when free from stress, it will give, against any 
constant resistance, an accurately uniform motion from one to 
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another of two bodies rotating’ round axes which may be in Equable 
clined to one another at any angle, and need not be in one ing joie 
plane. If they are in one plane, if there is no resistance to 

the rotatory motion, and if the action of gravity on the wire 

is insensible, it will take some of the varieties of form (§ 612) 

of the plane elastic curve of James Bernoulli. But however 
much it is altered from this; whether by the axes not being in 

one plane ; or by the torsion accompanying the transmission of 

a couple from one shaft to the other, and necessarily, when the 

axes are in one plane, twisting the wire out of it ; or by gravity ; 

the elastic central curve will remain at rest, the wire in every 
normal section rotating round it with uniform angular velocity, 
equal to that of each of the two bodies which it connects. 
Under Properties of Matter, we shall see, as indeed may be 
judged at once from the performances of the vibrating spring 

of a chronometer for twenty years, that imperfection in the 
elasticity of a metal wire does not exist to any such degree as 

to prevent the practical application of this principle, even in 
mechanism required to be durable. 

It is right to remark, however, that if the rotation be too 
rapid, the equilibrium of the wire rotating round its unchanged 
elastic central curve may become unstable, as is immediately dis- 
covered by experiments (leading to very curious phenomena), 
when, as is often done in illustrating the kinetics of ordinary 
rotation, a rigid body is hung by a steel wire, the upper end of 
which is kept turning rapidly. 

622. If the wire is not of rigorously equal flexibility in all practical 
directions, there will be a periodic inequality in the communi- nee oe 
cated angular motion, having for period a half turn of either 
body: or if the wire, when unstressed, is not exactly straight, 
there will be a periodic inequality, having the whole turn for 
its period. In other words, if @ and q’ be angles simultane- 
ously turned through by the two bodies, with a constant work- 
ing couple transmitted from one to the other through the wire, 
¢—¢ will not be zero, as in the proper elastic universal 
flexure joint, but will be a function of sin 26 and cos 2¢ if the 
first defect alone exists; or it will be a function of sing and 
cos @ if there is the second defect whether alone or along with 
the first. It is probable that, if the bend in the wire when 
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in actual construction, the inequality of action caused by it 
may be sufficiently remedied without much difficulty in 
practice, by setting it at one or at each end, somewhat inclined 
to the axis of the rotating body to which it is attached. But 
these considerations lead us to a subject of much greater interest 
in itself than any it can have from the possibility of usefulness 
in practical applications. The simple cases we shall choose 
illustrate three kinds of action which may exist, each either 
alone or with one or both the others, in the equilibrium of a 
wire not equally flexible in all directions, and straight when 
unstressed. 

623. A uniform wire, straight when unstressed, is bent till 
its two eds meet, which are then attached to one another, with 
the elastic central curve through each touching one straight 
line: so that whatever be the forin of the normal section, and 
the quality, crystalline or non-crystalline, of the substance, the 
whole wire must become, when in equilibrium, an exact circle 
(gravity being not allowed to produce any disturbance). It is 
required to find what must be done to turn the whole wire 
uniformly through any angle round its elastic central circle. 

If the wire is of exactly equal flexibility in all directions,’ it 
will, as we have seen (§ 621), offer no resistance at all to this 
action, except of course by its own inertia; and if it is once 
set to rotate thus uniformly with any angular velocity, great or 
small, it would continue so for ever were the elasticity perfect, 
and were there no resistance from the air or other matter 
touching the axis. 

To avoid restricting the problem by any limitation, we must 
suppose the wire to be such that, if twisted and bent in any 
way, the potential energy of the elastic action developed, per 
unit of length, is a quadratic function of the twist, and two com- 
ponents of the curvature (§§ 590, 595), with six arbitrarily given 
coefficients. But as the wire has no twist,? three terms of this 
function disappear in the case before us, and there remain only 


1 In this case, clearly it might have been twisted before its ends were put together, 
without altering the circular form taken when left with its ends joined. 

2 Which we have supposed, in order that it may take a circular form: although 
in the important case of equal flexibility in all cirections this condition would 
obviously be fulfilled, even with twist. - 
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three terms,—those involving the squares and the product of Rotation 


‘ P round its 

the components of curvature in planes perpendicular to two elastic cen- 
P ‘ tral circle, 

rectangular lines of reference in the normal section through of a straight 
wire made 


any point. The position of these lines of reference may be into a hoop. 
conveniently chosen so as to make the product of the com- 
ponents of curvature disappear: and the planes perpendicular 

to them will then be the planes of maximum and minimum 
flexural rigidity when the wire is kept free from twist.’ There 

is no difficulty in applying the general equations of § 614 to 

express these circumstances and answer the proposed question. 
Leaving this as an analytical exercise to the student, we take a 

shorter way to the conclusion by a direct application of the 
principle of energy. 


Let the potential energy per unit of length be (Bk! + CA’), 
when «x and A are the component curvatures in the planes of 
maximum and minimum flexural rigidity: so that, as in § 617, 
B and C are the measures of the flexural rigidities in these 
planes. Now if the wire be held in any way at rest with these 
planes through each point of it inclined at the angles ¢ and 


57 to the plane of its elastic central circle, the radius of this 


circle being 7, we should have K=—cos$, A=—sing. Hence, 
since 27r is the whole length, 
E=n(—cos'$-+<sin'$) (1). 


Let us now suppose every infinitely small part of the wire to be 
acted on by a couple in the normal plane, and let L be the amount 
of this couple per unit of length, which must be uniform all round 
the ring in order that the circular form may be retained, and let 
this couple be varied so that, rotation being once commenced, ¢ 
may increase at any uniform angular velocity. The equation of 
work done per unit of time (§§ 240, 287) is 


dE dE, 
2rrLọ = a wa 


1 When, as in ordinary cases, the wire is either of isotropic material (see $ 677 below), 
or has a normal axis ($ 596) in the direction of its elastic central line, flexure will pro- 
duce no tendency to twist: in other words, the products of twist into the com- 
ponents of curvature will disappear from the quadratic expressing the potential 
energy : or the elastic central line is an axis of pure torsion. But, as shown in the 
text, the case under consideration gains no simplicity from this restriction. 
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; B—C . 
Cain $ cosp = ea 2¢, 
of a straight 


2r? 
Intoa hoop. Which shows that the couple required in the normal plane 


through every point of the ring, to hold it with the planes of 
greatest flexural rigidity touching a cone inclined at any angle, 
d, to the plane of the circle, is proportional to sin 2; is in the 
direction to prevent @ from increasing; and when $= }r, 


r? 


amounts to Ta per unit length of the circumference. From 


this we see that there are two positions of stable equilibrium, 
—being those in which the plane of least flexural rigidity lies 
in the plane of the ring; and two positions of unstable equili- 
brium,—being those in which the plane of greatest flexural 
rigidity is in the plane of the ring. 

Rotation 624. A wire of uniform flexibility in all directions, so shaped 


round its 


elastic ceni: -AS to be a circular arc of radius a when free from stress, is bent 
r ’ 


ofa Nici of till its ends meet, and these are joined as in § 623, so that the 


flexible inall Whole becomes a circular ring of radius r. It is required to 


directions, 


but circular find the couple which will hold this ring turned round the 
strained. central curve through any angle ¢ in every normal section, 
from the position of stable equilibrium (which is of course that 
in which the naturally concave side of the wire is on the 
concave side of the ring, the natural curvature being either 
increased or diminished, but not reversed, when the wire is 
bent into the ring). Applying the principle of energy exactly 
as in the preceding section, we find that in this case the couple 
is proportional to sin $, and that when ¢= $r, its amount per 


unit of length of the circumference is =, if B denote the 
flexural rigidity. 
For in this case we have the potential energy 


=arB{(—_——0084)*+(—sing)}="rB(q——cos+5) (2), 


and b= dé ane (3). 


If every part of the ring 1s turned half round, so as to bring 
the naturally concave side of the wire to the convex side of the 
ring, we have of course a position of unstable equilibrium. 
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625. A wire of unequal flexibility in different directions is Wireun- 
formed so that, when free from stress, it constitutes a circular a 
arc of radius a, with the plane of greatest flexural rigidity at Hone aud 
each point touching a cone inclined to its plane at an angle a. when un- 
Its ends are then brought together and joined, as in §§ 623, 624, bent to an- 


so that the whole becomes a closed circular ring, of any given by balancing 
radius r. It is required to find the changed inclination, œ, to plied to ite 
the plane of the ring, which the plane of greatest flexural - 
rigidity assumes, and the couple, G, in the plane of the ring, 
which acts between the portions of matter on each side of any 
normal section. 
The two equations between the components of the couple 
and the components of the curvature in the planes of greatest 
and least flexural rigidity determine the two unknown quantities 
of the problem. 


These equations are 


1 1 
B cosp—— cos a) = G cos $ li 
ols; La Gai j (4), 
os sinp—— sin a) = G'sin ġ 
since — cosa and | sin a are the components of natural curva- 
a a 


; dota 1 1 
ture in the principal planes, and therefore -cos = cosa, and 


= sind — l sin a, are the changes from the natural to the actual 
r a 

curvatures in these planes maintained by the corresponding com- 
ponents G cos ¢ and G sin ¢ of the couple G. 


The problem, so far as the position into which the wire turns 
round its elastic central curve, may be solved by an application 
of the principle of energy, comprehending those of §§ 623, 624 
as particular cases. 

Let L be the amount, per unit of length of the ring, of the 
couple which must be applied from without, in each normal 
section, to hold it with the plane of maximum flexural rigidity at 
each point inclined at any given angle, $, to the plane of the 
ring. We have, as before (§§ 623, 624), for the potential energy 
of the elastic action in the ring when held so, 

=ar{ BOSE Lin cent 2 


)*} (5). 
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Hence 
_ 1 dE_ cosp cosasind sing sinacosd 
Hee ge a Ge (6). 


This equated to zero, is the same as (4) with G eliminated, and 
determines the relation between ¢ and r, in order that the ring 
when altered to radius r instead of a may be in equilibrium in 
itself (that is, without any application of couple in the normal 
section). The present method has the advantage of facilitating 
the distinction between the solutions, as regards stability or insta- 
bility of the equilibrium, since (§ 291) for stable equilibrium 
E is a minimum, and for unstable equilibrium a maximum. 

As a particular case, let C = œ, which simplifies the problem 
very much. The terms involving C as a factor in (5) and (6) 
become nugatory in this case, and require of course that 

sing sina 
ra 
But the former method is clearer and better for the present case ; 
as this result is at once given by the second of equations (4); and 
then the value of G, if required, is found from the first. We 
conclude what is stated in the following section :— 


626. Let a uniform hoop, possessing flexibility only in one 
tangent plane to its elastic central line at each point, be given, 
so shaped that when under no stress (for instance, when cut 
through in any normal section and uninfluenced by force from 
other bodies) it rests in the form of a circle of radius a, with 
its planes of no flexibility all round touching a cone inclined 
to the plane of this circle. This is very nearly the case with 
a common hoop of thin sheet-iron fitted upon a conical vat, 
or on either end of a barrel of ordinary shape. Let such a 
hoop be shortened (or lengthened), made into a circle of radius 
a by riveting its ends together (§ 623) in the usual way, and 
left with no force acting on it from without. It will rest with 
its plane of no flexibility inclined at the angle ġ = sin—'(—sin a) 
to the plane of its circular form, and the elastic couple acting 
in this plane between the portions of matter on the two sides 
of any normal section will be 

G= Z (ost —=*). 
These results we see at once, by remarking that the component 
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curvature in the plane of inflexibility at each point must be Conical 

P endings 0 
. §1D a E y developable 
invariably of the same value, oa as in the given unstressed surface. 


condition of the hoop: and that the component couple, G cos ¢, 
in the plane perpendicular to that of no flexibility at each 
point, must be such as to change the component curvature in 
cosa , coso 


a r 
The greatest circle to which such a hoop can be changed is 


this plane from 


of course that whose radius is =~ : and for this ¢ = $r, or the 


surface of no flexibility at each point (the surface of the sheet- 
metal in the practical case) becomes the plane of the circle: 

and therefore G = œ, showing that if a hoop approaching 
infinitely nearly to this condition be made, in the manner ex- 
plained, the internal couple acting across each normal section 

will be infinitely great, which is obviously true. 

627. Another very important and interesting case readily riexure of a 
dealt with by a method similar to that which we have applied Piste =" 
to the elastic wire, is the equilibrium of a plane elastic plate 
bent by any forces subject to certain conditions stated below 
(§ 632). Some definitions and preliminary considerations may 
be conveniently taken first. 

(1.) A surface of a solid is a surface passing through always Definitions. 
the same particles of the solid, however it is strained. 

(2.) The middle surface of a plate is the surface passing 
through all those of its particles which, when it is free from 
stress, lie in a plane midway between its two plane sides. 

(3.) A normal section of a plate, or a surface normal to a 
plate, is a surface which, when the plate is free from stress, 
cuts its sides and all planes parallel to them at right angles, 
being therefore, when unstrained, necessarily either a single 
plane or a cylindrical (or prismatic) surface. 

(4.) The deflection of any point or small part of the plate, is 
the distance of its middle surface there from the tangent plane 
to the middle surface at any conveniently chosen point of re- 
ference in it. 

(5.) The inclination of the plate, at any point, is the inclina- 
tion of the tangent plane of the middle surface there to the 
tangent plane at the point of reference. 
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Flexureofa (6.) The curvature of a plate at any point, or in any part, is 
bate the curvature of its middle surface there. 

(7.) In a surface infinitely nearly plane the curvature is said 
to be uniform, if the curvatures in every two peas normal 
sections are equal. 

(8.) Any diameter of a plate, or distance in a plate infinitely 
nearly plane, is called finite, unless it is an infinitely great mul- 
tiple of the least radius of curvature multiplied by the greatest 
inclination. 

Geometrical Choosing XOY as the tangent plane at the point of reference, 


pE le let (x, y, z) be any point of its middle surface, ¢ its inclination 


there, and l its curvature in a normal section through that 
r 


point, inclined at an angle ¢ to ZOX. We have 


_ 74 dz? 
tan i= y4 oF AA (1) 
and, if ¢ be infinitely small, 
= cos*h-2 2 de i 7 sing cos 4-5 se a sintó (2). 


To prove these, let £, 7, ¢ be the co-ordinates 7 any point of the 
surface infinitely near (x, y, z). Then, by the elements of the 
differential P 


Let a =p es =p sing, 
so that we have 


(=Ap+45p, where ise Br ae aa sing 
dx dy (3). 


d*z d%z d*z . 
B= —— 3 —— gi aa 2 
and 7:1 CO8 +2— dy sind coso + dys sin *p 


Then by the formula for the curvature of a plane curve (§ 9), 
1 #=#B 
r (14A*)} 
and thus (2) is proved. 
It follows that the surface represented by 

z= }(Aat + 2ery+ By’) (4), 
is a surface of uniform curvature if A, B, c be constant through- 
out the admitted range of values of (x, y); these being limited 
by the condition that ARF and cx+ By must be everywhere 
infinitely small. 


, or, as A is infinitely small, <= B, 


628. When a plane surface is bent to any other shape than 
a developable surface (§ 139), it must experience some degree 
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of stretching or contraction. But an essential condition for the Limitation 
theory of elastic plates on which we are about to enter, is that not imply = 


the amount of the stretching or contraction thus necessary in eae 
the middle surface is at most incomparably smaller than the able with 
stretching and contraction of the two sides (§ 141) due to cur- eee 
vature. This condition, if we exclude the case of bending into 

a surface differing infinitely little from a developable surface, ú 
equivalent to the following :— 

The deflection [§ 627 (4)] is, at all places finitely [§ 627 (8)] 
distant from the point of reference, incomparably smaller than 
the thickness. 

And if we extend the signification of “ deflection” from that 
defined in (4) of § 627, to distance from some true developable sur- 
face, the excluded case is of course brought under the statement. 

Although the truth of this is obvious, it is satisfactory to 
prove it by investigating the actual degrees of stretching and 
contraction referred to. 

629. Let us suppose a given plane surface to be bent to stretching of 
some curved form without any stretching or contracting of Semele 
lines radiating from some particular point “of it, O; and let itaua 
be required to find the stretching or contraction in the cir- 
cumference of a circle described from O as centre, with any 
radius a, on the unstrained plane. If the stretching in each 
part of the circumference, and not merely on the whole, is to be 
found, something more as to the mode of the bending must be 
specified; which, for simplicity, in the first place, we shall 
suppose to be, that any point P of the given surface moves in 
a plane perpendicular to the tangent plane through O, during 
the straining. 

Let a, 6 be polar co-ordinates of P in its primitive position, 
and r, 0 those of the projection on the tangent plane through O, 
of its position in the bent surface, and let z be the distance of 
this position from the tangent plane through O. An element, 
adô, of the unstrained circle, becomes 

(r°d0 + dr* +-dz*)t 
on the bent surface; and, therefore, for the stretching! of this 
element we have 


r? dr? dz? 4 
(AE eke icc) | 1). 
€ (a+ agg t ad) ( ) 
1 Ratio of the lengthening to the unstretched length. 
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Stretching of Hence if e denote the ratio of the elongation of the whole cir- 
a = cumference to its unstretched length, or the mean stretching of 
ioe the EE 
40 dz? 4 1 2) 
e=> (G p a + agge Ea } ( 


where we must a z d r known functions of 0. Confining 
ourselves now to distances from O within which the curvature of 


the surface is sensibly uniform, we have 
2 


z= —, and r=psin Bait Sets) (3) 
2p p p 


if p be the radius of curvature of the normal section through O 
and P: and, if we take as the zero line for @ that in which the 
tangent plane is cut by one of the principal normal planes (§ 130), 


1 1 1 1,1 1 1 

—=—cos?§+ —sin?60=43(— + —)+43(— ——) cos 20 4 

z= c0stO+ int =} +) 44S ——) (4) 
where P ps are the principal radii of curvature. Hence the 


term 


z m under the radical sign disappears if we include no 


terms involving higher powers than the first, of the small fraction 
2 
si ; and, to this degree of approximation 


a )*sin?6 cos*6, 


2 1 1 3 
By (Oe endl a TT ee Oe ae 
e={1—}-—,+0 os a sin*Ocos?6} tat as rs 


or, by (4), and ear Pa 


=a SHG Gra pr) 008 20-44 (———)* 00s 46} (5). 


Using this in (2) we find 


(6). 
Pi Ps 
The whole amount of stretching thus expressed will, it follows 
from (5), be distributed uniformly through the circumference, if, 
instead of compelling each point P to remain in the plane through 
O, perpendicular to XOY, we allow it to yield in the direction of 
the circumference through a space equal to 


Qa ere 1 - De x 
From (6) we conclude that 
630. Ifa plane area be bent to a uniform degree of curva- 
ture throughout, without any stretching in any radius through 


a certain point of it, and with uniform stretching or contraction 
over the circumference of every circle described from the same 
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point as centre, the amount of this contraction (reckoned Stretching of 
y 


negative where the actual effect is stretching) is equal to the By synelastic ve 
ratio of one-sixth of the square of the radius of the circle, to flexure. 
the rectangle under the maximum and minimum radii of cur- 
vature of normal sections of the surface; or which is the same 
thing, the ratio of two-thirds of the rectangle under the maxi- 
mum and minimum deflections of the circumference from the 
tangent plane of the surface at the centre, to the square of the 
radius; or, which is the same, the ratio one-third of the maxi- 
mum deflection to the maximum radius of curvature. 

If the surface thus bent be the middle surface of a plate of 
uniform thickness, and if each line of particles perpendicular 
to this surface in the unstrained plate remain perpendicular to 
it when bent, the stretching on the convex side, and the con- 
traction on the concave side, in any normal section, is obviously 
equal to the ratio of half the thickness, to the radius of curva- 
ture. The comparison of this, with the last form of the pre- 
ceding statement, proves that the second of the two conditions 
stated in § 628 secures the fulfilment of the first. 

631. Ifa surface already bent as specified, be again bent to stretching 


of a curved 


a different shdpe still fulfilling the prescribed conditions, or if surface by 


exure not 


a surface given curved be altered to any other shape by bend- fuiling 
ing according to the same conditions, the contraction pro- conditio: 
duced in the circumferences of the concentric circles by this 
bending, will of course be equal to the increment in the value 

of the ratio stated in the preceding section. Hence if a curved 
surface be bent to any other figure, without stretching in any 

part of it, the rectangle under the two principal radii of curva- 

ture at every point remains unchanged. This is Gauss’s cele- Ganss’s 
brated theorem regarding the bending of curved surfaces, of regarding 
which we gave a more analytical demonstration in our intro- 7> 
ductory Chapter (see § 150). 

632. Without further preface we now commence the theory Poalistions 
of the flexure of a plane elastic plate with the promised (§ 627) forces and 
statement of restricting conditions, Pe admitted 

(1.) Of the forces applied from without to any part of the tary theory 
plate, bounded by a normal surface [§ 627 (3)], the components plate. 
parallel to any line in the plane of the plate are either evan- 


escent or are reducible to couples. In other words the algebraic 


Limitations 
as to the 
forces and 
flexures to 
be admitted 
in elemen- 
tary theory 
of elastic 
plate. 


Results of 
general 
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sum of such components, for any part of the plate bounded by 
a normal surface is zero. 

(2.) The principal radii of curvature of the middle surface are 
everywhere infinitely great multiples of the thickness of the plate. 

(3.) The deflection is nowhere, within finite distance from the 
point of reference, more than an infinitely small fraction of the 
thickness, 

(4.) Neither the thickness of the plate nor the coefficients of 
elasticity of its substance need be uniform throughout, but if 
they vary at all they must vary continuously from place to 
place; and must not any of them be incomparably greater in 
one place than in another within any finite area of the plate. 

633. The general theory of elastic solids investigated later 


theory stated Shows that when these conditions are fulfilled the distribution 


in advance. 


of strain through the plate possesses the following properties, 
the statement of which at present, although not necessary for 
the particular problem on which we are entering, will promote 
a thorough understanding and appreciation of the principles 
involved. : 

(1.) The stretching of any part of the middle surface is in- 
finitely small in comparison with that of either side, in every 
part of the plate where the curvature is finite. 

(2.) The particles in any straight line perpendicular to the 
plate when plane, remain in a straight line perpendicular to 
the curved surfaces into which its sides, and parallel planes of 
the substance between them, become when it is bent. And 
hence the curves in which these surfaces are cut by any plane 
through that line, have one point in it for centre-of curvature 
of them all. 

(3.) The whole thickness of the plate remains unchanged, at 
every point; but the half thickness on one side (which when 
the curvature is synclastic is the convex side) of the middle 
surface becomes diminished and on the other side increased, by 
equal amounts comparable with the elongations and shorten- 
ings of lengths equal to the half thickness, measured on the 
two side surfaces of the plate. 

634. The conclusions from the general theory on which we 
shall found the equations of equilibrium and motion of an 
elastic plate are as follows :— 
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Let a naturally plane plate be bent to any surface of uni- Laws for 
ure o 


form curvature [§ 627 (7)] throughout, the applied forces and alaste plata 
the extents of displacement fulfilling the conditions and restric- ana S 
tions of § 632 : Then— 

(1.) The force across any section of the plate is, at each 
point of it, in a line parallel to the tangent plane to the middle 
surface in the neighbourhood. 

(2.) The forces across any set of parallel normal sections are 
equally inclined to the directions of the normal sections at all 
points (that is to say, are in directions which would be parallel 
if the plate were bent, and which deviate actually from parallel- 
ism only by the infinitely small deviations produced in the 
normal sections by the flexure). 

(3.) The amounts of force across one normal section, or any 
set of parallel normal sections, on equal infinitely small areas, 
are simply proportional to the distances of these areas from the 
middle surface of the plate. 

(4.) The component forces in the tangent planes of the nor- 
mal sections are equal and in dissimilar directions in sections 
which are perpendicular to one an- 
other. For proof, see § 661. [The 
meaning of “dissimilar directions ” 
in this expression is explained by 
the diagram ; where the arrow-heads 
indicate the directions in which 
the portions of matter on the two 
sides of each normal section would 
yield if the substance were actually 
divided, half way through the plate from one side, by each of 
the normal sections indicated by dotted lines.] 

(5.) By the law of superposition, we see that if the applied 
forces be all doubled, or altered in any other ratio, the curva- 
ture in every normal section, and all the internal forces specified 
in (1), (2), (3), (4), are changed in the same ratio; and the 
potential energy of the internal forces becomes changed accord- 
ing to the square of the same ratio. 

635. From § 634 (3) it follows immediately that the forces 
experienced by any portion of the plate bounded by a normal 
section through the circumference of a closed polygon or curve 
of the middle surface, from the action of the contiguous matter 

2H 


ftress- 
couple act- 
ing across 
a normal 
section. 


Twisting 
components 


482 ABSTRACT DYNAMICS. 


of the plate all round it, may be reduced to a set of couples 
by taking them in groups over infinitely small rectangles 
into which the bounding normal section may be imagined as 
divided by normal lines. From § 634 (2) it follows that the 
distribution of couple thus obtained is uniform along each 
straight portion, if any there is, of the boundary, and equal 
per equal lengths in all parallel parts of the boundary. 

636. From § 634 (4) it follows that the component couples 


proved equal round axes perpendicular to the boundary are equal in parts 


round any 
two perpen- 
dicular axes. 


Principal 
axes of bend- 
ing stress. 


of the boundary at right angles to one another, and are in 

directions related to one another 

in the manner indicated by the 

circular arrows in the diagram ; 

A that is to say, in such directions 

(i that if the axis is, according to 

the rule of § 234, drawn outwards 

from the portion of the plate 

under consideration, for one point 

of the boundary, it must be drawn 

inwards for every point where the boundary is perpendicular to 
its direction at that point. 

637. We may now prove that there are two normal sections, 
at right angles to one another, in which the component couples 
round axes perpendicular to them vanish, and that in these 
sections the component couples round axes coincident with the 
suctions are of maximum and minimum values. 

Let OAB be a right-angled triangle of the plate. Let A and II 

Y be the two com- 

ponent couples 

acting on the 
side OA; K and 
IT those on the 
side OB; and G 
and H those on 
the side AB; 
the amount of 
each couple be- 
ing reckoned 
per unit of 

length of the side on which it acts, and the axes and directions of 
the several couples being as indicated by the circular arrows when 
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each is reckoned as positive. Then, if AB=a, and BAO=4, the Principal 
whole amounts of the couples on the three sides are respectively rao 
Aacos¢, Ila cos ¢, Manne 
Kasing, Ila sino, 
Ga, Ha. 
Resolving the two latter round OX and OY, we have 
Ga cos p— Ha sin ġ round OX, 
and Gasin¢g+Hacosp ,, OF. 
But if the portion in question, of the plate, were to become rigid, 
its equilibrium would not be disturbed (§ 564); and therefore 
we must have 
Ga cos$— Ha sing = Aa cosp + Ia sing by couples round OX 
and (1). 
Ga sin¢+ Ha cosp= Ka sing + Ila cosh 5 j OY } 
From these we find immediately 
G=A cosp +2 sing cosp +K sin'¢, l (2) 
H=(K—A) sing cosp + II (cos?¢—sin*¢) 
Hence the values of ¢, which make H vanish, give to G its 
maximum and minimum values, and, being determined by the 
equation = II 
tan 2¢= = i(K—A) (3), 
differ from one another by 47. 
A modification of these formuls, which we shall find valuable, 
is had by putting 
2=4(K+A), o=3}(K—A) (4). 
This reduces (2) to 


G=2-+TII sin2¢-— © cos2h l (5) 

H= TIcos2ġ+0sin2ġ i 
which again become 

G=2+2 cos2(ġ —a) (6) 

H=—Q sin2(¢—a) 
where a [being a value of ¢ given by (8)], and Q are taken so 
that II=Qsin2a, O= —Q cos2a, | (7) 
so that, of course, Q = (II? 4- ©? )t 


This analysis demonstrates the following convenient synthesis of 
the whole system of internal force in question :— | 


638. The action experienced by each part of the plate, in Synelastic 
virtue of the internal forces between it and the surrounding tic stresses 
contiguous matter of the plate, being called a stress [in accord- 
ance with the general use of this term defined below (§ 658)], 
may be regarded as made up of two distinct elements— (1.) a syn- 


clastic stress, and (2.) an anticlastic stress ; as we shall call them. 


Synclastic 
and anticlas- 
tic stresses 
defined. 


Anticlustic 
stress re- 
ferred to its 
principal 
axes; 


referred to 
axes inclined 
to them at 
45°. 


Octantal re- 

solution and 
composition 
of anticlastic 
stress. 
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(1.) Synclastic stress consists of equal direct bending action 
round every straight line in the plane of the plate. Its amount 
may be conveniently regarded as measured by the amount, J, 
of the mutual couple between the portions of matter on the two 
sides of any straight normal section of unit length. Its effect 
would be to produce equal curvature in all normal sections 
(that is to say, a spherical figure) if the plate were equany 
flexible in all directions. 

(2.) Anticlastic stress consists of two simple bending stresses 
of equal amounts in opposite directions round two sets of 
parallel straight lines perpendicular to one another in the 
plane of the plate. Its effect would be uniform anticlastic 
curvature, with equal convexities and concavities, if the plate 
were equally flexible in all directions. Its amount is reckoned 
as the amount, 2, of the mutual couple between the portions 
of matter on the two sides of a straight normal section of unit 
length, parallel to either of these two sets of lines. It gives 
rise to couples of the same amount, 2, between the portions of 
matter on each side of a normal section of unit Jength parallel 
to either of the sets of lines bisecting the right angles between 
those; but the couples now referred 
to are n the plane of the normal 
section instead of perpendicular to 
it. This 1s proved and illustrated 
by the annexed diagram, represent- 
ing [a particular case of the diagram 

Ave and equations (1) of § 637] the equi- 
yes librium of an isosceles right-angled 

triangle under the influence of seule 
each equal to QW 4, applied to it round axes coinciding with 
its legs, and a third couple, 2, round an axis perpendicular to 
its hypotenuse. 

If two pairs of rectangular axes, each bisecting the right 
angles formed by the other, be chosen as axes of reference, an 
anticlastic stress having any third pair of rectangular lines for 
its axes may, as the preceding formule [§ 637 (5)] show, be 
resolved into two having their axes coincident with the two 
pairs of axes of reference respectively, by the ordinary cosine 
formula with each angle doubled. Hence it follows that any 
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two anticlastic stresses may be compounded into one by the Construction 
; $ by parallelo- 

same geometrical construction as the parallelogram of forces, gram. 

made upon lines inclined to one another at an angle equal to 

twice that between the corresponding axes of the two given 

stresses; and the position of the axes of the resultant stress 

will be indicated by the angles of this diagram each halved. 

639. Precisely the same set of statements are of course Geometrical 
applicable to the curvature of a surface. Thus the proposition 2’ '"™ 
proved in § 637 (3) for bending stresses has, for its analogue 
in curvature, Eulers theorem proved formerly in § 130; and 
analogues to the series of definitions and propositions founded 
on it and derived from it may be at once understood without 
more words or proof. 


Let z= A(x? 4 2axy+ ày?) (1) Two cylin- 
e A . ° drical curva- 
be the equation of a curved surface infinitely near a point O at tures round 


which it is touched by the plane YOX. Its curvature may be dda 


. ° . . tielas- 
regarded as compounded of a cylindrical curvature, A, with axis tie curvature 


parallel to OX, a cylindrical curvature, x, with axis parallel to round axis 


bisectin 

OY, and an anticlastic curvature, w, with axis bisecting the ale peni 

angles XOY, YOX’. Thus, if æ and À each vanished, the surface 
Gagan T. : 
would be cylindrical, with — for radius of curvature and generat- 
ing lines parallel to OY. Or, if x and À each vanished, there 
would be anticlastic curvature, with sections of equal maximum 
curvature in the two directions, bisecting the angles XOY and 
YOX’, and radius of curvature in those sections equal to Le 
6 
If now we put 
oa ee s A 
the equation of the surface becomes and two 
Cias 

z=ķŅ o(x* +y) Hc — yt) 4 2ary \ (3) ; Gurvatureas 
or, if xr=rcosd, y=rsinġ, (4); 
z=4{o+3cos2d+asin2d}r* f 

or, lastly, z=4{o+w cos2(¢—a) }r?, (5), ora spheri- 

S$=wcos2a, s=wsin2a ` eal and one 

anticlastic 


In these formule o measures the spherical curvature; and Ù and curvature. 
g two components of anticlastic curvature, referred to the pair of 

axes X’X, Y’Y, and the other pair bisecting their angles. The 
resultant of X and æ is an anticlastic curvature w, with axes in- 

clined, in the angle XOY at angle a to OX, and in YOX’, at 

angle a to OY. 
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Work done 640. The notation of §§ 637, 639 being retained, the work 
in bending. , À 
done on any area A of the plate experiencing a change of cur- 
vature (ôx, 6A, ô=), under the action of a stress (K, A, ID, is 


(Kx + ASA +4 21T6z)A (1); 
or (2250 + 2063 + 2115s) A (2), 
if, as before, 
2=3(K+A), O=}(K—A), c= h(xk+A), S=H(K—A) (8). 
Let PQP’Q’ be a rectangular portion of the plate with its 
centre at O, and its sides Q’P, P’Q parallel to OX, and Q’P’, PQ 
parallel to OY. If i 
z= h(xx*+2ary+Ay’) 
be the equation of the curved surface, we have 


dz dz 
gr Eta, URI : 


and therefore the tangent plane at (x, y) deviates in direction 
from XOY by an infinitely small rotation 
kx+ szy round OY (4). 
and sxrtdAy , OX 
Hence the rotation from XOY to the mean tangent plane for all 
points of the side PQ or Q’P’ is 
+ 34Q’P.« round OY, 
and FIQ P.a „ OX. 
Hence if the tangent plane, XOY, at O remains fixed, while the 
curvature changes from (x, s, A) to (x+6x, s-++-5s, A+ôàÀ), the 
work done by the couples PQ.K round OY, and PQ.II round 
OX, distributed over the side PQ, will be 
4Q'P.PQ.(Kéx+ Ilés), 
and an equal amount will be done by the equal and opposite 
couples distributed over the side Q’P’ undergoing an equal and 
opposite rotation. Similarly, we find for the whole work done 
on the sides P’Q and Q’P, 
PQ.Q’P.(T16z+ K6x). 
Hence the whole work done on all the four sides of the rectangle 
18 PQ.Q'P.(K&«-+ 2118s+ Ada) : 
whence the proposition to be proved, since any given area of the 
plate may be conceived divided into infinitely small rectangles. 
It is an instructive exercise to verify the result by beginning 
with the consideration of a portion of plate bounded by any 
given curve, and using the expressions (1) of § 637, by which 
we find, for the couples on any infinitely short portion, ds, of its 
boundary, specified in position by (x, y), 
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; Work done 
(— AS + n% eds round OX in bending. 


f 2 i 
and (Ke — Prea 1 OY 
But, as we have just seen (4), the rotation experienced by the 
tangent plane to the plate at (x, y), when the curvature changes 
from (x, 3, À) to (x+8x, +5, A+ôÀ), is 

x6x-+y5o round OY (6) 
and xéa+y5A , OX í 
the tangent plane to the plate at O being supposed to remain un- 
changed in position ; and therefore the work done on the portion 


ds of tho edge is 
d dx d dx 
(K-N) (wx yba)-+ (I A g) (+y) }ds. 


The required work, being the integral of this over the whole 
of the bounding curve, is therefore 


Pa ; 
since Ja” Bas = — fy Z d= A, 
and Sx Tdi= 0, Jy i= =0, 


each integral being round the whole closed curve. 


. . ° : i Partial 
641. Considering now the elastic forces called into action Partial a 


by the flexure (x, z, A) reckoned from the unstressed condition $uâtions 


of the plate (plane, or infinitely nearly plane), and denoting by (tending 


w the whole amount of their potential energy, per unit area of Pl#t. 
the plate, we have, as in the case of the wire treated in § 594, 


Kêk=ô,w, AdA=8w, 2118a=8,w (7); 
or, according to the other notation, 
22So=5,w, 2083 = gw, 2118s=—8,w (8); 


where, as above explained, K and A denote the simple bending 
stresses (measured by the amount of bending couple, per unit 
of length) round lines parallel to OY and OX respectively: I 
the anticlastic stress with axes at 45° to OX and OY: and J 
and © the synclastic stress and the anticlastic stress with OX 
and OY for axes, together equivalent to K and A. Also, as in 
§ 595, we see that whatever be the character, aeolotropic or iso- 
tropic, § 677, of the substance of the plate, it must be a homo- 


488 ABSTRACT DYNAMICS. 


Potential | geneous quadratic function of the three components of curva- 
elastic plate Ure, whether (x, A, =) or (o, 9S, =), F rom this and (7), or (8), 
it follows that the coeficients in the linear functions of the 
three components of curvature which express the components 
of the stress required to maintain it, must fulfil the ordinary 
conservative relations of equality in three pairs, reducing the 


whole number from nine to six. 


Thus A, B, C, a, b, c denoting six constants depending on the 
quality of the solid substance and the thickness of the plate, we 
have w=}(Ax*+ BA 4 Ca? pado + 2bax+ 2ckd) (9); 
and hence, by (7), 


A=cr + BiA+az 
21 = bk +aà +Cz 


Transforming these by § 640 (3) we have, in terms of a, 5, s, 


w=4{ (A+ B+2c)o*+(A + B—2c)3* + Ca’ 4+2(b—a)3a+ 
2(b+a)ua+2(A— B)od} (11), 


and 22 =(A+B+2c)o+(A— B)S+(b+a)s \ 
(12). 


K=Ax+tcd +b 
\ 10). 


20 =(A—B)o+(A+B—20)8+(b—a)s 
211 =(b+a)o+(b—a)3+ Ca 

These second forms are chiefly useful as showing immediately the 
relations which must be fulfilled among the coefficients for the 

important case considered in the following section. 
Caseofequal 642, If the plate be equally flexible in all directions, a 
aivdiree? T synclastic stress must produce spherical curvature: an anti- 
ine clastic stress having any pair of rectangular lines in the plate 
for its axes must produce anticlastic curvature having these 
lines for sections of equal greatest curvature on the opposite 
sides of the tangent plane: and in either action the amount of 
the curvature is simply proportional to the amount of the 


Bynclastic Stress. Hence if |) and k denote two coefficients depending on 
and anti- 


clastic the compressibility and rigidity of the substance if isotropic (see 
Sea inte §§ 677, 680, below), and on the thickness of the plate, we have 
Z=he, O=hs, N=ks (13). 

And therefore [§ 640 (2)] 
w=ho?+h(3?+57) (14). 


Hence the coefficients in the general expressions of § 641 fulfil, 
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in the case of equal flexibility in all directions, the following 


conditions :— 

a=0, b=0, A=B, 2(/A—c)=C (15); 
and the newly-introduced coefficients h and k are related to them 
thus :— A+c=h, }C=A—c=k (16). 


643. Let us now consider the equilibrium of an infinite 
plate, disturbed from its natural plane by forces applied to it 
in any way, subject only to the conditions of § 632. The sub- 
stance may be of any possible quality as regards elasticity in 
different directions: and the plate itself need not be homo- 
geneous either as to this quality, or as to its thickness, in 
different parts; provided only that round every point it is in 
both respects sensibly homogeneous [§ 632 (4)] to distances great 
in comparison with the thickness at that point. 

644. Let OX, OY be rectangular axes of reference in the 
plane of the undisturbed plate; and let z be the infinitely small 
displacement from this plane, of the point (x, y) of the plate, 
when disturbed by any forces, specified in their effective com- 
ponents as follows :—A portion, E, of the plate bounded by a 
normal surface cutting the middle surface in a line enclosing 
an infinitely small area ø in the neighbourhood of the point 
(x, y), being considered, let Zø denote the sum of the compon- 
ent forces perpendicular to XOY on all the matter of E in the 
neighbourhood of the point (x, y): and Lo, Mo the component 
couples round OX and OY obtained by transferring, according 
to Poinsot, the forces from all points of the portion Æ, supposed 
for the moment rigid, to one point of it which it is convenient 
to take at the centre of inertia of the area, ø, of the part of the 
middle surface belonging to it. This force and these couples, 
along with the internal forces of elasticity exerted on the 
matter of E, across its boundary, by the matter surrounding 
it, must (§ 564) fulfil the conditions of equilibrium for Ẹ treated 
as a rigid body. And Æ, being not really rigid, must have the 
curvature due, according to § 641, to the bending stress con- 
stituted by the last-mentioned forces. These conditions ex- 
pressed mathematically supply five equations from which, four 
elements specifying the internal forces being eliminated, we 
have a single partial differential equation for z in terms of x 
and y, which is the required equation of equilibrium. 


Plate bent 


y any 
forces. 


Conditions 
of equi- 
librium. 
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Bytes Let o be a rectangle PQP’Q’, with sides ôx parallel to OX 
brinm of Y and ôy parallel to OF. 
ane” | Let ady, a'dy be the in- 
veniente finitely nearly equal shear- 
; i ing forces perpendicular to 

| E 
ôy: P M the plate in the normal sur- 
E faces through PQ’ and 


QP’ respectively: and let 
B, B’ be the corresponding 
X notation for PQ, P’Q’ 


We shall have, of course, 
, da » 2 4B 
a. —a=— oa, and 8 ag a 


The effect of these actions on the portion, E, of the plate, con- 
sidered as rigid, is forces a’dy, B’Sx through the middle points of 
QP’, Q'P’, in the direction of z positive, and forces ady, Bdz 
through the middle points of PQ’, PQ, in the direction of z 
negative. Hence, towards the equilibrium of E as a rigid body, 
they contribute 


(a’—a)dy-+(B’ — B)dx, or (+ P aby, component force parallel to OZ, 


ady.6x couple round OF, 
and Pôx.õy „ OX; 
(in these two last expressions the difference between a and a’ and 
between B and 8’ being of course neglected). Again, if K, 
A, II specify, according to the system of § 637, the bending 
stress at (x, y), we shall have couples infinitely nearly equal 
and opposite, on the pairs of opposite sides, of which, estimated 
in components round OX and OY, tbe differences, representing 
the residual turning tendencies on Æ as a rigid body, are as 
follows :— dA 


from sides PQ, Q'P', 7 óy. sx, 

round OX, a 
ge. cae Qc QP, 5 Gx = dy, 

. . 1D’ m 
from sides PQ, Q'P', -z dy.8a, 

round OY, on 
” ” PQ, QP’, ap oY ; 

orinal, round OJ, C+ Zl baby, 
7 dK 


and » OY, (gt 
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The equations of equilibrium, therefore, between these and the Equations 


applied forces on Æ as a rigid body give, if we remove the in Slate: 


common factor, dxdy, eed 


any forces. 
da d 
Z+ to = wi 
7 a 
L +t am? °. (1). 
m ak 
M+a E y t dx 
The first of these, with a e 8 ee in it by their values 
from the second and third, becomes 
dK LPI PA dM dL 
dx* dzd ay dy? = ~ dx dy (2). 
Now x, À, a denoting component curvatures of the plate, accord- 
ing to the system of § 639, we have of course 
d?z d?z d*z 
aa Se Sy (3), 
and hence (10) of § P e : 
d*z Equations 
K= any pad b-— connectin 
pa t os a ++ pi E stress i 
curvature. 
Ane Tat Be “+a ai (4). 
i z d*z 
2I1= pei tas a yt Gandy 


Using these in (2) we find the gon differential equation of 
the disturbed surface. On the general supposition (§ 643) we 
must regard A, B, C, a, b, c as given functions of x and y. 
In the important practical case of a homogeneous plate they are 
constants ; and the required equation becomes the linear partial 
differential equation of the fourth degree with constant coeffi- 
jects as follows :— 
d'z d'z dM dL 
A= iat ba + (C+ 2c sea 22a dandy ,+ Be dy =Z— da a, (5). 
For the case of equal flexibility in all directions, according to 


§ 642 (13), this becomes 


d‘z d'z d'z _ dM dL Partial 
Alat? ddp t ay) da dy (6). equation», 
d* d, Z— dM dL or ie bent 
r = —— 
ins Toy dy? Í dx ~ dy 


645. To investigate the boundary conditions for a plate of 
limited dimensions, we may first consider it as forming part of 


Boundary 
conditions ; 


Poisson’s 
three: 


two suffi- 


cient, proved 
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an infinite plate bounded by a normal surface drawn through a 
closed curve traced on its middle surface. The preceding in- 
vestigation leads immediately to expressions for the force and 
couple on any portion of the normal bounding surface. If then 
the portion in question be actually cut out from the surround- 
ing sheet, and if a distribution of force and couple identical 
with that so found be applied to its edge, its elastic condition 
will remain absolutely unchanged throughout up to the very 
normal edge. To fulfil this condition requires three equations, 
expressing (1.) that the shearing force applied to the edge (that 
is, the applied tangential force in the normal surface constitut- 
ing the edge), which is necessarily in the direction of the 
normal line to the plate, must be equal to the required amount, 
and (2. and 3.) that the couple applied to any small part of the 
edge must have components of the proper amounts round any 
two lines in the plane of the plate. These three equations 
were given by Poisson as necessary for the full expression of 
the boundary condition; but Kirchhoff has demonstrated that 


by Kirchhoff. they express too much, and has shown that two equations 


suffice. This we shall prove by showing that when a finite 
plate is given in any condition of stress, or free from stress, we 
may apply, round axes everywhere perpendicular to its normal 
surface-edge, any arbitrary distribution of couple without pro- 
ducing any change except at infinitely small distances from 
the edge, provided a certain distribution of force, also calcu- 
lated from’ the distribution of couple, be applied to the edge, 
perpendicularly to the plate. 


Let XY, =6s, be an infinitely small element at a point (x, y) 
of a curve traced on the middle surface of an 
infinite plate ; and, PX and PY being parallel 
to the axes of x and y, let YXP=¢. Then, 
if (6s denote the shearing force in the normal 
surface to the plate through 4s, and, as before 
(§ 644), a.PY and B.PX be those in normal 
surfaces through PY and PX, we must have, 
for the equilibrium of the triangle YPX sup- 
posed rigid (§ 564), 

(6s=a.P¥+B.PX, whence (=a sing + Bcoso. 
Using here for a and £ their values by (1) of § 644, we have 
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E dil dĶ.. dA dll Kirchhoff’s 
(=—(M+ ay ap TER Er ai (1). boundary 


Next, if Gôês and H6és denote the components round XY, and ™Ytested 
round an axis perpendicular to it in the plane of the plate, of the 
couple acting across the normal surface through ôs, we have 
[(2) of § 637], 

G=Acos’*$+2II sin ¢ cos¢-+K sin’ (2), 

H=(K—A) sin¢ cos$+ II (cos*é—sin’¢) (3). 
If (¢ G, H) denoted the action experienced by the edge in virtue 
of applied forces, all the plate outside a closed curve, of which ôs 
is an element, being removed, these three equations would ex- 
press the same as the three boundary equations given by Poisson. 
Lastly, let 25s, Gôs, Wês denote the force perpendicular to the 
plate, and the components of couple, actually applied at any point 
(x, y) of a free edge on the length ôs of the middle curve. As 
we shall immediately see (§ 648), if 

pagpa o (4), 

the plate will be in the same condition of stress throughout, ex- 
cept infinitely near the edge, as with (¢ G, H) for the action on 
the edge. Hence, eliminating ¢ and H between these four equa- 
tions, there remain to us (2) unchanged and another, or in all 


these two— 
G=Acos*¢+4 21] sin p cosġ+K sin’, and 
R+ EE H Ting (Lot y + Fl cos + F(K—A)xingcong-+Il(cost@—sin'9) be 


which are Kirchhoff’s boundary equations. 


646. The proposition stated at the end of last section is Distribution 
equivalent to this:—That a certain distribution of normal foree deter 
shearing force on the bounding edge of a finite plate may be produce 


same ficxure 


determined which shall produce the same effect as any given asa given 


i . . ; distribution 
distribution of couple, round axes everywhere perpendicular to of couple 
. round axes 
the normal surface supposed to constitute the edge. To prove perpen- 


dicular to 


this let equal forces act in opposite directions in lines EF, E’F” boundary. 
on each side of the middle line and parallel to it, constituting 
the supposed distribution of couple. It must be understood 
that the forces are actually distributed along their lines of 
action, and not, as in the abstract dynamics of ideal rigid bodies, 
applied indifferently at any points of these lines; but the 
amount of the force per unit of length, though equal in the 
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Distribution neighbouring parts of the two lines, must differ from point to 
foree deter. point along the edge, to constitute any other than a uniform 


mined, to s . à l 
produce distribution of couple. Lastly, 
same flexure . 
as a given we may suppose the forces in 
distribution : . . 
of couple the opposite directions to be not 
round axes . 
erpen- confined to two lines, as shown 
icular to . . . 
boundary. in the diagram, but to be diffused 


over the two halves of the edge 
on the two sides of its middle 
line; and further, the amount of 
them in equal infinitely small 
breadths at different distances 
from the middle line must be 
proportional to these distances, 
as stated in § 634 (3), if the given 
distribution of couple is to be thoroughly such as H of § 645. 

Let now the whole edge be divided into infinitely small 
rectangles, such as ABCD in the diagram, by lines drawn per- 
pendicularly across it. In one of these rectangles apply a 
balancing system of couples consisting of a diffused couple 
equal and opposite to the part of the given distribution of 
couple belonging to the area of the rectangle, and a couple 
of single forces in the lines AD, CB, of equal and opposite 
moment. This balancing system obviously cannot cause any 
sensible disturbance (stress or strain) in the plate, except 
within a distance comparable with the sides of the rectangle ; 
and, therefore, when the same thing is done in all the rectangles 
into which the edge is divided, the plate is only disturbed to 
an infinitely small distance from the edge inwards all round. 
But the given distribution of couple is thus removed (being 
directly balanced by a system of diffused force equal and 
opposite everywhere to that constituting it), and there remains 
only the set of forces applied in the cross lines. Of these there 
are two in each cross line, derived from the operations per- 
formed in the two rectangles of which it is a common side, and 
their difference alone remains effective. Thus we see that if 
the given distribution of couple be uniform along the edge, it 
may be removed without disturbing the condition of the plate 
except infinitely near the edge : in other words, 


e 
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647. A uniform distribution of couple along the whole edge Unitorm 


distribution 
of a finite plate, everywhere round axes in the plane of the plate, of twisting 


and perpendicular to the edge, produces distortion, spreading to duces no 
only infinitely small distances inwards from the edge all round, 
and no stress or distortion of the plate as a whole. The truth of 
this remarkable proposition is also obvious when we consider 
that the tendency of such a distribution of couple can only be 
to drag the two sides of the edge infinitesimally in opposite 
directions round the area of the plate. Later we shall investi- 
gate strictly the strain, in the neighbourhood of the edge, pro- 
duced by it, and we shall find that it diminishes with extreme 
rapidity inwards from the edge, becoming practically insensible 
at distances exceeding twice the thickness of the plate. 
648. A distribution of couple on the edge of a plate, round The dstribu- 
axes everywhere in the plane of the plate, and perpendicular to He owe 


the edge, of any given amount per unit of length of the edge, may duces same 


flexure as 
be removed, and, instead, a distribution of force perpendicular to tribution i 
the plate, equal in amount per unit length of the edge, to the rate tivis 
of variation per unit length of the amount of the couple, without 
altering the flexure of the plate as a whole, or producing any dis- 


turbance in its stress or strain except infinitely near the edge. 


In the diagram of § 646 let AB = ôs. Then if H be the 
amount of the given couple per unit length along the edge, be- 
tween AD, BC, the amount of it on the rectangle ABCD is Hés, 
and therefore H must be the amount of the forces introduced along 
AD, CB, in order that they may constitute a couple of the requi- 
site moment. Similarly, if H’&s denote the amount of the couple 
in the contiguous rectangle on the other side of BC, the force in 
BC derived from it will be H’ in the direction opposite to H. 
There remains effective in BC a single force equal to the differ- 
ence, H’—H. 

If from A to B be the direction in which we suppose s, a length 
measured along the edge from any zero point, to increase, we have 


H'— 7 y. 
ds 


dH date 2 
Thus we are left with single forces, equal to — és, applied in 


lines perpendicularly across the edge, at consecutive distances 
8s from one another; and for this we may substitute, with- 
out causing disturbance except infinitely near the edge, a con- 
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tinuous distribution of transverse force, amounting to am per unit 
length; which is the proposition to be proved. The direction of 


this force, when at is positive, is that of z negative: whence 
immediately the form of it expressed in (4) of § 645. 
ised 649. As a first example of the application of these equa- 


strain. tions, we shall consider the very simple case of a uniform 
plate of finite or infinite extent, symmetrically influenced in 
concentric circles by a load distributed symmetrically, and by 
proper boundary appliances if required. 


Let the origin of co-ordinates be chosen at the centre of sym- 

metry, and let r, 0 be polar co-ordinates of any point P, so that 
x=r cos, y=r sinô. 

The second number of (6), § 644, will be a function of r, which 
for brevity we may now denote care by Z (being the amount 
of load per unit area when the applied forces on each small part 
are reducible to a single normal force through some point of it). 
Since z is now a function of r, and, as we have scen before 


[§ 491 (e)], vnl a), de 


pane a dr FA. 
when u is any function of r, equation (6) of k 644 becomes 
Ad, did, dz, 
1). 
r dr' als Fre ali = o) 


Hence 
1 dr dr , n 1r 
=4 |Z frar |F [rzar+4cdogr—1yr+-+4¢ rt+Clogr+C™ (2), 


which is the complete integral, with the four arbitrary constants 
explicitly shown. The following expressions, founded on inter- 
mediate integrals, deserve attention now, as promoting a thorough 
comprehension of the solution; and some of them will be required 
later for expressing the boundary conditions. The notation of 
(T) will be explained in § 650 :— 


inclination, divided by radius; or curvature in 
normal section perpendicular to radius 


" 3) 
id 1 d C ( 
7 i= drs] rar| =| rZdr + 3C(logr—3)+3C'+ „s 

(curvature in radial section) 
d?z 1 ? 4 
a le ,frar |e "| rzar +a TANE 3 1 ) 
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(sum of curvatures in rectangular sections) Plate 
1 fdr (5) strained.” 
= g| F |r2art Clogr-+c ‘ 
r 
d*z 
Azat +e =G 
At a pia af, rdidr-+40((A-+e)logr +44 —e)} (6) 
E. +3C'(A+c)— 0"(A—e) 
d*z dz | 
L= ee (7) 
d 1 dz aos 
ARO +e i SA S 


A (8). 
=} frzdr + C— 
r r 


Of these (6) and (8) express, according to tbe notation of § 645, 

the couple and the shearing force acting on the normal surface 

cutting the middle surface of the plate in the circle of radius r. 

They are derivable analytically from our solution (2) by means of 
(2), (8), and (1) of § 645, with (4) of § 644, and (15) of § 642. 

The work is of course much shortened by taking y=0, and 

x=r, and using (3) and (4) of the present section. The student 

may go through this process, with or without the abbreviation, as 

an analytical exercise; but it is more instructive, as well as more 

direct, to investigate ab initio the equilibrium of a plate sym- 

metrically strained in concentric circles, and so, in the course of 
an independent demonstration of (6) § 644, for this case, or (1). 
§ 649, to find expressions for the flexural and shearing stresses. 

650. It is clear that, in every part of the plate, the normal tmdependent 
sections (§ 637) of maximum and minimum, or minimum and for cirenlar 
maximum bending couples are those through and perpen- em 
dicular to the radius drawn from O the centre of symmetry. 

At distance r from O, let L and G be the bending couples in 
the section through the radius, and in the section perpen- 
dicular to it; so that, if A and « be the curvatures in these 
sections, we have, by (10) of § 641 and (15) of § 642, 

L=AA+ cx \ (9) 

G= cA+Ak À 
‘Let also ¢ be the shearing force (§ 616, foot-note) in the 
21 
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Independent circular normal section of radius r. The symmetry requires 


investigation 
for circular 


strain. 


that there be no shearing force in radial normal sections. 
Considering now an element, E, bounded by two radii 
making an infinitely small angle 6@ with one another, and 
two concentric circles of radii r— ôr and r+ 4ôr; we see 
that the equal couples, Lêr on its radial normal sections, round 
axes falling short of direct opposition by the infinitely small 
angle 60, have a resultant equal to Zéré@ round an axis per- 
pendicular to the middle radius, in the negative direction when 
L is positive; and the infinitely nearly equal couples on its 
outer and inner circular edges have a resultant round the same 


d(Gré@) 
r 


axis, equal to dr, being the difference of the values taken 


by G7é0 when r — }6r and r+ 36r are put for 7. There is also 
the couple of the shearing forces on the outer and inner edges, 
each infinitely nearly equal to rð; of which the moment is 
rðr. Hence, for the equilibrium of Æ under the action of 
these couples, 


— Lar86- E3894 (76067 =0, 


or appa 


+ér= (10), 
if, as we may now conveniently do, we suppose no couples to 
be applied from without to any part of the plate except its 
bounding edges. Again, considering normal forces on EF, we 
d( (rd) 
dr 


have òr for the sum of those acting on it from the con- 


tiguous matter of the plate, and Zré6$r from external matter 
if, as above, Z denote the amount of applied normal force per 
unit area of the plate. Hence, for the equilibrium of these 
forces, 


OE) | Zr=0 (11). 
Substituting for ¢ in (11) by (10); for L and @ in the result 
by (9); and, in the result of this, for A and x ee expressions 
by the differential calculus, which are al and —, ae since the 


rdr dr?’ 
plate is a surface of revolution differing infinitely little from 
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a plane perpendicular to the axis, we arrive finally at (1) the Independent 
investigation 


differential equation of the problem. Of the other formule of for circular 
of § 649, (6), (7), (8) follow immediately from (9) and (10) now ae 
proved : except H=0, which follows from the fact that the 
radial and circular normal sections are the sections of maximum 
and minimum, or minimum and maximum, curvature. 
651. We are now able to perceive the meaning of each of Interpre- 
the four arbitrary constants. eed 
(1.) C’” is of course merely a displacement of the plate with- 
out strain. 
(2.) C’logr is a displacement which produces anticlastic 


curvature throughout, with +E for the curvatures in the two 
principal sections : corresponding to which the bending couples, 
L, G, are equal to +(A — nea An infinite plane plate, with 


a circular aperture, and a uniform distribution of bending couple 
applied to the edge all round, in each part round the tangent as 
axis, would experience this effect ; as we see from the fact that 
the stress in the plate, due to C”, diminishes according to the 
inverse square of the distance from the centre of symmetry. 
It is remarkable that although the absolute value of the deflec- 
tion, C” logr, is infinite for infinite values of r, the restrictive 
condition (3) of § 632 is not violated provided C” is infinitely 
small in comparison with the thickness: and it may be readily 
proved that the law (1) of § 633 is, in point of fact, fulfilled by 
this deflection, even if the whole displacement has rigorously 
this value, C” log r, and is precisely in the direction perpen- 
dicular to the undisturbed plane. For this case = 0, or there 
is no shear. 

(3.) }C’r? is a displacement corresponding to spherical 
curvature: and therefore involving simply a uniform synclastic 
stress [§ 638 (2)], of which the amount is of course [§ 641 
(10) or (11)] equal to A +e divided by the radius of curva- 
ture, or (A+c)x4C, agreeing with the equal values given 
for L and G by (6) and (7) of § 649. In this case also (= 0, or 
there is no shearing force. A finite plate of any shape, acted 
on by auniform bending couple all round its edge, becomes 
bent thus spherically. 
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S ' oe 2 e ; 5 é . . . ry 
Iene (4) }C(log7 — 1)7* is a deflection involving a shearing force 
terms in 


integral. equal to si , and a bending couple, 
£C((A +e jlogr+3(A—e)}, 
in the circle of distance 7 from the centre of symmetry. 
Symmetrical 52, It is now a problem of the merest algebra to tind 
fatri the flexure of a flat ring, or portion of plane plate bounded by 
two concentric circles, when acted on by any given bending 
couples and transverse forces applied uniformly round its 
outer and inner edges. For equilibrium, the forces on the 
outer and inner edges must be in contrary directions, and of 
equal amounts. Thus we have three arbitrary data: the 
amounts of the couple applied to the two edges, each reckoned 
per unit of length, and the whole amount, F, of the force on 
either edge. By (4), § 651, or (8) of § 649, we see that 
F 


and there remain unknown the two constants, C” and C”, to be 
determined from the two equations given by putting the ex- 
pression for G [(6) of § 649] equal to the given values for the 
values of r at the outer and inner edges respectively. 
Example-—A circular table (of isotropic material), with a 
concentric circular aperture, is supported by its outer edge, 
which rests simply on a horizontal circle; and is deflected by 
a load uniformly distributed over its inner edge (or vice verså, 
inner for outer). To find the deflection due to this load (which 
of course is simply added to the deflection due to the weight, 
determined below). Here G must vanish at each edge. 


The radii of the outer and inner edges being a and a’, the 
equations are 


; ¥ 1 
4C{(A+c)loga+}(A—c)}+3C'(A+4+c)—C (A—c)—=0, 
and the same with a’ for a. Hence 


1 1 
C'(A—o(,— =)=—3C(Ate) logs: 


and 
4C"(A+c)(a?—a")=—4C[(A+c)(alog a—a" log a')4+-4( d—c)(a?—a")]1 : 
and thus, using for C its valuc (12), we find [(2) § 649] 
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aa’ 2log 4 


A+c 


a’loga—a"loga 


= [a log pee tt ta te bog") 


"Putting the factor of r? into a more convenient form, and assign- 
ing C’’’ so that the deflection may be reckoned from the level of 
the inner edge, we have finally 
F r aa ore 
TOES ts E T 5 r? 
=; an log F i otha) 


Ase” a’*log= SA+tc a’) 


+ Ate a ag a “2 log = Se (13). 


Towards showing the distribution of stress through the breadth 
of the oe we have this, by § 649 (6), 


a'a”? a l 
=- -4(A+c) (= ~,log——log; i Pe gy a) (14), 
which, as it ought to do, vanishes when r=a,, and when r=a. 
Further, by § 649 (8), (= P- (15) 


2rr 
(which shows that, as is obviously true, the whole amount of the 
transverse force in any concentric circle of the ring is equal to F). 


653. The problem of § 652, extended to admit load dis- 
tributed in any symmetrical manner over the surface of the 
ring instead of merely confined to one edge, is solved 
algebraically in precisely the same manner, when the terms 
dependent on Z, and exhibited in the several expressions of 
Ñ 649, are found by integration. One important remark we 
have to make however: that much needless labour is avoided 
‘by treating Z as a discontinuous function in these integrations 
in cases in which one continuous algebraic or transcendental 
function does not express the distribution of load over the 
whole portion of plate considered. Unless this plan were 


followed, the expressions for z, a G, and € would have to be 


worked out separately for each aoe portion of plate through 
which Z is continuous, and their values equated on each side 
of each separating circle. Hence if there were 7 annular 
portions to be thus treated separately there would be 47 
arbitrary constants, to be determined by the 4(¢-—1) equations 
so obtained, and the 4 equations expressing that at the outer 
and inner bounding cirenlar edges G has the prescribed values 


Flexure of 
flat ring 
equilibrated 
by forces 
syminetri- 
cally distri- 
buted over 
its edges; 


and with 
load sym- 
metrically 
spread over 
its area. 


Flexure of 
flat ring 
equilibrated 
by forces 
symmetri- 
cally distri- 
buted over 
its edges; 
and with 
load sym- 
metrically 
spread over 
its area, 
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(whether zero or not) of the applied bending couples, and that 
z and ¢ have each a prescribed value at one or other of these 
circles. But by the more artful method, the multiplication of 
detail required in virtue of the discontinuity of Z is confined 
to the successive integrations; and the arbitrary constants, of 
which there are now but four, are determined by the conditions 
for the two extreme bounding edges. i 
Example.—A circular table (of isotropic material) with a 
concentric circular aperture, is borne by its outer or inner edge 
which rests simply on a horizontal circular support, and is 
loaded by matter uniformly distributed over an annular area of 
its surface, extending from its inner edge outwards to a con- 
centric circle of given radius, ¢ It is required to find the 
flexure. 


First, supposing the aperture filled up, and the plate uniform 
from outer edge to centre, let the whole circle of radius ¢ be 
uniformly loaded at the rate w, a constant, per unit of its area. 


We have 


Z= | f-Zdar= [a frear= 


rdr dr fr2dr= f= [rar E rZdr= 


When r= 0 w 0 0 0 0 


» <xc}] w kwra Jw? 


piert arr 


rea? 
16 
I. IL. ni. IV. v. 


nt ? 
ef o | pa [YE eogi sa (473 log = $8) l: (274 log = — +c log — + ¥c2) 


Of these results, v. used in (2) gives the general solution ; and 
IV., III., and 11. in (6) and (8) give the corresponding expressions 
for Gand ¢. If, first, we suppose the value of G thus found to 
have any given value for each of two values, r’, r”, of r, and ¢ to 
have a given value for one of these values of r, we have three 
simple algebraic equations to find C, C’, C”; and we solve a more 
general problem than that proposed; to which we descend by 
making the prescribed values of G and ¢ zero. The power of 
mathematical expression and analysis in dealing with discon- 
tinuous functions, is strikingly exemplified in the applicability 
of the result not only to the contemplated case, in which c is in- 
termediate between 7’ and 7”; but also to cases in which c is less 
than either (when we fall back on the previous case, of § 652), 
or c greater than either (when we have a solution more directly 
obtainable by taking Z=w for all values of r). 
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If the plate is in reality continuous to its centre, and uniformly Circular 


table of 
loaded over the whole area of the circle of radius c, we niust isotropic 
have C=0 and C’=0 to avoid infinite values of ¢ and G at the supported 


centre: and the equation G=0 for the outer bounding of the cally on its 


disc gives C” at once, completing the determination. If, lastly, A A e 
we suppose c to be not less than the radius of the disc, we have °"'Y edd 
the solution for a uniform circular disc uniformly supported round 


its edge, and strained only by its own weight. 


. : : wee . Reduction 
654. If now we consider the general problem,—to deter- R: cael 


mine the flexure of a plate of any form, with an arbitrary Problem to 
distribution of load over it, and with arbitrary boundary !4 ver 
appliances, subject of course to the condition that all the 
applied forces, when the data are entirely of force, must con- 
stitute an equilibrating system; we may immediately reduce 
this problem to the simpler one in which there is no load 
distributed over the area, but arbitrary boundary appliances 


only. We shall merely sketch the mathematical investigation. 


First it is easily proved, as for a corresponding expression for 
three independent variables in § 491 (c), that 


d? 2 i PRENI 
(atgo log Ddx dy = 27p (1) 


where p is any function of two independent variables, x’, y’; 

p the same function of x, y; 

D denotes y {(7—x')*+(y—y’)"} 5 

and // integration over an area comprehending all values of x’, y’ 
for which p’ does not vanish. Hence 


dt dt, 
~—+— u= 2 
m dy») UA (2), 
if u= 5 Sf dx’ dy' log Dffdx" dy" Z" iog D’ (3) - 


where D’=,/ {(x"—2x')*+(y"—y’')*}; and if Z” and Z denote 
the values for (x”, y”) and (x, y) of any arbitrary function of two 
independent variables. Let this function denote the amount of 
of load per unit of area, which we may suppose to vanish for all 
values of the co-ordinates not included in the plate; and to avoid 
trouble regarding limits, let all the integrals be supposed to ex- 
tend from — œ to + œ. We thus have, in z = «u, a solution 
of our equation (2): and therefore z— u must satisfy the same 
equation wanting the second member: or, if $ denote a general 
solution of 
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2 2 
(Jat da= (4), 
then z=u+3 (5) 
is the gencral solution of (2). The boundary conditions for 3 are 
of course had by substituting u+ 3 for z in the directly prescribed 
boundary equations, whatever they may be. 

Fiat cireular 655. Mathematicians have not hitherto succeeded in solving 
a hitherto this problem with complete generality, for any other form of 
Si plate than the circular ring (or circular disc with concentric 
circular aperture). Having given (§§ 640, 653) a detailed 
solution of the problem for this case, subject to the restriction of 
symmetry, we shall merely indicate the extension of the analysis 
to include any possible non-symmetrical distribution of strain. 
The saine analysis, under much simpler conditions, will occur to 
us again and again, and will be on some points more minutely 
detailed, when we shall be occupied with important practical 
problems regarding electric influence, fluid motion, and electric 

and thermal conduction, through cylindrical spaces. 


Taking the centre of the circular bounding edges as origin for 
polar co-ordinates, let 
x=r cosl, y=r sinô. 
We easily find by transformation 


dy d's 1 d, ds. 1d3 


dct dy? r ma dr’ r? d? (0): 
If we put log r=9, or ar (7), 
this becomes 2 3403 > e254 ge 3) (8). 
dy? d3’ = 
Hence if, as before, Y? denote “+ 5 j 
Vi; = p a d g9 dt J (9). 
d3* +j d9? + 
This equated to zero gives 
d’s d°3 9 
dat agime (10), 
if v denote any solution of 
d'™v dw 
asit go? (11). 


We shall see, when occupied with the electric and other problems 
referred to above, that a general solution of this equation, appro- 
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priate for our present problem as for all involving the expression 
of arbitrary functions of 0 for particular values of 5, is 


v= ¥{(A,cos i0-+ B,sini6)e24(A,cosi0-+ B,sini0)e-9}_— (12, 
0 


where A, Ba, A,, B, are constants. That this is a solution, is of 
course verified in a moment by differentiation. From it we 
readily find (and the result of course is verified also by differ- 


entiation), 
t= 


2)9 
= 2 (ara 52 (Aicos ið + Bisin 16) € ene j+? Zf 


(i— —2)9, 
J 


gja Arcos ið 


= =a 
+Bisin10)e }__4(4 cos O+3 cinder +v = (13), 
v being any solution of (11), which may be conveniently taken 
as given by (12) with accented letters A/, ete., to denote four 
new constants. If now the arbitrary periodic functions of 0, 
with 27r for period, given as the values whether of displacement, 
or shearing force, or couple, for the outer and inner circular 
edges, be expressed by Fourier’s theorem [§ 77 (14)] in simple 
harmonic series; the two equations [§ 645 (5)] for each edge, 
applied separately to the coefficients of cos¢# and sinz@ in the 
expressions thus obtained, give eight equations for determining 
the eight constants A, A, Bo Xo Ai, Ai, Bi, Bi. 
656. Although the problem of fulfilling arbitrary boundary Nenni 
conditions has not yet been solved for rectangular plates, there vlste, held 


and loaded 
is one remarkable case of it which deserves particular notice ; by diagonal 


not only as interesting in itself, and important in practical Corners 
application, but as curiously illustrating one of the most 

dificult points 
[§§ 646,648] of the 
general theory. A 
rectangular plate 
acted on perpen- 
dicularly by a 
balancing system 
of four equal pa- 
rallel forces ap- 
plied at its four 
corners, becomes strained to a condition of uniform anti- 
clastic curvature throughout, with the sections of no-flexure 
parallel to its sides, and therefore with sections of equal oppo- 
site maximum curvature in the normal planes inclined to the 
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Pe angat sides at 45°. This follows immediately from § 648, if we 
ate, held 7 è 
and loaded suppose the corners rounded off ever so little, and the forces 


by diagonal 


pairs of diffused over them. 
corners. 


Or, in each of an infinite number of normal lines in the edge 
AB, let a pair of opposite forces each equal to 4P be applied; 
which cannot disturb the plate. These, with halves of the single 
forces P in the dissimilar directions at the corners A and B, con- 
stitute a diffused couple over the whole edge AB, amounting in 
moment per unit of length to $P, round axes perpendicular 
to the plane of the edge. Similarly, the other halves of the 
forces P at the corners AB, with halves of those at C and 
D and introduced balancing forces, constitute diffused couples 
over the edges CA and DB; and the remaining halves of the 
corner forces at C and D, with introduced balancing forces, con- 
stitute a diffused couple over CD; each having 4P for the 
amount of moment per unit length of the edge over which it is 
diffused. Their directions are mutually related in the manner 
specified in § 638 (2), and thus taken all together, they constitute 
an anticlastic stress of value Q=3P. Hence (§ 642) the result 


is uniform anticlastic strain amounting to T? and having its 


axes inclined 45° to the edges; that is to say (§ 639), a flexure 
with maximum curvatures on the two sides of the tangent plane 


P : RT ia 
each equal to br? and in normal sections in the positions stated. 


Transition 657. Few problems of physical mathematics are more 

flexures in- Curious than that presented by the transition from this solu- 
tion, founded on the supposition that the greatest deflection 
is but a small fraction of the thickness of the plate, to the 
solution for larger flexures, in which corner portions will bend 
approximately as developable surfaces (cylindrical, in fact), and 
a central quadrilateral part will remain infinitely nearly plane ; 
and thence to the extreme case of an infinitely thin perfectly 
flexible rectangle of inextensible fabric. This extreme case may 
be easily observed and experimented on by taking a carefully 
cut (§ 145) rectangle of paper, supporting it by fine threads 
attached to two opposite corners, and kept parallel, while two 
equal weights are hung by threads from the other corners. 

Transmis- 658. The definitions and investigations regarding strain of 


sion of force 
through — §§ 154-190 constitute a kinematical introduction to the theory 


elasti« solid. 
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of elastic solids. We must now, in commencing the elementary Transmis- 
dynamics of the subject, consider the forces called into play Do 
through the interior of a solid when brought into a condition of Pieter E 
strain. We adopt, from Rankine,’ the term stress to designate such 

forces, as distinguished from strain defined (§ 154) to express 

the merely geometrical idea of a change of volume or figure. 

659. When through any space in a body under the action Homogene- 
of force, the mutual force between the portions of matter on the cere 
two sides of any plane area is equal and parallel to the mutual 
force across any equal, similar, and parallel plane area, the 
stress is said to be homogeneous through that space. In other 
words, the stress experienced by the matter is homogeneous 
through any space if all equal, similar, and similarly turned 
portions of matter within this space are similarly and equally 
influenced by force. 

660. To be able to find the distribution of force over the Force 

i transmitted 
surface of any portion of matter homogeneously stressed, we across any 
must know the direction, and the amount per unit area, of the clastic solid, 
force across a plane area cutting through it in any direction. 

Now if we know this for any three planes, in three different 
directions, we can find it for a plane in any direction as we see 
in a moment by considering what is necessary for the equili- 
brium of a tetrahedron of the substance. The resultant force on 
one of its sides must be equal and opposite to the resultant of 
the forces on the three others, which is known if these sides are 
parallel to the three planes for each of which the force is given. 

661. Hence the stress, in a body homogeneously stressed, is By cciiication 
completely specified when the direction, and the amount per unit 
area, of the force on each of three distinct planes is given. It is, 
in the analytical treatment of the subject, generally convenient 
to take these planes of reference at right angles to one another. 

But we should immediately fall into error did we not remark 
that the specification here indicated consist not of nine but in a in 
reality only of six, independent elements. For if the equili- elements. 
brating forces on the six faces of a cube be each resolved into 
three components parallel to its three edges OX, OY, OZ, we 
have in all 18 forces ; of which each pair acting perpendicularly 
on a pair of opposite faces, being equal and directly opposed, 
1 Cambridge and Dublin Mathematical Journal, 1850. 
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Relations balance one another. The twelve tangential components that 
aimee remain constitute three pair of couples having their axes in the 
tangential ip ; 
ade direction of the three edges, each 
necessary rhi ` 
fot edi of which must separately be in 
prium equilibrium. The diagram shows 
the pair of equilibrating couples 
having OY for axis; from the 
consideration of which we infer 
that the forces on the faces (zy), 
_ parallel to OZ, are equal to the 
forces on the faces (yx), parallel 
to OX. Similarly, we see that 
the forces on the faces (yx), 
parallel to OY, are equal to those on the faces (xz), parallel to 
OZ; and that the forces on (zz), parallel to OX, are equal to 
those on (zy), parallel to OY. 
Specification 662. Thus, any three rectangular planes of reference being 
Of a Stress ; ` . 
by sixin- Chosen, we may take six elements thus, to specify a stress: 
dependent 
elements: P, Q, R the normal components of the forces on these planes ; 
three simple ‘ i ` 
longitudinal and S, T, U the tangential components, respectively perpen- 
stresses, and ,. Re mee 
three simple dicular to OX, of the forces on the two planes meeting in OX, 
distorting : : š à 
stresses. perpendicular to OY, of the forces on the planes meeting in 
OY, and perpendicular to OZ, of the forces on the planes meet- 
ing in OZ; each of the six forces being reckoned, per unit of 
area. A normal component will be reckoned as positive when 
it is a traction tending to separate the portions of matter on the 
Simplelongi- two sides of its plane. P, Q, R are sometimes called simple 
tudinal, anı : č ; % 
shearing. longitudinal stresses, and S, T, U simple shearing stresses. 


stresses. > 


Force across From these data, to find in the manner explained in § 660, the 
any surface . . . . 

in terms of force on any plane, specified by J, m, n, the direction-cosines of 
an its normal; let such a plane cut OX, OY, OZ in the three points 
a X, Y, Z. Then, if the area XYZ be denoted for a moment by 


A, the areas YOZ, ZOX, XO, being its projections on the three 
rectangular planes, will be respectively equal to Al, Am, An. 
Hence, for the equilibrium of the tetrahedron of matter bounded 
by those four triangles, we have, if F, G, H denote the com- 
ponents of the force experienced by the first of them, X YZ, per 
unit of its area, 3 F.A=PJA4+U.mA4T.nA, 

and the two symmetrical equations for the components parallel to 
OY and OZ. Hence, dividing by A, we conclude 
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F=Pl+Um4tTn ) 


G= Ul+Qm+Sn (1) 
H=Tl+ Sm+ Rn f 
These expressions stand in the well-known relation to the 
ellipsoid Pæ’ + Qy’ + Rz*+2(Syz+ Tzx+ Uxy)=1 (2), 


according to which, if we take 

x=lr, y=mr, z=nr, 
and if A, 4, v denote the dircction-cosines and p the length of the 
perpendicular from the centre to the tangent plane at (x, y, z) of 
the ellipsoidal surface, we have 


A p 


F= » G=--, H=—. 
PY pr 


We conclude that 


3 ? . 


Force across 
any surface 


* in terms of 


rectangular 
specification 
of stress. 


663. For any fully specitied state of stress in a solid, a Stress. 


quadratic surface may always be determined, which shall re- 
present the stress graphically in the following manner :— 

To find the direction, and the amount per unit area, of the 
force acting across any plane in the solid, draw a line perpen- 
dicular to this plane froin the centre of the quadratic to its 
surface. The required force will be equal to the reciprocal of 
the product of the length of this line into the perpendicular 
from the centre to the tangent plane at the point of intersec- 
tion, and will be perpendicular to the latter plane. 

664, From this it follows that for any stress whatever 


quadratic. 


Norinal 
planes and 


there are three determinate planes at right angles to one axes ofa 


another such that the force acting in the solid across each of 
them is precisely perpendicular to it. These planes are called 
the principal or normal planes of the stress; the forces upon 
them, per unit area,—its principal or normal tractions; and 
the lines perpendicular to them,—its principal or normal axes, 
or simply its axes. The three principal semi-diameters of the 
quadratic surface are equal to the reciprocals of the square 
roots of the normal tractions. If, however, in any case each of 
the three normal tractions is negative, it will be convenient to 
reckon them rather as positive pressures; the reciprocals of the 
square roots of which will be the semi-axes of a real stress- 
ellipsoid representing the distribution of force in the manner 
explained above, with pressure substituted throughout for 
traction. 


stress. 


Varieties 
of stress- 
quadratic. 


Composition 
of stresses. 


Laws of 
strain and 
stress com- 
pared. 
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665. When the three normal tractions are all of one sign, 
the stress-quadratic is an ellipsoid; the cases of an ellipsoid 
of revolution and a sphere being included, as those in which 
two, or all three, are equal. When one of the three is negative 
and the two others positive, the surface is a hyperboloid of one 
sheet. When one of the normal tractions is positive and the 
two others negative, the surface is a hyperboloid of two sheets. 

666. When one of the three principal tractions vanishes, 
while the other two are finite, the stress-quadratic becomes a 
cylinder, circular, elliptic, or hyperbolic, according as the other 
two are equal, unequal of one sign, or of contrary signs. When 
two of the three vanish, the quadratic becomes two planes ; and 
the stress in this case is(§ 662) called a simple longitudinal stress. 
The theory of principal planes, and normal tractions just stated 
(§ 664), is then equivalent to saying that any stress whatever 
may be regarded as made up of three simple longitudinal 
stresses in three rectangular directions. The geometrical inter- 
pretations are obvious in all these cases. 

667. The composition of stresses is of course to be effected by 
adding the component tractions thus :—If(P,, Q,, Ri Sp Tp U4), 
(Pa Q» Rè Sa Ta, Uo), etc., denote, according to § 662, any 
given set of stresses acting simultaneously in a substance, their 
joint effect is the same as that of a single resultant stress of 
which the specification in corresponding terms is ($P, XQ, XR, 
Z5, XT, XU). 

668. Each of the statements that have now been made 
(S§ 659, 667) regarding stresses, is applicable to infinitely small 
strains, if for traction perpendicular to any plane, reckoned per 
unit of its area, we substitute elongation, in the lines of the trac- 
tion, reckoned per unit of length; and for half the tangential trac- 
tion parallel to any direction,siear in the same direction reckoned 
in tle manner explained in § 175. The student will find it a 
useful exercise to study in detail this transference of each one 
of those statements, and to justify it by modifying in the proper 
manner the results of §§ 171, 172, 173, 174, 175, 185, to adapt 
them to infinitely small strains. It must be remarked that the 
strain-quadratic thus formed according to the rule of § 663, 
which may have any of the varieties of character mentioned in 
§§ 665, 666, is not the same as the strain-ellipsoid of § 160, 
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which is always essentially an ellipsoid, and which, for an in- Laws of 
finitely small strain, differs infinitely little from a sphere. Stead Coie 
The comparison of § 172, with the result of § 661 regarding ee 
tangential tractions, is particularly interesting and important. 
669. The following tabular synopsis of the meaning of the 
elements constituting the corresponding rectangular specifica- 
tions of a strain and stress explained in preceding sections, 


will be found convenient :— 


Planes; of which | Direction 
ry Pd relative motion, or | of relative ee 
z across which force, } motion or l i 
strain. stress, is reckoned. of force. Seas g 
e P | A x 
f Q yY 
g R Z 
p ye Y 
a S 
2 
z 
b T 
42 4 x 
g xz x 
c U 
y2 y 
670. If a unit cube of matter under aay stress (P, Q, R, S, Work done 
stress 
T, U) experience the infinitely small simple longitudinal strain within a 
varying 


e alone, the work done on it will be Pe; since, of the com- solid. 
ponent forces P, U, T parallel to OX, U and T do no work in 
virtue of this strain. Similarly Qf, Rg are the works done if, 
the same stress acting, the simple longitudinal strains f or g 
are experienced, either alone. Again, if the cube experiences 
a simple shear, a, whether we regard it (§ 172) as a differential 
sliding of the planes yx, parallel to y, or of the planes zz, 
parallel to z, we see that the work done is Sa: and similarly, 
Tb if the strain is simply a shear b, parallel to OZ, of planes 
zy, or parallel to OX, of planes zy: and Uc if the strain is a 
shear c, parallel to OX, of planes zz, or parallel to OY, of planes 
yz. Hence the whole work done by the stress (P, Q, R, S, T, U) 
on a unit cube taking the strain (e, f, g, a, b, ©), i8 
Pe+Qf+Ry+Sa+Tb+ Uc (3). 
It is to be remarked that, inasmuch as the action called a stress 
is a system of forces which balance one another if the portion 
of matter experiencing it is rigid, it cannot (§ 551) do any work 


Work done 
by a stress 
withina 
varying 
solid. 


Work done 
on the sur- 
face ofa 
varying 
solid. 
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when the matter moves in any way without change of shape: 
and therefore no amount of translation or rotation of the cube 
taking place along with the strain can render the amount of 
work done different from that just found. 

If the side of the cube be of any length p, instead of unity, 
each force will be p” times, and each relative displacement p 
times; and therefore the work done pë times the respective 
amounts reckoned above. Hence a body of any shape, and 
of cubic content C, subjected throughout to a uniform stress 
(P, Q, R, S, T, U) while taking uniformly throughout a strain 
(e, f, 9, 4, b, €), experiences an amount of work equal to 

(Pe+ Qf+ Rg+Sa+Tb+Uc)C (4). 

It is to be remarked that thts is necessarily equal to the 
work done on the bounding surface of the body by forces 
applied to it from without. For the work done on any portion 
of matter within the body is simply that done on its surface by 
the matter touching it all round, as no force acts at a distance 
from without on the interior substance. Hence if we imagine 
the whole body divided into any number of parts, each of any 
shape, the sum of the works done on all these parts is, by the 
disappearance of equal positive and negative terms expressing 
the portions of the work done on each part by the contiguous 
parts on all its sides, and spent by these other parts in this 
action, reduced to the integral amount of work done by force 
from without applied all round the outer surface. 


The analytical verification of this is instructive with regard to 
the syntax of the mathematical language in which the theory of 
the transmission of force is expressed. Let x, y, z be the co- 
ordinates of any point within the body; W the whole amount 
of work done in the circumstances specified above; and /// in- 
tegration extended throughout the space occupied by the body: 
so that 

W= Pet Qf+ Rg+Sa+ Tb+ Uc)dadydz (5). 
If now we denote by a, B, y the component displacements of any 
point of the matter infinitely near the point (x, y, z), experienced 
when the strain (e, f, g, a, b, c) takes place, whether non-rota- 
tionally (§ 182) and with some point of the body fixed, or with 
any motion of translation whatever and any infinitely small 
rotation, by adapting § 181 (5) to infinitely small strains 
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according to our present notation (§ 609), and using in it 


§ 190 (e), we have 
da dB 
| dy’ ~ dz 
_ ly f a 
dx” ¢ 


(6). 
~ dz 
With these, (5) becomes 
N= PE dey yr TRUE TOT ESTE TELS FH dryads 0. 
Honce by integration 
N= [(Pa+- UB+ Ty)dydz+ Ua-+- QB+Sy)dzdx4( Ta+Sp+Ry)drdy] (8), 
the limits of the integrations being so taken that, if do denote an 
element of the bounding surface, // integration all over it, and 
l, m, n the direction-cosines of the normal at any point of it, the 
expression means the same as 
W=/f{(Pa+ UB+Ty)+ (Ua-+ OB+Sy)m+(Ta+SB-+ Ryn} do | 


which, with the terms grouped otherwise, becomes 


Strain-com- 
ponents in 
terms of diy- 
placement. 


Work done 
through 
interior ; 


9) ; 


W=//{(Pl+ Um + Tn)a+(Ul+ Qn+8n)B+ (T1+Sm+ Rn)y}do (10). 


The second member of this, in virtue of (1), expresses directly 
the work done by the forces applied from without to the bounding 
surface. 


671. If, now, we suppose the body to yield to a stress (P, Q, 
R, S, T, U), and to oppose this stress only with its innate resist- 
ance to change of shape, the differential equation of work done 
will [by (4) with de, df, ete., substituted for e, f, etc.] be 

dw= Pde+ Qdf+ Rdg+ Sda+ Tdb+ Ude (11), 
if w denote the whole amount of work done per unit of volume 
in any part of the body while the substance in this part ex- 
periences a strain (e, f, g, a, b, c) from some initial state re- 
garded as a state of no strain. This equation, as we shall see 
later, under Properties of Matter, expresses the work done in 
a natural fluid, by distorting stress (or difference of pressure in 
different directions) working against its innate viscosity ; and 
w is then, according to Joule’s discovery, the dynamic value of 
the heat generated in the process. The equation may also be 
applied to express the work done in straining an imperfectly 
elastic solid, or an elastic solid of which the temperature varies 
during the process. In all such applications the stress will 
depend partly on the speed of the straining motion, or on the 
varying temperature, and not at all, or not solely, on the state 

2K 
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of strain at any moment, and the system will not be dynamically 
conservative. 

672. Definition—A perfectly elastic body is a body which, 
when brought to any one state of strain, requires at all times 
the same stress to hold it in this state; however long it be 
kept strained, or however rapidly its state be altered from any 
other strain, or from no strain, to the strain in question. Here, 
according to our plan ($$ 443, 448) for Abstract Dynamics, 
we ignore variation of temperature in the body. If, however, 
we add a condition of absolutely no variation of temperature, 
or of recurrence to one specified temperature after changes of 
strain, we have a definition of that property of perfect elasticity 
towards which highly elastic bodies in nature approximate; and 
which is rigorously fulfilled by all fluids, and may be so by 
some real solids, as homogeneous crystals. But inasmuch as 
the elastic reaction of every kind of body against strain varies 
with varying temperature, and (a thermodynamic consequence 
of this, as we shall see later) any increase or diminution of 
strain in an elastic body is necessarily’ accompanied by a 
change of temperature ; even a perfectly elastic body could not, 
in passing through different strains, act as a rigorously con- 
servative system, but, on the contrary, must give rise to dis- 
sipation of energy in consequence of the conduction or radiation 
of heat induced by these changes of temperature. 

But by making the changes of strain quickly enough to pre- 
vent any sensible equalization of temperature by conduction or 
radiation (as, for instance, Stokes has shown, is done in sound 
of musical notes travelling through air); or by making them 
slowly enough to allow the temperature to be maintained 
sensibly constant? by proper appliances; any highly elastic, or 
perfectly elastic body in nature may be got to act very nearly 
as a conservative system. 

673. In nature, therefore, the integral amount, w, of work 
defined as above, is for a perfectly elastic body, independent 
(§ 274) of the series of configurations, or states of strain, 
through which it may have been brought from the first to 
the second of the specified conditions, provided it has not 


1 “On the Thermoelastic and Thermomagnetic Properties of Matter” (W. Thom- 
son). Quarterly Journal af Methematics, April 1857. 3 Pid, 
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VI 


been allowed to change sensibly in temperature during the Potential 


l energy of 
process. an elastic 
solid held 


. ° . strained. 
The analytical statement is that the expression (11) for dw 


must be the differential of a function of e, f, g, a, b, c, regarded 
as independent variables; or, which means the same, w is a 
function of these elements, and 


7 ye 
pane. Ga pa ? 
de dj dg (12) 
S= dw ` Te dw = dw. E 
da db. de 


In Appendix C. we shall return to the comprehensive analytical 
treatment of this theory, not confining it to infinitely small strains 
for which alone the notation (e, f,...), as defined in § 669, ts 
convenient. In the meantime, we shall only say that when the 
whole amount of strain is infinitely small, and the stress-com- 
ponents are therefore all altered in the same ratio as the strain- 
components if these are altcred all in any one ratio; w must be a 
homogeneous quadratic function of the six variables e, f, g, a, b, c, 
which, if we denote by (e, e), (A f)...(e, f)... constants depend- 
ing on the quality of the substance and on the directions chosen 
for the axes of co-ordinates, we may write as follows :— 


w=} (e, cle +A +(9,9)97 + (a, a)a* + (b, b)b* + (e, c)e? 
+2(e, fyef+2(e, gleg+2(e, a)ea+2(e, b)eb42(e, c)ec 
+24, ISI +2, @) fa +2, DYfo+2(f, ¢)fe 
+2(9,4)ga+2(9,b)9b+2(y, ¢)ge 
+2(a,b)ab+-2(a,c)ac 
+2(b, c)bc} 
The 21 coefficients (e, e), (f, f).-.(2, c), in this expression con- 
stitute the 21 “coefficients of elasticity,” which Green first 
showed to be proper and essential for a complete theory of the 
dynamics of an elastic solid subjected to infinitely small strains. 
The only. condition that can be theoretically imposed upon these 
coefficients is that they must not permit w to become negative for 
any values, positive or negative, of the strain-components e, f, ... 
Under Properties of Matter, we shall see that a false theory 
(Boscovich’s), falsely worked out by mathematicians, has lcd to 
relations among the coefficients of clasticity which experiment has 
Proved to be false. 
Eliminating w from (12) by (13) we have 


(13). 
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P=(e,e)je+ (e, f)f+ (e, gigt (e, aja+ le, b)b+(e, c) 
=le Ae HFS AIF Kaat(foyb+(here ayy 

ete. ete. 

ete. ete. 
These equations express the six components of stress (P, Q, R, 
S, T, U) as linear functions of the six components of strain 
(e, f, g, a, b,c) with 15 equalities! among their 56 coefficients, 
which leave only 21 of them independent. The mere principle 
of superposition (which we have used above in establishing the 
quadratic form for w) might have been directly applied to de- 
monstrate linear formule for the stress-components. Thus it is 
that some authors have been led to lay down, as the foundation 
of the most general possible theory of elasticity, six equations 
involving 36 coefhicients supposed to be independent. But it is 
only by the principle of energy that, as first discovered by Green, 
the fifteen pairs of these coefficients are proved to be equal. 

The algebraic transformation of equations (14) to express the 
strain-components singly, by linear functions of the stress-com- 
ponents, may be directly effected of course by forming the proper 
determinants from the 36 coefficients, and taking the 36 proper 
quotients. From a known determinantal theorem, used also 
above [§ 313 (d)], it follows that there are 15 equalities between 
pairs of these 36 quotients, because of the 15 equalities in pairs 
of the coefficients of e, f, ete., in (14). Thus, if we denote by 

[PP (Qs), Rha | OP] cs 
the set of 36 determinantal quotients found by that process [being, 
therefore, known algebraic functions of the original coefficients 


(e,e), (ff), .-. ete.], we have 


e=[P,P]P+[P,Q]Q+[P,R]R+[P,S]S +P, TITHE, UC 
f=[Q,P]P+[Q,QQ4[Q2JR+[Q,8]8+[Q7]7+[Q UU > 16); 


ete. cte. 
and these new cocfficients satisfy 15 equations 

[P, Q]J=[@, P], [P, R]=[2, r]... (17). 
By what we proved in § 313 (d) when engaged with precisely 
the same algebraic transformation, we see that [P, P], [Q, Q], ..., 


[P, Q], ... are simply the coefficients of 2°, Q?, ..., 2PQ,... in the 
expression for 2w obtained by eliminating e, f, ... from (138), so that 


w=} {[P, P] +[Q,Q]?+...42[P,Q]PQ+2[P, RIPR+...} 18); 


t Viz., (e, f) = (A e) ... (@, 7) = (a, €), ... (b, c) = (0, b)... (15) 
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and pdw; „œ pdw _ dw Strain- 
e=[ pd J= ig I=L ph (19) l eL i 
dw, , pdw; dw a mn 
e=Lagh P=Lyph Sly} = 


where the brackets [ ] denote the partial differential coefficients 
taken on the supposition that w is expressed as a function of 
P, Q, ete., as in (19); to distinguish them from those of equations 
(12) which were taken on the supposition that w is expressed as 
a function of e, f, ete., asin (13). We have also, aslin § 313 (d), 

w=4}(Pe+ Qf+g+Sa+Tb+ Uc) (20) ; 
which might have been put down in the beginning, as it simply 
expresses that 

674. The averave stress, due to elasticity of the solid, when Average 
strained from its natural condition to that of strain (e, f, g, a, b, €) teu 
is (as from the assumed applicability of the principle of super- jag aaa 
position we see it must be) just half the stress required to keep 
it in this state of strain. 

675. A body is called homogeucous when any two equal, Homecens: 
similar parts of it, with corresponding lines parallel and turned detinea. 
towards the same parts, are undistinguishable from one another 
by any difference in quality. The perfect fulfilment of this 
condition without any limit as to the smallness of the parts, 
though conceivable, is not generally regarded as probable for 
any of the real solids or fluids known to us, however seemingly 
homogeneous. It is, we believe, held by all naturalists that Lae 
there is a molecular structure, according to which, in compound ` 
bodies such as water, ice, rock-crystal, etc., the constituent 
substances lie side by side, or arranged in groups of finite 
dimensions, and even in bodies called simple (ve. not known 
to be chemically resolvable into other substances) there is no 
ultimate homogeneousness. In other words, the prevailing 
belief is that every kind of matter with which we are acquainted 
has a more or less coarse-grained texture, whether having visible ys" 
molecules, as great masses of solid stone or brick-building, or grained 


natural granite or sandstone rocks; or, molecules too small to prt 


be visible or directly measurable by us (but not infinitely small)! wrimate | 


in seemingly homogeneous metals, or continuons crystals, or ovsness 
liquids, or gases. We must of course return to this subject 


l Probably not wediscoverwily small, although of dimensions not yet known to us. 
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under Properties of Matter; and in the meantime need only 
say that the definition of homogencousness may be applied 
practically on a very large scale to masses of building or coarse- 
grained conglomerate rock, or on a more moderate scale to 
blocks of common sandstone, or on a very small scale to seem- 
ingly homogeneous metals ;' or on a scale of extreme, undis- 
covered fineness, to vitreous bodies, continuous crystals, solidified 
gums, as India rubber, guin-arabie, ete., and fluids. 

676. The substance of a homogeneous solid is called iso- 
tropic when a spherical portion of it, tested by any physical 
agency, exhibits no difference in quality however it is turned. 
Or, which amounts to the same, a cubical portion cut from any 
position in an isotropic body exhibits the same qualities rela- 
tively to each pair of parallel faces. Or two equal aud similar 
portions cut from any positions in the body, not subject to the 
condition of parallelism (§ 675), are undistinguishable from one 
another. A substance which is not isotropic, but exhibits dif- 
ferences of quality in different directions, is called aeolotropie. 

677. An individual body, or the substance of a homo- 
geneous solid, may be isotropic in one quality or class of 
qualities, but acolotropic in others. 

Thus in abstract dynamics a rigid body, ora group of bodies 
rividly connected, contained within and rigidly attached to a 
rigid spherical surface, is kinctically symmetrical (§ 255) if its 
centre of inertia is at the centre of the sphere, and if its moments 
of inertia are equal round all diameters. It is also isotropic 
relatively to gravitation if it is centrobaric (§ 526), so that the 
centre of figure is not merely a centre of inertia, but a true 
centre of gravity. Or a transparent substance may transmit 
light at different velocities in different directions through it 
(that is, be doubly refractiny), aud yet a cube of it may (and 
generally does in natural crystals) absorb the same part of a 
beam of white light transmitted across it perpendicularly to 
any of its three pairs of faces. Or (as a crystal which exhibits 
dichroism) it may be aeolotropic relatively to the latter, or to 
either, optic quality, and yet it may conduct heat equally in 
all directions. 


1 Which, however, we know, as recently proved by Deville and Van Troost, are 
porous enough at high temperatures to allow very free percolation of gases. 
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678. The remarks of § 675 relative to homogencousness in practteat 


the aggregate, and the supposed ultimately heterogeneous 
texture of all substances however seemingly homogeneous, in- 
dicate corresponding limitations and non-rigorous practical 
interpretations of isotropy. 

679. To be elastically isotropic, we see first that a spherical 
or cubical portion of any solid, if subjected to uniform normal 
pressure (positive or negative) all round, must, in yielding, 
experience no deformation: and therefore must be equally 
compressed (or dilated) in all directions. But, further, a cube 
cut from any position in it, and acted on by tangential or dis- 
torting stress (§ 662) in planes parallel to two pairs of its sides, 
must experience simple deformation, or shear (§ 171), in the 
same direction, unaccompanied by condensation or dilatation,’ 
and the same in amount for all the three ways in which a stress 
may be thus applied to any one cube, and for different cubes 
taken from any different positions in the solid. 

680. Hence the elastic quality of a perfectly elastic, homo- 
geneous, isotropic solid is fully defined by two elements ;—its 
resistance to compression, and its resistance to distortion. The 
amount of uniform pressure in all directions, per unit area of 
its surface, required to produce a stated very small compression, 
measures the first of these, and the amount of the distorting 
stress required to produce a stated amount of distortion 
measures the second. The numerical measure of the first is 
the compressing pressure divided by the diminution of the 
bulk of a portion of the substance which, when uncompressed, 
occupies the unit volume. It is sometimes called the elasticity 
of volume, or the resistance to compression. Its reciprocal, or 
the amount of compression on unit of volume divided by the 
compressing pressure, or, as We may conveniently say, the com- 
pression per unit of volume, per unit of compressing pressure, 
is commonly called the compressibility. The second, or resist- 


1 It must be remembered that the changes of figure and volume we are concerned 
with are so small that the principle of superposition is applicable; so that if any 
distorting stress produced a condensation, an opposite distorting stress would pro- 
duce a dilatation, which is a violation of the isotropic condition. But it is possible 
that a distorting stress may produce, in a truly isotropic solid, condensation or 
dilatation in proportion to the square of its value: and it is probable that such 
eflects may be sensible in India rubber, or cork, or other bodies susceptible of 
proat deformations or compressions, with persistent elasticity. 
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ance to change of shape, is measured by the tangential stress 
(reckoned as in § 662) divided by the amount of the distortion 
or shear (§ 175) which it produces, and is called the rigidity of 
the substance, or its elasticity of figure. 

681. rom § 169 it follows that a strain compounded of a 
simple extension in one set of parallels, and a simple contrac- 
tion of equal amount in any other set perpendicular to those, 
is the same as a simple shear in either of the two sets of 
planes cutting the two sets of parallels at 45° And the 
numerical measure (§ 175) of this shear, or simple distortion, 
is equal to double the amount of the elongation or contraction 
(each measured, of course, per unit of length). Similarly, we 
see ( 668) that a longitudinal traction (or negative pressure) 
parallel to one line, and an equal longitudinal positive pressure 
parallel to any line at right angles to it, is equivalent to a dis- 
torting stress of tangential tractions (§ 661) parallel to the 
planes which cut those lines at 45°. And the numerical 
measure of this distorting stress, being (§ 662) the amount of 
the tangential traction in either set of planes, is equal to the 
amount of the positive or negative normal pressure, not doubled. 

682. Since then any stress whatever may be made up of 
simple longitudinal stresses, it follows that, to find the relation 
between any stress and the strain produced by it, we have only 
to find the strain produced by a single longitudinal stress, 
which we may do at once thus :—.A simple longitudinal stress, 
P, is equivalent to a uniform 
dilating tension 4P in all direc- 
tions, compounded with two 
distorting stresses, each equal 
to 4P, and having a common 
axis in the line of the given 
longitudinal stress, and their 
other two axes any two lines at 
right angles to one another and 
to it. The diagram, drawn in a 
plane through one of these latter 
lines, and the former, sufficient- 

YIP ly indicates the synthesis ; the 
only forces not shown being those perpendicular to its plane. 
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Hence if n denote the rigidity, and k the resistance to dila- Strain pii: 
Coane 


tution [being the same as the reciprocal of the compressibility 4 single 


longitudinal 


(§ 680)], the effect will be an equal dilatation in all direc- stress. 
tions, amounting, per unit of volume, to 


IP 
ar (1), 
compounded with two equal distortions, each amounting to 
gP 9 
n Š (2), 


and having (§ 679) their axes in the directions just stated as 
those of the distorting stresses. 

683. The dilatation and two shears thus determined may 
be conveniently reduced to simple longitudinal strains by still 
following the indications of § 681, thus :--- 

The two shears together constitute an elongation amounting 


}P 


to “y in the direction of the given force, P, and equal contrac- 


4P 


tion amounting to ~— in all directions perpendicular to it. 


i. a a a ; l 
And the cubic dilatation ° E implies a lineal dilatation, equal 


. ; : ; 1 P l 
in all directions, amounting to e On the whole, therefore, 


we have Hence 
1 ] Young's 
lincar elongation = P(— + —), in the direction of the applied (si) 
83n 9A nk 
stress, and ktn ` 
' (3). 


linear contraction = Pl -5 ), in all directions perpendicular 
n 9k: 


to the applied stress. 


684. Hence when the ends of a column, bar, or wire, of 
isotropic material, are acted on by equal and opposite eee 
8k— 


it experiences a lateral lineal contraction, equal to ———— of Ratio of 
A = Ne con- 


. e ° . raction to 

the longitudinal dilatation, cach reckoned as usual per unit fanit dnl 
. extension. 

of lineal measure. One specimen of the fallacious mathe- 

matics above referred to (§ 673), is a celebrated conclusion of 


Naviers and Poisson’s that this ratio is 4, which requires the 
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rigidity to be 3 of the resistance to compression, for all solids : 
and which was first shown to be false by Stokes’ from many 
obvious observations, proving enormous discrepancies from it 
in many well-known bodies, and rendering it most inprobable 
that there is any approach to a constancy of ratio between 
rigidity and resistance to compression in any class of solids. 
Thus clear clastic jellies, and India rubber, present familiar 
specimens of isotropic homogeneous solids, which, while differ- 
ing very much from one.another in rigidity (“stiffness”), are 
probably all of very nearly the same compressibility as water. 
This being g5s'500 Per pound per square inch; the resistance to 
compression, measured by its reciprocal, or, as we may read it, 
“308000 Ibs. per square inch,’ is obviously many hundred 
times the absolute amount of the rigidity of the stiffest of those 
substances. A column of any of them, therefore, when pressed 
together or pulled out, within its limits of elasticity, by balanc- 
ing forces applied to its ends (or an India-rubber band when 
pulled out), experiences no sensible change of volume, though 
very sensible change of length. Hence the proportionate ex- 
tension or contraction of any transverse diameter must be 
sensibly equal to $ the longitudinal contraction or extension : 
and for all ordinary stresses, such substances may be practically — 
regarded as incompressible elastic solids. Stokes gave reasons 
for believing that metals also have in general greater resist- 
ance to compression, in proportion to their rigidities, than 
according to the fallacious theory, although for them the dis- 
crepancy is very much less than fur the gelatinous bodies. This 
probable conclusion was soon experimentally demonstrated by 
Wertheim, who found the ratio of lateral to longitudinal change 
of lineal dimensions, in columns acted on solely by longitudinal 
force, to be about $ for glass and brass; and by Kirchhoff, who, 
hy a very well-devised experimental method, found ‘387 as the 
value of that ratio for brass, and ‘294 for iron. For copper we 
find that it probably lies between ‘226 and '441, by recent 
experiments’ of our own, measuring the torsional and longi- 
tudinal rigidities (S§ 596, 599, 686) of a copper wire. 


1 On the Friction of Fluids in Motion, and the Equilibrium and Motion of Elastic 


Solids. — Trans. Camb, Phil. Jour., April 1845. See also Camb. and Dub. Math. 
Juur., March 1848. 


* On the Elasticity and Viscosity of Metals (W. Thomson). Proe. R. S., May 1865. 
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685. All these results indicate rigidity less in proportion to Supposition 

the compressibility than according to Naviers and Poisson’s perfect solia, 

é : groundless. 

theory. And it has been supposed by many naturalists, who 
have seen the necessity of abandoning that theory as inapplic- 
alle to ordinary solids, that it may be regarded as the proper 
theory for an ideal perfect solid, and as indicating an amount of 
rigidity not quite reached in any real substance, but approached 
to in some of the most rigid of natural solids (as, for instance, 
iron). But it is scarcely possible to hold a piece of cork in the 
hand without perceiving the fallaciousness of this last attempt 
to maintain a theory which never had any good foundation. 
By careful measurements on columns of cork of various forms 
(among them, cylindrical pieces cut in the ordinary way for 
bottles) before and after compressing them longitudinally in a 
Brahmah’s press, we have found that the change of lateral 
dimensions is insensible both with small longitudinal contrac- 
tions and return dilatations, within the limits of clasticity, and 
with such enormous longitudinal contractions as to } or } of 
the original length. It is thus proved decisively that cork is 
much more rigid, while metals, glass, and gelatinous bodies are 
all less rigid, in proportion to resistance to compression than 
the supposed “perfect solid;” and the utter worthlessness of 
the theory is experimentally demonstrated. 

686. The modulus of elasticity of a bar, wire, fibre, thin Young's 
filament, band, or cord of any material (of which the substance ee 
need not be isotropic, nor even homogeneous within one normal 
section), as a bar of glass or wood, a metal wire, a natural fibre, 
an India-rubber band, or a common thread, cord, or tape, is 
a term introduced by Dr. Thomas Young to designate what 
we also sometimes call its longitudinal rigidity: that is, the ee 
quotient obtained by dividing the simple longitudinal force rigidity. 
required to produce any infinitesimal elongation or coutraction 
by the amount of this elongation or contraction reckoned as 
always per unit of length. 

687. Instead of reckoning the modulus in units of weight, Weirnt- 


e F A PT 3 modulus 

It 1s sometimes convenient to express it in terms of the weight andl length 
‘ ‘ S . of modulus 

of the unit length of the rod, wire, or thread. The modulus 

thus reckoned, or, as it is called by some writers, the length of 


the modulus, is of course found by dividing the weight -modulus 
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by the weight of the unit length. 1t 1s useful in many applica- 
tions of the theory of elasticity ; as, for instance, in this result, 
which will be proved later :—-the velocity of transmission of 
longitudinal vibrations (as of sound) along a bar or cord, is 
equal to the velocity acquired by a body in falling from a 
height equal to half the length of the modulus.! 

688. The specific modulus of elasticity of an isotropic sub- 
stunee, or, as it is most often called, simply the modulus of 
elasticity of the substance, is the modulus of elasticity of a bar 
of it having some definitely specified sectional area. If this 
be such that the weight of unit length is unity, the modulus of 
the substance will be the same as the length of the modulus of 
any bar of it: a system of reckoning which, as we have seen, 
has some advantages in application. It is, however, more usual 
to choose a common unit of area as the sectional area of the 
bar referred to in the definition. There must also be a definite 
understanding as to the unit in terms of which the force is 
measured, which may be either the absolute unit (§ 223): or 
the gravitation unit for a specitied locality ; that is (§ 226), the 
weight in that locality of the unit of mass, Experimenters 
hitherto have stated their results in terms of the gravitation 
unit, each for his own locality ; the accuracy hitherto attained 
being scarcely in any cases sufficient to require corrections 
for the different forces of gravity in the different places of 
observation. 

689. The most useful and generally convenient specifica- 
tion of the modulus of elasticity of a substance is in grammes- 
weight per square centimetre. This has only to be divided by 
the specific gravity of the substance to give the leng‘h of the 
modulus. British measures, however, being still unhappily 
sometimes used in practical and even in high scientific state- 


1 It is to be understood that the vibrations in question are so much spread out 
through the /ength of the body, that inertia does not sensibly influence the trans- 
verse contractions and dilatations which (unless the substance have in this respect 
the peculiar character presented hy cork, § 684) take place along with them. Also, 
under thermodynamics, we shall see that changes of temperature produced by the 
varying stresses cause changes of temperature which, in ordinary solids, render the 
velocity of transmission of longitudinal vibrations sensibly greater than that caleu- 
lated by the rule stated in the text, if we nse the static modulus as understood from 
the definition there given ; and we shall learn to take into account the thermal effect 
by using a definite stefie modulus, or kinetic modulus, according to the circumstances 
of any ease that may occur. 
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ments, we may have occasion to refer to reckonings of the 
modulus in pounds per square inch or per square foot, or to 
length of the modulus in feet. 

690. The reckoning most commonly adopted in British 
treatises on mechanics and practical statements is pounds per 
square inch. The modulus thus stated must be divided by 
the weight of 12 cubic inches of the solid, or by the product 
of its specific gravity into ‘4337,’ to find the length of the 
modulus, in feet. 

To reduce from pounds per square inch to grammes per 
square centimetre, multiply by 70°31, or divide by 014223. 
French engineers generally state their results in kilogrammes 
per square millimetre, and so bring them to more convenient 
numbers, being zoosoo Of the inconveniently large numbers 
expressing moduli in grammes weight per square centimetre. 

691. The same statements as to units, reducing factors, and 
nominal designations, are applicable to the resistance to com- 
pression of any elastic solid or fluid, and to the rigidity (§ 680) 
of an isotropic body; or, in general, to any one of the 21 co- 
efficients in the expressions [§ 673 (14)] for stresses in terms of 
strains, or to the reciprocal of any one of the 21 coefficients 
in the expressions [§ 673 (16)] for strains in terms of stresses, 
as well as to the modulus defined by Young. 


1 This decimal being the weight in lbs. of 12 cubic inches of water. The one 
great advantage of the French metrical system is, that the mass of the unit volume 
(l cubic centimetre) of water at its temperature of maximum density (3°'945 c.) is unity 
(1 gramme) to a sufficient degree of approximation for almost all practical purposes. 
Thus, according to this system, the density of a body and its specific gravity mean 
one and the same thing; whereas on the British no-systein the density is expressed 
hy a number found by multiplying the specific gravity by one number or another, 
according to the choice of a cubic inch, cubic foot, cubic yard, or cubic mile that is 
made for the unit of volume ; and the grain, scruple, ginmaker’s drachin, apothe- 
eary’s drachm, ounce Troy, ounce avoirdupois, pound Troy, pound avoirdupois, 
stone (Imperial, Ayrshire, Lanarkshire, Dumbartonshire), stone for hay, stone 
for corn, quarter (of a hundredweight), quarter (of corn), hundredweight, or ton, 
that is chosen for unit of mass. It is a remarkable phenomenon, belonging rather 
to moral and social than to physical science, that a people tending naturally to be 
regulated by common sense should voluntarily condemn themselves, as the British 
have so long done, to unnecessary hard labour in every action of common business 
or scientitic work related to measurement; from which all the other nations of 
Europe have emancipated themselves. We have been informed, through the kind- 
ness of Professor W. H. Miller, of Cambridge, that he concludes, from a very trust- 
worthy comparison of standards Ly Kupffer, of St. Petersburgh, that the weight 
of a cubic decimetre of water at temperature of maximum density is 1000-018 
«rammes, 
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692. In §§ 681, 682 we examined the effect of a simple 
longitudinal stress, in producing elongation in its own direc- 
tion, and contraction in lines perpendicular to it. With stresses 
substituted for strains, and strains for stresses, we may apply 
the same process to investigate the longitudinal and lateral 
tractions required to produce a simple longitudinal strain (that 
is, an clongation in one direction, with no change of dimensions 
perpendicular to it) in a rod or solid of any shape. 

Thus a simple longitudinal strain e is equivalent to a cubic 
dilatation e without change of figure (or linear dilatation łe 
equal in all directions), and two distortions consisting each of 
dilatation łe in the given direction, and contraction 4e in each 
of two directions perpendicular to it and to one another. To 
produce the cubic dilatation, e, alone requires (§ 680) a normal 
traction ke equal in all directions. And, to produce either of 
the distortions simply, since the measure (§ 175) of each is 3e, 
requires a distorting stress equal to n X łe, which consists of 
tangential tractions each equal to this amount, positive (or 
drawing outwards) in the line of the given elongation, and 
negative (or pressing inwards) in the perpendicular direction. 
Thus we have in all 

normal traction = (k + 4n)e, in the direction of the given } 

strain, and (4) 

normal traction = (k — &n)e, in every direction perpen- f i 

dicular to the given strain. 

693. If now we suppose any possible infinitely small strain 
(e, f, 9, a, b, e), according to the specification of § 669, to be 
given to a body, the stress (P, Q, R, S, T, U) required to 
maintain it will be expressed by the following formulæ, ob- 
tained by successive applications of § 692 (4) to the com- 
ponents e, f, g separately, and of § 680 to a, b, c :— 

S=na, T=nb, U=ne, 
P=iet BS+9); 
Q=Aft+Bg+e), 
R=3g9+ Blet/), 


where A=k+—>> 
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e. o» : ee &train- 
694. Similarly, by § 680 and § 682 (3), we have ate 
l 1 1 in terms af 
stress for 
a= — 5, b= — T, c= — U, isotropie 
n n n body. 


Me={P—o(Q+R)}, 
Mf={Q—o(R+P)}, 
? 
Í 


My={R—o(P+Q)}, (6), 
where May ) 
m—n oo 3k—2n ,M 
and om a a 


as the formnlie expressing the strain (e, f, g, a, b, e) in terms of 
the stress (P, Q, K, S, T, U). They are of course merely the 
algebraic inversions of (5); and (§ 673) they might have been 
found by solving these for e, f, g, a, b, c, regarded as the un- 
known quantities. M is here introduced to denote Youny’s 
modulus (§ 683),and m from § 698 (5). 

695. To express the equation of energy for an isotropic Fanation of 


substance, we may take the general formula, (oun 
w=}(Pe+ Qf+ Rg +Sa+Tb+Uc)...[§ 673 (20)], 
and eliminate from it P, Q, ete., by (5) of § 693, or, again, e, f, 
etc., by (6) of § 694, we thus find 
Ruk eV Oi tg )+2(k—T)(fortgetef tne) 
(7). 


=H EHEN? p ORRE + (847409 


696. The mathematical theory of the equilibrium of an Funan- 
elastic solid presents the following general problems :— Enon 
A solid of any given shape, when undisturbed, is acted on in matical” 
its substance by force distributed through it in any given manner, a 
and displacements are arbitrarily produced, or forces arbitrarily 
applied, over its bounding surface. It is required to find the 
displacement of every point of its substance, 
This problem has been thoroughly solved for a shell of 
homogeneous isotropic substance bounded by surfaces which, 
when undisturbed, are spherical and concentric (§ 735); but 
not hitherto for a body of any other shape. The limitations 
under which solutions have been obtained for other cases (thin 
plates, and rods), leading, as we have seen, to important 


practical results, have been stated above (§§ 588, 632). To. 
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demonstrate the laws ($§ 591, 633) which were taken in an- 
ticipation will also be one of our applications of the general 
equations for interior equilibrium of an elastic solid, which we 
now proceed to investizate. 

697. Any portion in the interior of an elastic solid may be 
regarded as becoming perfectly rigid (§ 564) without disturb- 
ing the equilibrium either of itself or of the matter round it. 
Hence the traction exerted by the matter all round it, regarded 
as a distribution of force applied to its surface, must, with the 
applied forces acting on the substance of the portion considered, 
fulfil the conditions of equilibrium of forces acting on a rigid 
body. This statement, applied to an infinitely small rectangular 
parallelepiped of the body, gives the general differential equa- 
tions of internal equilibrium of an elastic solid. It is to be 
remarked that Aree equations suflice; the conditions of equili- 
brium for the couples being secured by the relation established 
above (§ 661) among the six pairs of tangential component 
tractions on the six faces of the figure. 

Let (x, y, 2) be any point within the solid, and ôr, dy, 6z edges, 
respectively parallel to the rectangular axes of reference, of an 
infinitely small parallelepiped of the solid having that point for 
its centre. 

If P, Q, R, S, T, U denote (§ 662) the stress at (x, y, z), the 
average amounts of the component tractions (see table, § 669) on 
the faces of the parallelepiped will be 


i (PS. 46x)5y6z, parallel to OY, 
the two faces 8y8 ,  +(U+24. 182)8y8- Y 
on the two faces ôyòz +( Ein xv\oyds, n 4, OY, 


dT ; 
t(TE = g Bor 8 yz, ? ” OZ. 


Taking the symmetrical expressions for the tractions on the two 
other pairs of faces, and summing for all the faces all the com- 
ponents cages to the three axes separately, we have 


C. stat es Fy whys; parallel to O.Y, 
dU a0 pe 
de tay t jue X 5 5 OY, 
dT daS dR 


(Cote eta o Bedyse, ao p» OZ. 


STATICS, 529 


. Let now X, Y, Z denote the components of the applied force General 
on the substance at (x, y, 2), reckoned per unit of volume ; so that interior engl 
X dxby5z, Y êxõyðz, Zdxdydz will be their amounts on the small “9em 
portion in question. Adding these to the corresponding com- 
ponents just found for the tractions, equating to zero, and omitting 


the factor dzéy65z, we have 


dP dU aT 

a "i 

dU T “ \ 9). 
dT H F 

dx + ay dz Gero a | 


which are the gencral equations of internal stress required for 
equilibrium. 

If for P, Q, R, S, T, U we substitute the linear functions of 
e, f, g, a, b, c in terms of which they are expressed by (14) of 
§ 673, we have the equations of internal strain. And if we 
eliminate e, f, g, a, b, c by (6) of § 670 we have, for (a, B, y) the 
components of the displacement of any interior point in terms of 
(x, y, 2) its undisplaced position in the solid, three linear partial 
differential equations of the second degree, which are the equa- 
tions of internal equilibrium in their ultimate form. It is to be 
remarked that, by supposing the coefficients (e, e), (e, f), ete., 
to be not constant, but given functions of (x, y, z), we avoid 
limiting the investigation to a homogeneous body. 


698. These equations being sufficient as well as necessary Being sufi- 
ient, they 


for the equilibrium of the body, they must secure that the con- imply that 
orces on 


dition of § 697 is fulfilled for any and every finite portion of any pare eu 


it: as is easily verified. Ifll the six 
equations of 


Let ff denote integration throughout any particular part of the uia" 
solid, do an element of the surface bounding this part, and [f] ody. 
integration over the whole of this surface. We have 


WW Xdxdyde=—f NE + d at is i7 \dædyds. 


Hence, integrating each term once, g to the limits as in 

Appendix A., and denoting by J, m, n the direction-cosines of 

the normal through de, - 

MW Xdxdydz=—| Sf Pdydz-+-Udeda-+- Tdxdy)\=—[ [R Pl-+-Um+Tn)do}, 

and therefore [§ 662 (1)] //Xdxdydz+[//Fdo]=0 (3). 

Again we have 

(My 2—2¥ dedy = — p10 wae + + a Get Ge + Ge eds 
2L 
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Verification 


of equations Now, RE by parts, etc., as in Appendix A., we have 


any part sap- v P dedydi= [MySmndo]—ff/Sdxdydz, 


and M-F dzdyda= [ /zSndo]| —///Sdxdydz. 


d 
Hence A s s dedyde= [H (ySm—zSn)de]. 
Using this in the preceding expression, integrating the other 
terms each once simply as before, and using § 662 (1), we find 
Mf yZ—2Y \dxdydz+-[//( yH—2G@)do}|=0 (4). 
The six equations of equilibrium being (3), (4), and the sym- 


Ge ties metrical equations relative to y and z; are thus proved. 


eitic or For an isotropic solid, the equations (2) become of course much 
kold” simpler. Thus, using (5) of § 693, eliminating e, f, g, a, b, c 
by (6) of § 670, grouping conveniently the terms which result, 
and putting m= (k-+4n) (5), 
we find 
dda, dp, dy 
ma TB dR d 
may ast ete tna ee E Sher (6), 
f da iB rs 
ae dat ay. +g) t” (22 a Fete “Y) 4 Z=0 


Pa as we may aon aC short, 


me tny’ a+X=0, ms = tny’ + Y=0, mi +ny'y+Z=0 (7), 


dp , dy 

if we put a at ae =ô (8), 
ai Ë T 

and Itay itza =V v’ (9), 


so that 5 shall denote he amount of dilatation in volume ex- 

perienced by the substance ; and V? the same symbol of operation 

as formerly [Appendix A. and B., and §§ 491, 492, 499, ete.] 
St. Venant's 


application 99, One of the most beautiful applications of the general 
problems. equations of internal equilibrium of an elastic solid hitherto made 
is that of M. de St. Venant to “the torsion of prisms.”! To one 
end of a long straight prismatic rod, wire, or solid or hollow 
cylinder of any form, a given couple is applied in a plane per- 


1 Mémoires des Savants Elrangers. 1855. ‘* De la Torsion des Prismes, avec des 
Considerations sur leur Flexion,” ete. 
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pendicular to the length, while the other end is held fast: it Torsion pro- 
is required to find the degree of twist (§ 120) produced, and ” 

the distribution of strain and stress throughout the prism. 

The conditions to be satisfied here are that the resultant action 

between the substance on the two sides of any normal section 

is a couple in the normal plane, equal to the given couple. 

Our work for solving the problem will be much simplified by 

first establishing the following preliminary propositions :— 

700. Let a solid (whether aeolotropic or isotropic) be so Lemma. 
acted on by force applied from without to its boundary, that 
throughout its interior there is no normal traction on any 
plane parallel or perpendicular to a given plane, XOY, which 
implies, of course, that there is no distorting stress with axes 
in or parallel to this plane, and that the whole stress at any 
point of the solid is a simple distorting stress of tangential 
forces in some direction in the plane parallel to XOY, and in 
the plane perpendicular to this direction. Then— 

(1.) The interior distorting stress must be equal, and 
similarly directed, in all parts of the solid lying in any line 
perpendicular to the plane XOY. 

(2.) It being premised that the traction at every point of 
_ any surface perpendicular to the plane XOY is, by hypothesis, 

a distribution of force in lines perpendicular to this plane; the 
integral amount of it on any closed prismatic or cylindrical 
surface perpendicular to XOY, and bounded by planes parallel 
to it, is zero. 

(3.) The matter within the prismatic surface and terminal 
planes of (2.) being supposed for a moment (§ 564) to be rigid, 
the distribution of trac- y 
tions referred to in (2.) 
constitutes a couple 
whose moment, divided 
by the distance between 
those terminal planes, is 
equal to the resultant 
force of the tractions on 
the area of either, and 
whose plane is parallel 9 X 
to the lines of these resultant forces. In other words, the 


Leinma. 
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moment of the distribution of forces over the prismatic surface 
referred to in (2.) round any line (OY or OX) in the plane XOY, 
is equal to the sum of the components (T or S), perpendicular 
to the same line, of the traction in either of the terminal planes 
multiplied by the distance between these planes. 
To prove (1.) consider for a moment as rigid (§ 564) an 
infinitesimal prism, AB (of sectional area w), perpendicular to 
A XA OY, and having plane ends, A, B, parallel 
Tw to it, There being no forces on its sides (or 
cylindrical boundary) perpendicular to its 
length, its equilibrium so far as motion in 
the direction of any line (OX), perpendi- 
cular to its length, requires (§ 551, L) that 
the components of the tractions on its ends 
be equal and in opposite directions, Hence, 
Tar in the notation of § 662, the distorting- 
stress components, T, must be equal at A 
and B; and so must the stress components S, for the same 
reason. 
To prove (2.) and (3.) we have only to remark that they are 
required, according to § 551, 1. and IL, for the equilibrium of 
the rigid prism referred to in (3.) 


Or, analytically, by the general equations (2) of § 697, since 
X=0, Y=0, Z=0, P=0, Q=0, R=0, U=0, by hypothesis ; 


we have aT dS 
akan E 1 
=o, = (1), 
aT dS i 
and aa u =0 (2). 


Of these (1) prove that S and T are functions of x and y without 
z, or, in words, (1.) And if [f denote integration over the whole 
of any closed area of XOY, we have 


IG Fo dedy =[ (Tay + Saez) 


of which the second member, when the limits of the effected and 
indicated integrations are properly assigned, is found to be the 
same as J(Tsin¢+Scos¢)ds, 

where / denotes integration over the whole bounding curve, ds 


~ * The brackets [], as here used, denote integrals assigned properly for the bound. 
ing curve. 
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an element of its length, and ¢ the inclination of ds to XO. Lemma. 

But, by (1) § 662, with /=sind, m=cos¢, n=0, we have 
H=Tsin¢+Scos¢ (3), 

if H denote the traction (parallel to OZ), reckoned as usual per 

unit of area, experienced by the bounding prismatic surfuce. 

Hence dT . dS 


eae dy fl ; 
and therefore, because of (2), 

SHds=0 (5), 
which is (2.) in symbols. Again we have, by integration by parts, 
dS aT 

and substitution, (2), of ay for — I 


[Taxdy=[ fTxdy]*— Lane dxdy 


=[/Tardy]* + at andy =[/Trdy]*+[ /Sedx]* 


=fx(Tsind+Scos $)ds = fxHds (6), 
which proves (3.) 
701. For a solid or hollow circular cylinder, the solution of Torsion of 

§ 699 (given first, we believe, by Coulomb) obviously is that cyinder 
each circular normal section remains unchanged in its own 
dimensions, figure, and internal arrangement (so that every 
straight line of its particles remains a straight line of un- 
changed length), but is turned round the axis of the cylinder 
through such an angle as to give a uniform rate of twist (§ 120) 
equal to the applied couple divided by the product of the 
moment of inertia of the circular area (whether annular or 
complete to the centre) into the rigidity of the substance. 


For, if we suppose the distribution of strain thus specified to 
be actually produced, by whatever application of stress is neces- 
sary, we have, in every part of the substance, a simple shear 
parallel to the normal section, and perpendicular to the radius 
through it. The elastic reaction against this requires, to balance 
it (§§ 679, 682), a simple distorting stress consisting of forces in 
the normal section, directed as the shear, and others in planes 
through the axis, and directed parallel to the axis. The amount 
of the shear is, for parts of the substance at distance r from the 
axis, equal obviously to rr, if r be the rate of twist. Hence the 


* The brackets [], as here used, denote integrals assigned properly for the bound- 
ing curve. 
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Torsional amount of the tangential force in either set of planes is ntr per 
rigidity of ss unit of area, if n be the rigidity of the substance. Hence there 
SNe: is no force between parts of the substance lying on the two sides 


of any element of any circular cylinder coaxal with the bounding 
cylinder or cylinders; and consequently no force is required on 
the cylindrical boundary to maintain the supposed state of strain. 
And the mutual action between the parts of the substance on the 
two sides of any normal plane section consists of force in this 
plane, directed perpendicular to the radius through each point, 
and amounting to ntr per unit of area. The moment of this dis- 
tribution of force round the axis of the cylinder is (if do denote 
an element of the area) nzffdor*, or the product of nr into the 
moment of inertia of the area round the perpendicular to its plane 
through its centre, which is therefore equal to the moment of the 
couple applied at either end. 

Prism of any 702. Similarly, we see that if a cylinder or prism of any 
stained toa Shape be compelled to take exactly the state of strain above 
"imple twist: Specified (§ 701) with the line through the centres of inertia of 
the normal sections, taken instead of the axis of the cylinder, 
the mutual action between the parts of it on the two sides of 
any normal section will be a couple of which the moment will 
be expressed by the same formula, that is, the product of the 
rigidity, into the rate of twist, into the moment of inertia of 

‘the section round its centre of inertia. 


The only additional remark required to prove this is, that if 
the forces in the normal section be resolved in any two rect- 
angular directions, OX, OY, the sums of the components, being 
respectively ntffrdo and ntffydo, each vanish by the property 
(§ 230) of the centre of inertia. 

requires 708. But for any other shape of prism than a solid or 
on its sides. Symmetrical hollow circular cylinder, the supposed state of 
strain will require, besides the terminal opposed couples, force 
parallel to the length of the prism, distributed over the pris- 
matic boundary, in proportion to the distance along the tangent, 
from each point of the surface, to the point in which this line 
is cut by a perpendicular to it from the centre of inertia of the 
normal section. To prove this let a normal section of the 
prism be represented in the annexed diagram. Let PK, re- 
presenting the shear at any point, P, close to the prismatic 
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boundary, be resolved into PN and PT respectively along the Traction on 


normal and tangent. prism con- 
strained toa 
The whole shear, PK ’ simple twist. 


being equal to rr, its 
component, PN, isequal 
torr sinw or r.PE. The T 
corresponding compo- 
nent of the required P 
stress is nr.PE, and 
involves (§ 661) equal 
forces in the plane of 
the diagram, and in the 
plane through TP perpendicular to it, each amounting to n7.PE 
per unit of area. 

An application of force equal and opposite to the distribu- 
tion thus found over the prismatic boundary, would of course 
alone produce in the prism, otherwise free, a state of strain 
which, compounded with that supposed above, would give the 
state of strain actually produced by the sole application of 
balancing couples to the two ends. The result, it is easily Pi Venant 
seen (and it will be proved below), consists of an increased to give the 
twist, together with a warping of naturally plane normal duced by — 
sections, by infinitesimal displacements perpendicular to them- ing oe 
selves, into certain surfaces of anticlastic curvature, with equal the ends. 
opposite curvatures in the principal sections (§ 130) through 
every point. This theory is due to St. Venant, who not only 
pointed out the falsity of the supposition admitted by several 
previous writers, that Coulomb’s law holds for other forms of 
prism than the solid or hollow circular cylinder, but discovered 
fully the nature of the requisite correction, reduced the deter- 
mination of it to a problem of pure mathematics, worked out 
the solution for a great variety of important and curious cases, 
compared the results with observation in a manner satisfactory 
and interesting to the naturalist, and gave conclusions of great 
value to the practical engineer. | 

704. We take advantage of the identity of mathematical 
conditions in St. Venant’s torsion problem, and a hydrokinetic 
Problem first solved a few years earlier by Stokes,’ to give 


1 “On some cases of Fluid Motion.”"”—Camd. Phil. Trans. 1843. 


Hydro- 
kinetic 
analogue 
to torsion 
problem. 


Solution 
of torsion 
problem. 
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the following statement, which will be found very useful in 
estimating deficiencies in torsional rigidity below the amount 
calculated from the fallacious extension of Coulomb's law :— 

705. Conceive a liquid of density n completely filling a 
closed infinitely light prismatic box of the same shape within 
as the given elastic prism and of length unity, and let a couple 
be applied to the box in a plane perpendicular to its length. 
The effective moment of inertia of the liquid’ will be equal to 
the correction by which the torsional rigidity of the elastic 
prism calculated by the false extension of Coulomb’s law, must 
be diminished to give the true torsional rigidity. 

Further, the actual shear of the solid, in any infinitely thin 
plate of it between two normal sections, will at each point be, 
when reckoned as a differential sliding (§ 172) parallel to their 
planes, equal to and in the same direction as the velocity of the 
liquid relatively to the containing box. 

706. To prove these propositions and investigate the mathe- 
matical equations of the problem, we first show that the con- 
ditions of the case (§ 699) are verified by a state of strain 
compounded of (1.) a simple twist round the line through the 
centres of inertia, and (2.) a distorting of each normal section 
by infinitesimal displacements perpendicular to its plane: then 
find the interior and surface equations to determine this warp- 
ing: and lastly, calculate the actual moment of the couple to 
which the mutual action between the matter on the two sides 
of any normal section is equivalent. 

Taking OX, OY in any normal section through O any con- 
venient point (not necessarily its centre of inertia), and OZ per- 
pendicular to them, let +a, y+, z+y be the co-ordinates of 
the position to which a point (x, y, z) of the unstrained solid is 
displaced, in virtue of the compound strain just described. Thus 
y will be a function of x and y, without z; and, if the twist 
(1.) be denoted by 7 according to the simple twist reckoning of 
§ 120, we shall have l 

x+a=xcos(Tz)— ysin (Tz), y+PB=xsin(rz)+ycos(rz) (7). 
Hence, for infinitely small values of z, 

a= —Tyz, B=rTxz (8). 
1 That is, the moment of inertia of a rigid solid which, as will be proved in Vol. t., 


may be fixed within the box, if the liquid be removed, to make its motions the same 
as they are with the liquid in it. 
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Adhering to the notation of §§ 670, 693, only changing to Saxon Equations 


letters, we have stream ad 


rnal 
e=0, {=0, g=9, =r, b=—7y +57, t=0 (9). oquilibrium, 
Hence [§ 693 (5)] 
P=0, Q=0, R=0, S=n(1t£ 4 2) T=n(— ry 4 ), U=0 (10). 


And with the notation of § 698, (8) and (9), 
5=0, V’a=0, on 0 (11). 
°. a 
Hence if also Tet ae = (12), 


the equations of internal equilibrium ir 698 (6)] arc all satisfied. 
For the surface traction, with the notation of §§ 662, 700, we 
have, by § 662 (1), 
F=0, @=0, H=Tsin¢+Seos¢ (13); Burface trac- 


or eliminating T and S by (10), and introducing zd to denote mado zero. 


the rate of variation of y in the direction perpendicular to the 
prismatic surface, and g (PE of § 703) the distance from the point 
of the surface for which H is expressed, to the intersection of the 
tangent plane with a perpendicular from O, 


H=n{ (FE con b+ Shsin $)— (ysin d—xrcos¢)} \ 


(14). 
or H= ne —Tq). 


To find the mutual action between the matter on the two sides Couple re- 
of a normal section, we first remark that, inasmuch as each of the fraction u 
two parts of the compound strain conadered (the twist and the aoma. 
warping) separately fulfils the conditions of § 700, we must have 

Sf Tdxdy =fxHds, and [fSdxdy =fy Hds (15). 
Hence when the prescribed surface condition H=0 is fulfilled, we 
have Sf Tdxdy=0, ffSdxdy=0 (16), 
and there remains only a couple 


N=ff(Sx— Ty) drdy=neff(z" +y")idady— nif yh — a) dedy (17), 
in the plane of normal p That condition, by (14), gives 
Roath or S or 7.008 b+) Yin p= t( yxind—xcos¢) (18), 

for every point a ‘the eee surface. 


We shall see in Vol. 11. that (12) and (18) are differential equa- Hydro- 
dy dy kinetic ap- 
dx 


plication of 
torsional 
equations. 


tions which determine a function, y, of x, y, such that and 


are the components of the velocity of a perfect liquid initially at 


Hydro- 
kinetic ap- 
plication of 
torsional 
equations. 


St. Venant’s 
invention of 
solvable 
cases. 
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rest in a prismatic box as described in § 705, and set in motion by 
communicating to the box an angular velocity, r, in the direction 
reckoned negative round OZ: and that the time-integral (§ 297) 
of the continuous couple by which this is done, however suddenly 


or gradually, is n/f ot yh dedy, which is the excess of 


ntff(a*+y*)dxdy over N. Also, a and b in (9) are the com- 
ponents, parallel to OX and OY, of the velocity of the liquid 
relatively to the box, since —ry and rz are the components of 
the velocity of a point (x, y) rotating in the positive direction 
round OZ with the angular velocity r. Hence the propositions 
(§ 705) to be proved. 


707. M. de St. Venant finds solutions of these equations in 
two ways :—(A.) Taking any solution whatever of (12), he finds 
a series of curves for each of which (18) is satisfied, and any 
one of which, therefore, may be taken as the boundary of a 
prism to which that solution shall be applicable: and (B.) By 
the purely analytical method of Fourier, he solves (12), subject 
to the surface equation (18), for the particular case of a rect- 
angular prism. 

(A.) For this M. de St. Venant finds a general integral of the 
boundary condition, viewed as a differential equation in terms of 
the two variables x, y, thus:—Multiplying (18) by ds, and re- 
placing sin ġds and cos¢ds by their values dy and — dx, we have 

dy- Grae ded +y*)=0 (19). 
In this the first two terms constitute a complete differential of a 
function of x and y, independent variables; because y satisfies 
(12). Thus, denoting this function by u, we have 


oY a » and E=-¢ (20), 
and (19) becomes du—}rd(z*+-y")=0, 
which requires that u—4$7(x?+y*)=C (21), 
for every point in the boundary. It is to be remarked that, 
because ddy_d dy 
dx dy dy dx’ 
du, dtu Bay. 
we have, from (20), ait ain (22); 


or u also, as y, fulfills the equation V’u=0. A function, 
algebraically homogeneous as to x, y, which satisfies this equation 
is [Appendix B. (a)] a. spherical harmonic independent of <z. 
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Hence a homogeneous solution of integral degree į can only be St. Venant's 
the part of Appendix B. (89) not containing z. This is solvable 
C g + O'v, Cases. 
where [Appendix B. (26)] =2-+y,/—1, and »=2—y,/—1; 
or, if we change the constants so as to extirpate the imaginary 
symbol, | 
A{ (ety =1)¥+(2—yV —1¥}— N 1 B{@tyv —1)—(æ—y~v —1)} (28), 
or, in terms of polar co-ordinates, | 
2r‘(A cosi + Basin i0) (24). 
Using this solution for the case :=2 and (without loss of 
generality) putting B=0, we have 
. u=2A (x° —y*) (25); 
whence by (20) l 
y=—4Azy (26); 
and the equation (21) of the series of bounding curves to which 
this solution is applicable is 


+5 =1 (27), 
if we put, for brevity, 

Bie =a? acm eee 

jr—24.’? frfa 


which give 4A = so that (26) becomes 
SONE 2 
y= Tay (28). 
Using this in (17) we have 
232 
N=nr{ Ne+y"\dedy— May" andy}, cons 


ae linder. 
or, if I, J denote the moments of inertia of the area of the normal eee 


section, round the axes of x and y respectively, 
a? — b? 


N=m{J +I- zzp D) (29); 
or lastly, as we have for the elliptic area (27), 
flied E E 
4 4 (30) 
= (a gy TU 
N=nt(J+1){t Gay =n ap 


Another very simple but most interesting case investigated by 
M. de St. Venant, is that arrived at by taking a harmonic of the 


third degree for u. Thus, introducing a factor 4 for the sake 


of homogeneousness and subsequent convenience, we have 
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solvable 
cases. 


invention of $= (at —8yt2)—Ar(2t ty) =C, | m 
31), 
or in polar co-ordinates, pr cos80— 4rrt = C, 


as an equation giving, by different values of C, a series of 
bounding lines, for which 


y=}— ae —3xty) = —f—r*sin30 (32) 


Solution for is the solution of (12), subject to (18). For the particular value 
equilateral 


triangle, C=— a T 
(81) gives three straight lines, the sides of an equilateral triangle 
having a for perpendicular from angle to opposite side, and 
placed relatively to x and y, as shown in the diagram (§ 708, 
below). Thus we have the complete solution of the torsion pro- 
blem for a prism of normal section an equilateral triangle. 
Equation (17) worked out for this area, with (32) for y, gives 
N=n(K—2K)rt. 
But (K being the proper moment of inertia of the triangle, and 
A its area) at a A’ 
K= 573-9 9453 3/3" 
and thus, for the pinion, rigidity, we have the wo expressions 
code a At ‘ 
N--t=3nK=n "Eas =n A= ANEI n -E (33). 
For curvi- Similarly, taking for u a harmonic of the fourth degree and 


ane adjusting the constants to his wants, St. Venant finds the 


equation, x+y? — alx — bxy 4y) =1—a } (34) 
or r*— ar‘ cos46=1—a 
to give, for different values of a, a series of curvilineal squares 
(see diagram of § 708 (3.), below), all having rounded corners, 
except two similar though differently turned curvilineal squares 
with concave sides and acute angles corresponding to a='5, 
and a=—+4(,/2—1); for each of which the torsion problem is 
algebraically solved. 

For star with And by taking u the sum of two harmonics, of the fourth and 

se aaa eighth degrees respectively, and properly adjusting the constants, 
he finds 


ak -ipp EY +y* +H E a Je + 70aty* — - 28x"y° +y® 


ZEN 
; =1-2$-}4 /(85) 
ae yo FETI rg cone = 1-19 


as the equation of the curve shown in § 709, diagram (4), for 
which therefore the torsion problem is solved. 
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(B.) The integration (21) of the boundary equation, introduced aE Vane 
by St. Venant for use in his synthesis, (A.) is also very useful in to Green's 
the analytical investigation, although he has not so applied it. ?'°""™ 
First, we may remark, that the determination of u for a given 
form of prism is a particular case of “ Green’s problem” proved 
possible and determinate in Appendix A. (e); being to find u, a 
function of x, y which shall satisfy the equation 


d*u ,d*u__ 

it aye 
for every point of the area bounded a certain given closed circuit, 
subject to the condition, w=47(x* +7) (36) 


for every point of the boundary. 
When u is found, equations (20) and (17) with (10) complete 
the solution of the torsion problem. 
For the case of a rectangular prism, the solution is much Solution for 


facilitated by taking sata 
u=v-+A(x?—y?)+B, | 
oy oe d*v , d*v 
which gives TA g ; (37). 


and for boundary condition, 

v= (4r—A)x* + (47+ A)y*—B. 
If the rectangle be not square, let its longer sides be parallel to 
OX; and let a, b be the lengths of each of the longer and each 
of the shorter sides respectively. Take, now, 


A=}4r, and B=4rb? (38). 
The boundary condition becomes 
v=0 when y=}, l (89). 
and v= —1(1b!—y*) when r=Æ}a 
To solve the problem by Fourier’s method (compare with the found by 


Fourier’s 


more difficult problem of § 655), the requisite expansion of analysis. 
jb*§~y* is clearly? 


2.3 1 1 
46'—y*=(——) b*{cosy—=; cos m + cosdy—ete.; (40); 
where, for brevity, n=% i 


(41) 
And, for the same cause, putting f= 


we have, for the form of solution, 


1 Obtainable, asa matter of course, from Fourier'’s general theorem, but most 
easily by two successive integrations of the common formula 


$= (cos 0 — 4 cos 30 + $ cos 56 ~ etc.) 


oun for 
tangular 


priam, oe ana 
2 a S 8 


Extension 


to a class of 
curvilinear 


rectangles. 
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va 2D Aggy ET CVE 4 Bay, et tE) cos (284-1) (42), 
which satisfies (37), and gives v=0 for y = t $b. The residual 
boundary condition gives, for determining A,,;,, and B,,4,, 

[Anne a+ Bainet] 
A e+ (at+1) 5p B (i+) sy bt : = (43). 
=[ sit+1 2b + Daiti€ D |= —T C 2) (25-1) 
These two equations give a common value for the two unknown 
ea Aszi+ıs Bui+1; with which (42) becomes 


p= (poz (Rtn (44). 


(2i+1) e—a) zpet 
From this we find, by (37), (38), and (20), 
í (2541) m E—(26+1)È 


in(2¢-+4-1)n (45); 
CES etit EDs ant Ja ( ); 


and a gives, for the torsional rigidity, 
1 1— gitn 
a (2i+1) 1 eino 
If we had proceeded in all respects as above, only taking A= — 47 
instead of A = 37, in (37), we should have obtained expres- 
sions for y and N--r, seemingly very different, but necessarily 
giving the same values. These other expressions may be written 
down immediately by making the interchange x, y, a, b for y, x, 
b, a in (45) and (46), and changing the sign of each term of (45). 
They obviously converge less rapidly than (45) and (46) if, as 
we have supposed, a = b, and it is on this account that we pro- 
ceeded as above rather than in the other way. The comparison 
of the results gives astonishing theorems of pure mathematics, 
such as rarely fall to the lot of those mathematicians who confine 
themselves to pure analysis or geometry, instead of allowing them- 
selves to be led into the rich and beautiful fields of mathematical 
truth which lié in the way of physical research. 

A relation discovered by Stokes! and Lameé* independently 
[which we have already used in equations (20), (22)] taken in 
connexion with Lame’s method of curvilinear co-ordinates,’ allows 
us to extend the Fourier analytical method to a large class of 
curvilineal rectangles, including the rectilineal rectangle as a 
particular case, thus :— 

1 On the Steady Motion of Incompressible Fluids. Camb. Phil. Trans., 1842. 


2 Mémoire sur les lois de l’Equilibre du Fluide Ethéré. Journal de l Ecole Poly- 
technique, 1834. 


3 See Thomson on the Equations of the Motion of Heat_referred to Curvilinear 
co-ordinates. Camb. Math. Journal, 1845. 


N-+-r=nab*[4— (22 (46). 
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Let ¢ be a function of x, y satisfying the equation Lamé's 
PE aE o (47), tion to plans 
de ay oes 
and, as this shows that Zay- dx is a complete differential, 
let n= dg y-a dx) (48); 
or, which means the same, 
dy _ dé an _ _d$ 4 
dy dx ’ and as a ( 9). 


This other function 7 rete : we see from (49), satisfies the 
equation 


datga (50). aoe 
And, also because of (49), two intersecting curves, whose equa- 
tions are =A, »=B (51), 


cut one another at right angles. Let now, A and B being 
supposed given, x and y be determined by these two equations. 
The point whose co-ordinates are x, y may also be regarded as 
specified by (A, B), or by the values of £, 7, which give curves 
intersecting in (x, y). Thus (£, 7) with any particular values 
assigned to € and », specifies a point in a plẹne. Common 
rectilineal co-ordinates are clearly a particular case (rectilineal 
orthogonal co-ordinates) of the system of curvilineal orthogonal 
co-ordinates thus defined. Let now u, any function of x, y, be 
transformed into terms of £, n. We have, by differentiation, 


dtu Be Oe. a aa) +2 ou dé dy 3 a) 4 Sag 440") 
dx*" dy? dé dat dfdn\ dx de t dy dy Tay: 
ae gn 7 £ Pii 7 59 
+G g) t TE g) ( ) 
which is reduced by a and (50) to 
dtu u „œ “i d'u ap +2 
Fatt ages (gert pe) (Gat Gea) e (58). 
d'u n 
Hence the equation To +— aan 
transforms into wat a =0. (54). 


Also the relations 
du dy du dy 
dy de?’ de dy 
transform, in virtue of (49), into 
du „3y, du __ dy (55). 


Solution for 
rectangle of 
plane isv- 
thermals. 


Example. 
Rectangle 
bounded by 
two con- 
centric arcs 
and two 
radii. 


544 
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Hence the general problem of finding u and y has precisely the 
same statement in terms of £, 7, as that given above, (22), (36), 
and (20), in terms of x, y, with this exception, that we have not 
u=4$r(f*+7"), but if f(E, 7) denote the function of £, 7 into 
which z*+-y* transforms, 


u=4rf(&, n) for every point of the boundary. (56). 
The solution for the curvilineal rectangle 
f=a | 7=f ) 
é=0 | n=0 (57) 


is, on Fourier’s plan, 
u= zain (Ae © a HACET a+ Esin gB; i€ 2 PIBE F) (58), 
where A,, A; are to be determined by two equations, obtained 


thus :—Equate the coefficient of sin 7S when 7=0 and when 
a 


=f respectively to the coefficients of sine in the expansions 
of f(£,0) and f(Ẹ, 8) in series of the form 
. Pi sin™ + P,sin =" + P sin E4 etc. (59) 
by Fourier’s theorem, § 77. Similarly, B;, By, are determined 
from the expansions of f(0, 7) and f(a, 7), in series of the form 
Qı sin + Q; sin + Q; sin ote, (60). 


Of one extremely simple example, very interesting in theory 
and valuable for practical mechanics, we shall indicate the details. 


Let flog y= TP (61). 
This clearly satisfies (47); and it gives, by (48), 
n==tan’ Z (62). 


The solution may be aadi in a series of sines of multiples 
of ia [on the plan of (37)...(45)] by taking * 
*§ cos (B—2n) 
u==v+ }ra'® 63), 
drat coe?) (63) 


cos 
which, with (54), gives 


d*v dv 
de tap? (64), 


* It should be noticed that this solution fails for the case of p=(2+1)5 . 
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and leaves, as boundary conditions in the solution for v, Example. 


(8—21) ea 
CORLP— 27 ounded by 
=4$ra*{1— when £=0 ued 
giim T oa a 

co —?2 and two 
y= fratete( ee E (65). fadi 


and v=0 when 7=0, and when ņ=8. 

The last condition shows that the B; and Bý part of (58) is proper 

for expressing v, and the first two determine B; and B/ as usual. 
Or when it is best to have the result in series of sines of 


multiples of ne » we may take 


3a — Í 
u=w-+}rat(1+——£) (66), 
which, with (54), gives 
d'w d'w 
dat Gy = ean 


and leaves, as boundary conditions in the solution for w, . 


a 


w=ġra{et—1— E) when 7=0, and when =£, À (68). 


and w=0 when €=0, and when =a. 
The last shows that the A; and 4/ part of (58) is proper for w, 
and the two first determine A, Aj. 

708. St. Venant’s treatise abounds in beautiful and instruc- 
tive graphical illustrations of his results, from which we select 
the following :— 

(1.) Elliptic eylinder—tThe plain and dotted curvilineal arcs 
are “contour lines” (coupes topographiques) of the section as 


` ` ` ` % D 
Do 
* `a “a wee 
S ps s x 6., Ma o 

-| Senn Stee 


*. 
we 
. 
wee ewene 


` 
wee ey 
... cf. `, 
tasse `, ` 
Pace . ` 
en, ., 


ve ~- Y Ne Ga tiv È, 
at. i w ~ ` ` 4 
ais es eae ae a 


warped by torsion; that is to say, lines in which it is cut by a 
series of parallel planes, each perpendicular to the axis, or 
2M 


Contour 


lines of nor- 


mal section 
of elliptic 
cylinder, as 
warped by 
torsion : 
equilateral 
hyperbolas. 
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lines fur which y (§ 706) has different constant values. These 
lines are [§ 707 (28)] equilateral hyperbolas in this case. The 
arrows indicate the direction of rotation in the part of the 
prism above the plane of the diagram. 


eae (2.) Equilateral triangular 

OA Kalar prism.—The contour lines 

es ny are shown as in case (1.); 

torsion, the dotted curves being those 
where the warped section 
falls below the plane of the 
diagram, the direction of 
rotation of the part of the 
prism above the plane 
being indicated by the bent 
aTYOW. 

Diagram of (3.) This diagram shows the series of lines represented by 

curvilinesl (34) of § 707, with the indicated values for a. It is remarkable 

sion problem | 

is solvable. 

X 
that the values a= 0'5 and a= -— $ (v 2 -- 1) give similar but 


not equal curvilineal squares (hollow sides and acute angles), 
one of them turned through half a right angle relatively to the 
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other. Everything in the diagram outside the larger of these 
squares is to be cut away as irrelevant to the physical problem ; 
the series of closed curves remaining exhibits figures of prisms, 
for any one of which the torsion problem is solved algebraically. 
These figures vary continuously from a circle, inwards to one of 
the acute-angled squares, and outwards to the other: each, 
except these extremes, being a continuous closed curve with no 
angles, The curves for a=.0°'4 and a = — 0'2 approach re- 
markably near to the rectilineal squares, partially indicated in 
the diagram by dotted lines. 
(4.) This diagram shows the contour lines, in all respects as Contour 


j A . lines for St. 
in the cases (1.) and (2.), for the case of a prism having for Venaut's 

etoile 
quatre 
points arron 
dis.” 


Section the figure indicated. The portions of curve outside 
e continuous closed curve are merely indications of mathe- 
matical extensions irrelevant to the physical problem. 
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Contour (5.) This shows, as in the other cases, the contour lines for 


lines of nor- 
mal section the warped section of a square prism under torsion. 
of square 


° 
oe oe 
Mee eee” md 


Des eave 


ENDISE a (6.), (7.), (8.) These are shaded drawings, showing the ap- 
pearances presented by elliptic, square, and flat rectangular 


flat rect- 


twisted. 


= 
a 


ili 
| 


WON, Ca 
wh My 


bars under exaggerated torsion, as may be realized with such 
a substance as India rubber. 
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709. Inasmuch as the moment of inertia of a plane area about Torsional 


rigidity less 


an axis through its centre of inertia perpendicular to its plane is in prpor- 


e . . , tion to sum 
obviously equal to the sum of its moments of inertia round any of principal 
s e exura 
two axes through the same point, at right angles to one another rigidities 
os . . 1an accord- 
in its plane, the fallacious extension of Coulomb’s law, referred i g to fal 
extenslo 


ng to false 
to in § 703, would make the torsional rigidity of a bar of any (5 703) of 


Coulomb's 


section equal to =+ (§ 694) multiplied into the sum of its ™™ 


flexural rigidities (see below, § 715) in any two planes at right 
angles to one another through its length. The true theory, 
as we have seen (§§ 705, 706), always gives a torsional rigidity 
less than this. How great the deficiency may be expected to 
be in cases in which the figure of the section presents project- 
ing angles, or considerable prominences (which may be imagined 
from the hydrokinetic analogy we have given in § 705), has 
been pointed out by M. de St. Venant, with the important 
practical application, that strengthening ribs, or projections 
(see, for instance, the fourth annexed diagram), such as are 
introduced in engineering to give stiffness to beams, have the 
reverse of a good effect when torsional rigidity or strength is an Ratios of 


torsional 


object, although they are truly of great value in increasing the rigidities 
flexural rigidity, and giving strength to bear ordinary strains, of solid 
which are always more or less flexural. With remarkable roux” 
ingenuity and mathematical skill he has drawn beautiful illus- 
trations of this important practical principle from his algebraic 


and transcendental solutions [§ 707 (32), (34), (35), (45) Thus 


(4.) 
Star with four 


(2.) 3.) 
(a) Square with curved Square SAA acute rounded points, 5.) 
eal corners and hollow angles and hollow being a curve of Equilateral 
square, sides; being curve, sides, the eighth degree triangle. 
a= 0'4, of $ 708 (3). [$ 707 (35)}. 


"60000. 


72552. 
for an equilateral triangle, and for the rectilineal and three 


curvilineal squares shown in the annexed diagram, he finds for 
the torsional rigidities the values stated. The number im- 


Ratios of 
torsional 
rigidities 
to those of 
solid cir- 
cular rods 
(a) of same 
moment of 
inertia, 


(b) of same 
quantity of 
material. 


Places of 
greatest 
distortion 
in twisted 
prisms. 
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mediately below the diagram indicates in each case the frac- 
tion which the true torsional rigidity is of the old fallacious 
estimate (§ 703); the latter being the product of the rigidity 
of the substance into the moment of inertia of the cross section 
round an axis perpendicular to its plane through its centre of 
inertia. The second number indicates in each case the fraction 
which the torsional rigidity is of that of a solid circular cylinder 
of the same sectional area. 

710. M. de St. Venant also calls attention to a conclusion 
from his solutions which to many may be startling, that in his 
simpler cases the places of greatest distortion are those points 
of the boundary which are nearest to the axis of the twisted 
prism in each case, and the places of least distortion those 
farthest from it. Thus in the elliptic cylinder the substance is 
most strained at the ends of the smaller principal diameter, and 
least at the ends of the greater. In the equilateral triangular 
and square prisms there are longitudinal lines of maximum strain 
through the middles of the sides. In the oblong rectangular 
prism there are two lines of greater maximum strain through 
the middles of the broader pair of sides, and two lines of less 
maximum strain through the middles of the narrow sides. The 
strain is, as we may judge from (§ 705) the hydrokinetic analogy, 
excessively small, but not evanescent, in the projecting ribs of 
a prism of the figure shown in (4) § 709. It is quite evanes- 


Solid of any Cent infinitely near the angle, in the triangular and rectangular 


shave having 


edges, or 
pyramidal 
ur conical 
angles, 
under stress. 


Strain at 
projecting 
angles, 
evanescent, 


At re-entrant 
angles in- 
finite. 


prisms, and in each other case as (3) of § 709, in which there 
is a finite angle, whether acute or obtuse, projecting outwards. 
This reminds us of a general remark we have to make, although 
consideration of space may oblige us to leave it without formal 
proof. A solid of any elastic substance, isotropic or aeolotropic, 
bounded by any surfaces presenting projecting edges or angles, 
or re-entrant angles or edges, however obtuse, cannot experience 
any finite stress or strain in the neighbourhood of a projecting 
angle (trihedral, polyhedral, or conical); in the neighbourhood 
of an edge, can only experience simple longitudinal stress 
parallel to the neighbouring part of the edge; and generally 
experiences infinite stress and strain in the neighbourhood of 
a re-entrant edge or angle; when influenced by any distribu- 
tion of force, exclusive of surface tractions infinitely near the 
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angles or edges in question. An important application of the Liability to 


eracks pro- 


last part of this statement is the practical rule, well known in ceeding from 


re entrant 


mechanics, that every re-entering edge or angle ought to be angles, or 


; 3 ; 4 . any places 
rounded to prevent risk of rupture, in solid pieces designed to of too sharp 
‘ ; f 2 : : concave 
bear stress. An illustration of these principles is afforded by curvature. 
the concluding example of § 707; in which we have the com- 


plete mathematical solution of the torsion problem for prisms Cases of 


. curvilineal 

of fan-shaped sections, such as the annexed figures. In the rectangles 
° i i or whieh 

cases corresponding to a = 0, we see, without working out the torsion pro- 
Meni NAS 

dy been solved. 


solution, that the distortion hi vanishes. when 7 = 0, if B is 


<a; becomes infinite when 7 = 0, if B is =>; but is finite 
and determinate if 8 = r. 


(3.) 


The solution indicated above determining v to satisfy (64) Distortion 


zero at. ‘ 


and (65) of § 707, if we translate it into polar co-ordinates 7, 7, central angle 
l of sector (4), 


such that x=r cosy, and y=rsin 7, and if we put g=” becomes central rg 
of sector (0); 
merel this— zero at all 
ý v= 2( Bır” + Biri) sin im * (69), ee 
where Bi, Bi are to be determined by the equations (65) of 
$ 707, with r=a and r=qa’ instead of £=0 and =a, and a” 
instead of a*e?* (a and a denoting the radii of the concave and 
convex cylindrical surfaces respectively). When a=0, these give 


B;=0; and therefore 


e N =B,cosyn, =0, 
according as v = 1, =1, or <1; whence also similar results for 
dy 
rdq’ r=0 


711. To prove the law of flexure (§§ 591, 592), and to in- Problem of 


tlexure, 


vestigate the flexural rigidity (§ 596) of a bar or wire of iso- 
tropic substance, we shall first conceive the bar to be bent into 

* Compare § 707 (23) (24) ; by which we see that this solution is merely the general 
expression in polar co-ordinates for series of spherical harmonics of x, y, with z= 0, 
of degrees 1, 2t, 8, etc., and —t, -2 — 3, etc. These are “complete harmonics” 
when ¢ is unity or any integer. 
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Problem of a circular arc, and investigate the application of force necessary 


nome to do so, subject to the following conditions :— 

(1.) All lines of it parallel to its length become circular arcs 
in or parallel to the plane ZOX, with their centres in one line 
perpendicular to this plane; OZ and all parallel to it through 
OY being bent without change of length. 

(2.) All normal sections remain plane, and perpendicular to 
those longitudinal lines (so that their planes come to pass 
through that line of centres). 

(3.) No part of any normal section experiences deformation. 

Forced con- x Asection DOE 
a pe of the beam be- 
o pormal ing chosen for 


plane of refer- 
ence, XOY, let 
P, (x, y, 2) be 
any point of 
the unbent, and 
P’, (£; Y, Z) 
the same point 
ofthe bent, beam ; 
each seen in pro- 
Z jection, on the 
plane ZOX, in 
thediagram: and 
let p bethe radius 
of the are ON’, 
into which the line ON of the straight beam is bent. We have 


a’ = w+ (p—x)(1—co8—), y'=y, 
’ o. Z 
Z = (= 7) SN —. 
(p—z2) = 


But, according to the fundamental limitation (§ 588), x is at 
most infinitely small in comparison with p: and through any 
length of the bar not exceeding its greatest transverse dimension, 


zis so also. Hence we neglect higher powers of F and A than 
the second in the preceding expressions; and putting x'—x=a, 
y' —y=Bf, z< —z=y, we have 


z? gz 
az $— y; = z: = — l. 
23 B=0, y A (1.) 
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These, substituted in § 693 (5) and § 697 (2), give Tee o 
P=—(m—n)=, Q=—(m—n)=, R=—(m+n)= ee 
age meri CEG. ie) ba: 
S=0, T =0, U=0, Gee acu 
x= , Y=0, Z=0 (3). 


The interpretation of this result is interesting in itself, but, not 
requiring it for our present purpose, we leave it as an exercise 
to the student. l 


“712, The problem of simple flexure supposes that no force 
is applied from without either as traction on the sides of the 
bar, or as force acting at a distance on its interior substance, 
but that, by opposing couples properly applied to its ends, it is 


kept in a circular form, with strain and stress uniform through- Correction 


to do away 


out its length. with lateral 


traction, and 
To the a, B, y of last section let corrections a’ = 4K (x! —y'), cab aia 
PB'=Kzxy, y'=0, be added. This will give [by § 693 (5)] 
P'= Q'=2mKz, R’=2(m—n)Kz, S’=0, T=0, U'=0, 
[and by § 698 (2)] X’=—2mK, Y’=0, Z’=0, 
to be added to the P, Q... X, Y, Z. Hence if we take 
m—n 
omp_ 3 
the surface tractions on the sides of the bar and the bodily forces 
are reduced to nothing; so that if now 


1 m— n l m—n 1 ; 
ampl Hgm h B= m Y= Gt (D) inion ot 


we have [§ 670 (6) and § 693 (6)] ei 

gee Ra fa a Se Sada 

— 2pm Tp” "Som pg po (2), 

a=b=c¢=0 

and [§ 693 (5), § 694 (6)] 

626: ne ea 

P=0, Q=0, R= aS z È 

X=0, Y=0, Z=0 


To complete the fulfilment of the conditions, it is only necessary 
that the traction across each normal section be reducible to a 
couple. Hence JS{Rdxdy=0, 

or, by (3), Sfxdudy=0 ; 

that is to say, 


Flexure of a 
bar. 


Line through 
centres of 
inertia of 
normal 
sections 
remnins 
unchanged 
in length. 


Flexure 
through 
finite angle 
iu one plane: 
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713. In order that no force, but only a bending couple, 
may be transmitted along the rod, the centre of inertia of the 
normal section must be in OY, that line of it in which it is 
cut by the surface separating longitudinally stretched from 
longitudinally shortened parts of the substance. 

714. In our analytical expressions only an infinitely short 
part of the beam has been considered; and it has not been 
necessary to inquire whether the axis of the couple called into 
play is or is not perpendicular to the plane of flexure. But 
when so great a length of the beam is concerned, that the 
change of direction (§ 5) from one end to the other is finite, 
the couples on the ends could not be directly opposed unless 
their axes were both perpendicular to the plane of flexure, in- 


-asmuch as each axis is in the proper normal section of the 


must be in 
either of two 
principal 
planes, if 
produced 
simply by 
balancing 
couples on 
the two ends. 


Principal 
thlexural 

rigidities 
and axes, 


rod. For finite flexure in a circular are, without lateral con- 
straint, we must therefore have 
HERydxdy=0; whence, by (3), //rydxdy=0: 

that is to say, the plane of flexure must be perpendicular to one 
of the two principal axes of inertia of the normal section in its 
own plane. This being the case, the moment of the. whole 
couple acting across each normal section is equal to the pro- 
duct of the curvature, into Young’s modulus, into the moment 
of inertia of the area of the normal section round its principal 
axis perpendicular to the plane of flexure. 


For we have [§ 712 (3)] 
S{Rxedxdy= == ffs*dedy (4). 


715. Hence in a rod of isotropic substance the principal 
axes of flexure (§ 599) coincide with the principal axes of 
inertia of the area of the normal section; and the correspond- 
ing flexural rigidities [§ 596] are the moments of inertia of 
this area iind these axes multiplied by Young’s modulus. 

716. The interpretation of the results [§ 712 (2), (3)] to 
which the analytical investigation has led us is simply that if 
we imagine the whole rod divided, parallel to its length, into 
infinitesimal filaments (prisms when the rod is straight), each 
of these contracts or swells laterally with sensibly the same 
freedom as if it were separated from the rest of the substance, 
and becomes elongated or shortened in a straight line to the 
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same extent as it is really elongated or shortened in the circular Geometrical 
: . : : : interpreta- 
arc which it becomes in the bent rod. The distortion of the cross tion of dis- 
Driion il 


section by which these changes of lateral dimensions are neces- normal 
sarily accompanied is illustrated in the annexed diagram, in 


e 


plane. 


which either the whole normal section of a rectangular beam, Anticlastic 
or a rectangular area in the normal section of a beam of any eatae 
figure, is represented in its strained and unstrained figures, In the four 
with the central point O common to the two. The flexure can aisg 
is in planes perpendicular to YOY, and concave upwards (or texure in 1 
towards X); G@ the centre of curvature, being in the direc- page, 
tion indicated, but too far to be included in the diagram. 

The straight sides AC, BD, and all straight lines parallel 

to them, of the unstrained rectangular area become con- 

centric arcs of circles concave in the opposite direction, their 

centre of curvature, H, being for rods of gelatinous substance, 

or of glass or metal, from 2 to 4 times as far from O on one 

side as G is on the other. Thus the originally plane sides 


AC, BD of a rectangular bar become anticlastic surfaces, of 
l —o . a 
curvatures — and ——, in the two principal sections. A flat 


rectangular, or a square, rod of India rubber [for which o 
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Experi- amounts (§ 684) to very nearly 4, and which is susceptible of 
illustration, very great amounts of strain without utter loss of correspond- 
ing elastic action], exhibits this phenomenon remarkably well. 

717. The conditional limitation (§ 588) of the curvature to 

being very small in comparison with that of a circle of radius 

equal to the greatest diameter of the normal section (not ob- 

viously necessary, and indeed not generally known to be neces- 

sary, we believe, when the greatest diameter is perpendicular 

to the plane of curvature) now receives its full explanation. 

For unless the breadth, AC, of the bar (or diameter perpen- 

dicular to the plane of flexure) be very small in comparison 

with the mean proportional between the radius, OH, and the 
thickness, AB, the distances from OY to the corners A’, C’ 

Uncalen. Would fall short of the half thickness, OE, and the dis- 


lated effects . : 
of ordinary tances to B’, D’ would exceed it by differences comparable 


athinfat, With its own amount, ‘This would give rise to sensibly 

pring. less and greater shortenings and stretchings in the filaments 
towards the corners than those expressed in our formule 
[§ 712 (2)], and so vitiate the solution. Unhappily mathe- 
maticians have not hitherto succeeded in solving, possibly not 
even tried to solve, the beautiful problem thus presented by 
the flexure of a broad very thin band (such as a watch spring) 
into a circle of radius comparable with a third proportional to 
its thickness and its breadth. See § 657. 

a E 718. But, provided the radius of curvature of the flexure is 


forstricter not only a large multiple of the greatest diameter, but also of 


limitation, 


$628,0f à third proportional to the diameters in and perpendicular to 


curvature 


than § 88 the plane of flexure; then however great may be the ratio of 


when a thin 


fat spring the greatest diameter to the least, the preceding solution is 


is bent in 
plane per- applicable ; and it is remarkable that the necessary distortion 


te breadth. of the normal section (illustrated in the diagram of § 716) does 

| not sensibly impede the free lateral contractions and expan- 
sions in the filaments, even in the case of a broad thin lamina 
(whether of precisely rectangular section, or of unequal thick- 
nesses in different parts). 

Transition 719., Considering now a uniform thin broad lamina bent 

ofa plate. in the manner supposed in the preceding solution, we have 
precisely the case of a plate under the influence of a simple 


bending stress (§ 638). If the breadth be a, and the thickness 
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b, the moment of inertia of the cross section is 7:b2.ab, and oor ate 
therefore the flexural rigidity is :Mab*, or 7s Mb if the breadth single vend- 
be unity. Hence a couple K (§ 637) would bend it to the curva- S 
ture K + y7M0* lengthwise (or across its length), and (§ 716) 

would produce the curvature oK+ yz: Mb breadthwise (or 

across the breadth), but with concavity turned in the contrary 
direction. Precisely the same solution applies to the effect of by simul- 


neous 


a bending stress, consisting of balancing couples applied to bending 
the two edges, to bend it across the dimension which hitherto two Pa 
we have been calling its breadth. And by the principle of angles to ous 
superposition we may simultaneously apply a pair of balancing 
couples to each pair of parallel sides of a rectangular plate, 
without altering by either balancing systein the effect of the 

other; so that the whole effect will be the geometrical result- 

ant of the two effects calculated separately. Thus, a square 

plate of thickness b, and with each side of length unity, being 

given, let pairs of balancing couples K on one pair of opposite 

sides, and A on the other pair, be applied, each tending to pro- 

duce concavity in the same direction when positive. If x and 

A denote the whole curvatures produced in the planes of these 


couples, we shall have 


| 
] 
and d= pt A—ok) (2). 
720. To find what the couples must be to produce simply stress in 
cylindrical curvature, x, let A = 0. We have ou 
A=oK 
and Kaya (3). 
Or to produce spherical curvature, let x = à. This gives in spherical 
MB? curvature : 
K=A=— x (4). 
Or lastly, to produce anticlastic curvature, equal in the two in anti- 
directions, let x = — ^ This gives curvature 
Mb? 
K= -Amio (5). 


Hence, comparing with § 641 (10) and § 642 (16), we have, for 
A the cylindrical rigidity, and for b and k the synclastic and 
anticlastic rigidities of a uniform plate of isotropic material, 


Flexural 
rigidities 
ofa plate: 
(A) evlindri- 
cal, b) syn- 
clastic, (k) 
anticlastic. 


Same result 
for anti- 
clastic tex- 
ure of a plate 
arrived at 
also by 
transition 
from simple 
torsion of 
rectangular 
prisin. 
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day ) 
h= Mb ai Mos 
SI o T po (6). 
or [§ 694 (6) and § 698 (5)] | 
8nkb? n(3im— n)b? k= inb’ 
) 6 


I= aak in) 6(m+n) 
The coefticient A which appears in the equation of equilibrium 
through a plate, urged by any forces [§ 644 (6) and §§ 649...652], 
and e, which appears in its boundary conditions, are [§ 642 (16)] 
given in temns of fy and k thus simply :— 
A=K(b+h), c=H(b—k) (7). 
721. It is interesting and instructive to investigate the 
anticlastic flexure of a plate by viewing it as an extreme case 
of torsion. Consider first a fiat bar of rectangular section 
uniformly twisted by the proper application of tangential trac- 
tions [§ 706 (10)] on its ends. Let now its breadth be com- 
parable with its length; equal, for instance, to its length. We 
thus have a square plate twisted by opposing couples applied 
in the planes of two opposite edges, and so distributed over 
these areas as to cause uniform action in all sections parallel 
to them when the other two edges are left quite free. If, lastly, 
we suppose the thickness, b, infinitely small in comparison with 
the breadth, a, in (46) of § 707, we have 
N= jnrab? (8). 
The twist r per unit of length gives ar in the length a, which 
[§ 640 (4)] is equivalent to an anticlastic curvature a (according 
to the notation of § 639) = 7. And the balancing couple N 
applied in only one pair of opposite sides of the square is, as 
we see by § 656, equivalent to an anticlastic stress (according 
to the notation of § 637) T=4N+a. Hence, for the anti- 
clastic rigidity, according to § 642 (13), we have 
. N n 
k=les= mg (9), 
which agrees with the value (6) otherwise found in § 720, by 
the composition of flexures. 
It is most important to remark—(1.) That one-half of the part 
lnrab? in the value of N given by the formula (46) of § 707, is 
derived from a and £ as given by (8) of § 706, and the term —ray 


taal = Np y 
=n indy Ty 2ny jans 2nr(= -J0 > 


af Gdx = tibet m abe a 


a 


ee —}b dy 
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e 


of y by (45); ;—and (2.) That if we denote by y’ the transcen- Analysis 
of traction 
dental series completing the expression (45) for y, it is the term in normal 


section of 


nfe X dedy of § 706 (17), that makes up the other half of the {ite 


rectangular 
prism, 


part of N in question, and that it does so as follows, according 
to the process of integrating by parts, in which it is to be re- 
membered that to change the sign of either x or y, simply 
— the sign of y’:— 


J fa 


rhe tha a r 
F dyde= | nGdx =a| Gdx—2 [ae [ Gx (10), 
/ 0 0 / 0 
here 


i nr : ws 
1 EGH) ge —(ait1) 5 - 


——_—__-———— (11). 
(21+ 1)" eD pg Gan ) 


Thus in V we have a term 
1 2 
Gdx = nta ypz Po —___—____- ..} 
af; i i+) tt “filo ae Gene 
or, because [as we sce, by integrating (40) with reference to y, 
and putting y= 4d], 


1 1 
1+5 +5 + ete. = HT), 
2 


e (12). 
(2i +1) [Eeo rte Git) 

The transcendental series constituting the second term of this, 

together with 


-2 f" ‘def Gaz—nh y liidi 


makes up the transcendental series which appears in the expres- 
gion (46) for N. This, when a=b is infinite, vanishes in com- 
parison with the first term of (46), as we have scen above 
§ 721 (8). But in examining, as now, the composition of the 
expression, it is to be remarked that, when a+b is infinite, y’ 
vanishes except for values of x differing infinitely little from 
Æ ła, and therefore we see ae once that in this case, 


ła 4b dy’ af 
= d. 
nf" f” dy —4b we -= na| def” yo ay fe eli 


by which, in connexion with what precedes, we see that 


722. One half of the couple on each of the edges, by which 
these conditions are fulfilled, consists of two tangential tractions 
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Composition distributed over areas of the edge infinitely near its ends acting 


of action i 


normal sec- perpendicularly to the plate towards opposite parts. The other 


tion of a long 


rectangular half consists of forces parallel to the length of the edges, uni- 

torsion. formly distributed through the length, and varying across it in 
simple proportion to distance, positive or negative, from its 
middle line. 

Uniform - 728. If now we remove the former half, and apply instead, 


distribution 


of couple over the edges (BB’, AA’) hitherto free, a uniform distribution 
its edges to of couple equal and similar to the latter half, and in the proper 
stress uni- directions to keep up the 
the edges same twist through the 
plate, we have the proper 

edge tractions to fulfil 

Poisson’s three boundary 
conditions (§ 645) for the 

* case in question; that is 
to say, we have sich a 
distribution of tractions 
on the four edges of a square plate as produces anticlastic 

stress (§ 638) uniform not only through all of the plate at 
distances from the edges great in comparison with the thick- 

ness, but throughout the plate up to the very edges. The state 

of strain and stress through the plate is represented by the 

Algebraic following formule [as we may gather from §§ 706 and 707 (8), 
expressing (45), (9), (10), (17), and § 722, or, as we see directly, by the 


displace- 


ment, strain, Verification which the operations now indicated present] :— 
oe ee 
through a 


8 


plate bent a= —Tyz, B=T2r2, Y= — TXY 
anticlastic r=f=g=0, a=0, b= —27y, c=0 
peer P=Q=R=0, S=0, tei sete, U=0 


(13 
—L=N=—[" fi ” Tydyde= ab | 


where L and N denote the moments (with signs reckoned as 
in § 551) of the whole amounts of couple, applied to the two 
edges perpendicular to OX and OZ respectively, in the planes 
of these edges. 


By turning the axes OX, OZ through 45° in their own plane, 
we fall back on the formule of flexure as in § 719, for the par- 
ticular case of equal flexures in the two opposite directions. 
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724, If, on the other hand, we superimpose on the state of Thin rect- 
ngular 


strain investigated in § 721, another produced by applying on penni: 
the pair of edges which it leaves free, precisely the same the cle 
entire distribution of couple as that described in § 722, brian 
but in the direction opposite to the twist which the former 

gave to the plate (so that now it is not — L, but Z that is 

equal to V), we have the Y 

square plate precisely in 
the condition described in 4 
§ 647, except infinitely 
hear its corners. To find , 
the expressions for com- 
ponents of displacement, 
strain, and stress, in this 
case, we must add to the < 
expressions for a, 8, y in (8) of § 706, and (45) of § 707, 
Values obtained by changing the sign of each of these expres- 
sions, and interchanging z for z, and a for y. The consequent 
Values of g, f, g, a, b, c, P, Q, R, S, T, U, are of course obtained in 
the same way, but need not be written down, as they can be seen 
in a moment from a, £, y. Lastly, the strain thus superimposed 
would, if existing alone, leave the edges parallel to x free from 
traction, just as the first supposed strain [§ 706 (8)] leaves the 
edges parallel to z free; and thus, without fresh integration, 
we see that N has still the value (46), and is the result of 
the distribution of tractions described in § 722. The parts of 
the component displacements represented by products of co- 
ordinates disappear, and only transcendental series, as follows, 
remain :-— 


f (2i+1)nz (2i+1)r2 : 
a= —r(” )agey (=1)t ef > me Sees (27+ 1)my 
eee SL. 
. „(2itHljz  _ (2i+l)rz i 
G AR e Se i sin 


y= tr( 2) ae 


Q74-1)3  (2i+l)ra (2i+1)ra 
(2i+1) etm He 


ene ae Cir Uae stipes 
125. When a-b is infinite, e+ 25 ~ becomes infinitely great, 
ak ee 
and €~ ~~ infinitely small. If then we put ła --z=7, and 
\a — z= x’, the preceding expressions become 
2N 
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Thin rect- 2 aay (—1)§ eitz . (2i4-1)ry 
ul: = —7(— n 

plie m =D ere t a 

jecte 

the edie: for points not infinitely near the edge A'B’; 

Traction 

of § 647. 9 (—1)§ _ Citir , (2i+1)ry 

= —)\ pE =p. 2 

y +7(—) b GFI 5 siny 


for points not infinitely near the edge AA’; 

a=0, y=0, for all points not infinitely near an edge ; 
and B=0 throughout. 

Lastly, L=N=}inrab', 

of each of which one-half is constituted by tractions uni- 
formly distributed along the corresponding edge, and pro- 
portional to distances from the middle line; and the 
other by tractions infinitely near the corners and perpen- 
dicular to the plate. 


(15). 


Transitionto %26, It is clear that if the corners were rounded off, or the 


plate with- 


ae plate were of any shape without corners, that 18 to say, with no 

olgo-traos part of its edge where the radius of curvature is not very great 

` in comparison with the thickness, the effect of applying a dis- 

tribution of couple all round its edge in the manner defined in 

§ 647 would be expressed by either of these last formule for 

a andy. Thus the whole displacement of the substance will be 

parallel to the edge for all points infinitely near it; will vanish 

for all other points of the plate; and will be equal to the pre - 

ceding expression (15) for y if x’ denote simply distance from 

the nearest point of the edge of the plate, and y, as in all these 
formule, distance from the middle surface. 

727. We may conclude that if a uniform plate, bounded by 
an edge everywhere perpendicular to its sides, and of thickness 
a small fraction of the smallest radius of curvature of the edge 
at any point, be subjected to the action described in § 647, 
with the more particular condition that the distribution of tan- 
cential traction is [as asserted in § 634 (3.) for any normal 
section remote from the boundary of a bent plate] in simple 
proportion to distance, positive or negative, from the middle 
line of the edge; the interior strain and stress will be as 
specified by the following statement and formule :-— 


Origin Let O be any point in one corner of the edge: and let OX be 
shifted from . ° ° 

middle plane perpendicular to the edge inwards, and OY perpendicular to the 
O one Re 


of plate. 
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plane of the plate. The displacement of any particle P, (x, y), at 
any distance from O not 
a considerable multiple 
of the thickness, 8, will 
be perpendicular to the 
plane YOX, and (de- 
noted by y) will be 
given by the formula— 


y= 65 (=) Feos + Le oos + ae 5 e037! fete.) (16) 
where (2 denotes the amount of the couple per unit length of 
the edge, and n the rigidity (§ 680) of the substance. But the 
simplest and easiest way of arriving at this result is to solve 
directly by Fourier’s analytical method the following problem, 
a case of one of the general problems of § 696 :— 

728, A uniform plane plate of thickness b, extending to in- 
finity in all directions on one side of a straight edge (or plane 
perpendicular to its sides) being given,— 

It is required to find the displacement, strain, and stress, 
produced by tangential traction applied uniformly along the 
edge, according to a given arbitrary function [¢(y)] of position 
on its breadth. 


Taking co-ordinates as in § 727, we have to solve equations 
(2) of § 697, with X=0, Y=0, Z=0, for all points of space for 
which x is positive, and y between 0 and b, subject to the boundary 
conditions, _ 
See § 661, or P=0, Q=0, R=0, S=0, T=0, U=0, when y=0 or b: 
a (ay Poe Q=0, R=0, S=0, U=0; T=¢(y), when x=0: hun 


§ 693 (5), and 
3 670 (6). and a=0, B=0, y=, when z=. 


From these, inasmuch as a, B, y must cach be independent of 
z, we find 


(a) oy y +5) =0, throughout the solid ; 
(b) a sé I=L; 

' (18); 
(e) ne =0 when y=0 or b; i 


and (d) nD = dy) when x=0; 


Displace- 
ment of 
substance 
rodnced 
y edge- 
traction 
of § 647, 


Casa of $ 647 
independ- 
ently in- 
vestigated. 


Casc of § 647 
independ- 
ently in- 
vestigated. 


Rapid de- 
crease of 
disturbance 
from edge 
inwards. 
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and all the equations, both thorough and superficial, involving 
aand B are satisfied by a=0, B=0, and therefore (App. C) 


require a=0, B=0. The Fourier solution, of course, is first 
seen, boonie of (a), (b), and (c), to be of the form 

y=2A; Toos 9! (19); 
and, because of (d), the coefficients A; are to be found so as to 
ee — "231 Ayo08"2! = Hy) (20). 


They are therefore [as we sce by taking in § 77, (13) and (14), 
¢ such that ¢(p—f)=¢6, and putting p=2b] as follows :— 


b1 2f ETY 
A= 2 J Ply )cos dy (21). 
If (for the particular case in question) we take 
122 
Km Ow (22), 


we find A,;=0, and A,j,,=6— (23), 


3G ) E 
and so arrive at the result (16). 

729. It is remarkable how very rapidly the whole disturb- 
ance represented by this result diminishes inwards from the 
edge where the disturbing traction is applied (compare § 586) : 
also how very much more rapidly the second term diminishes 
than the first; and so on. 


Thus as e= 271828, ei = 4-801, «e303 = 10, e = 23-141, 
e°" = 535-5, we have 


Q cos; TY coat! cose”! 
1 2 b b b 
for x= —— =6—(— ESE ____— ete, 
3° 31416" y= Cae p (sae 718 3°2°718° + §32°718° ) 
cos- TY cosy? cos Sry 
x= 4b =6—(—) — |. —— — etc. 
3b, Y= aC ) (ai ‘801 3°4-801? + 594-8015 ) 
5 
9: 208, Q 2 cos 7 cos Y cos” ) 
x= — =6—(—) (——— — — is te. 
E. ( 10 35108 io?” 
TY BTY 5ry 
Q 2 cosy CoB cos 
x=, y=6—(— (a = aa Teas Aas —ete.) 
nbr 23°14 3°23°14 5°23°14 
2 2 cos! cos coset! 
aS eed b b b 
r= 2b, y=6= (>) @ T ET —ete.) 
nb or 535:5 335355 535355 


which proves most strikingly the concluding statement of § 647. 
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730. We regret that limits of space compel us to leave Pmbiems to 
uninvestigated the torsion-flexure rigidities of a prisin and the ona 
flexural rigidities of a plate of eolotropic substance: and to 
still confine ourselves to isotropic substance when, in conclu- 
sion, we proceed to find the complete integrals of the equation 
[§ 697 (2)] of internal equilibrium for an infinite solid under 
the influence of any given forces, and the harmonic solutions 
suitable for problems regarding spheres and spherical shells, 
and solid and hollow circular cylinders (§ 738) under plane 
strain. The problem to be solved for the infinite solid is this: 

Let, in (6) of § 698, X, Y, Z be any arbitrary functions what- 
ever of (x, y, 2), either discontinuous and vanishing in all points General 


š ; 5 i roblem 
outside some finite closed surface, or continuous and vanishing at of infinite 
SOlId > 


all infinitely distant points with sufficient convergency to make 
RD converge to 0 as D increases to œ, if R be the resultant of 
X, Y, Z for any point at distance D from origin. It is required 
to find a, B, y satisfying those equations [(6) of § 698], subject 
to the condition of each vanishing for infinitely distant points 
(that is, for infinite values of æ, y, or z). 
(a) Taking 4 of the first of these equations, a of the second, solved for 


isotropic 
substance. 


and i of the third, and adding, we have 


an, dX, dY dZ 
(m+n)V oN ge ag te (1). 
(b) This shows that if we imagine a mass distributed through 
space, with density p given by 
l dX dY aZ 
Pena de T dy Ta) (2), 
ô must be equal to its potential at (x, y, z). For [§ 491 (c)] if 
V be this potential we have 
V*V+47p=0. 
Subtracting this from (1) divided by (m+n), we have 
V*(8—V)=0 (3), 
for all values of (x, y, z). Now the convergency of XD, YD, 
ZD to zero when D is infinite, clearly makes V=0 for all 
infinitely distant points. Hence if S be any closed surface round 
the origin of co-ordinates, everywhere infinitely distant from 
it, the function (6— V) is zero for all points of it, and satisfies 
(3) for all points within it. Hence [App. A. (e)] we must have 
ô= V. In other words, the fact that (1) holds for all points of 
space gives determinately 


Gencral 
equations 
for infinite 
isotropic 
solid inte- 
grated. 


Force 
applied 
uniformly 
to spherical 
por of 
nfinite 
homogene- 
ous solid. 
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ea LE A , 
sel ES (G +5 dy’ pau dy’ dz (4) 
int) el-e VUle—2')t+ an P+e=Z)] 0” 
where X’, Y’, Z’ denote the values of X, Y, Z for any point 
(2’, y’, z’). 

(c) Modifying by integration by parts, and attending to the 
prescribed condition of convergences, according to which, 


, E i X'dy'dz’ 
when x'= œ, J J See) O 
e) = Je- F tU- FFG O 
we have 
—1 (PPP Ezr) yny tZ) a 
= Ii AN dada 
tr(m4-n) T. —o [(z—z')+(y—y' }+(z—2')3? dy'dz (6), 


which for most purposes is more convenient than (4). 

(d) On precisely the same plan as (b) we now integrate each 
of the three equations (6) of § 698 separately for a, B, y re- 
spectively, and find 

a=u+U, B=v+V, y=w+W (7) 
where u, v, w, U, V, W denote the potentials at (x, y, z) of dis- 
tributions of matter through all space of densities respectively 

m dd m ds ma X Y Z 
nae i amy Pr Pa e a dn 
in other words, such functions that 


. 
? 


dé x 
Viut+— 5 =0, etc, and VtU+—=0, eto. (8), 


each through all space. Thus if ô, X”, Y”, Z” denote the values 
of ô, X, Y, Z for a om (x”, Yy", 2’), we find, for a, 

Ai rr mo +X")dx"dy"d:" 9) 
imn) e) —æ) -= (=a Fy Pee PO 
if in this we substitute for ô” its value by (6) we have a expressed 
by the sum of a sextuple integral and a triple integral, the latter 
being the U of (7); and similarly for B and y. These expres- 
sions may, however, be greatly simplified, since we shall see 
presently that each of the sextuple integrals may be reduced to 
a triple integral. 

(e) As a particular case, let X, Y, Z be each constant through- 
out a spherical space having its centre at the origin and radius 
a, and zero everywhere else. This by (6) will make —ô the 
sum of the products of X, Y, Z respectively into the correspond- 
ing component attractions of a uniform distribution of matter 


Hence [§ 491 (2)] 


a= 


of density through this space. 


1 
ár(m+n) 


STATICS. 567 


Dilatation 
5= -— a Xx+ Yyt+Zz for points outside the spherical space, ae 
aaa) ee (10) 
and ô= sln E To Yy + Zz) for points within the spherical space. l 
Now we may divide u of (8) into two parts, u’ and u”, depend- Investiga- 
placement 


ing on the values of & within and without the spherical space 


respectively ; so that we ae 


for r <a, Viu = rim Fa Sa(mpn)’ a constant, \ (11); 
for r= a, Vu =0; 
for r<a, V*u"=0, 
for r> a, V7u' = 2 & , Which is a (12). 


solid spherical harmonic of degree —8, because ô is 
given by the first of equations (10). 
The solution of (11), being simply the potential due to a uniform 


s 1 mX . 
ty 
sphere of density ie Gana)” is of course 
: se (8a* —r*) for r <a, 
~ 18n(m-+n) 13 
ba —mxX a’ ( ) 
= on(m+n) y for r> a. 


Again, if in (12) of App. B. we put m=2, n = — 3, and 


dô 
V_; = Tp’ we have 


gri Da =60 r st for r>a (14), 

since, for r >a, 2i is a spherical harmonic of order —8. And 
dé 

7*7 is [App. B. (18)] a solid harmonic of degree 2: hence if 


[=] denote, for any point within the spherical space, the same 


algebraic expression as A by (10) for the external space, 


rd Ld e e 
ati is a function which, for all the interior space, satisfies 


the equation V*u=0, and is equal to ne for points infinitely 


: Sat . dê 
near the surface, outside and inside respectively. Hence -g 


Force 
applied 
uniformly 
to spherical 
portion of 
infinite 
homogene- 
ous solid, 


568 


ABSTRACT DYNAMICS. 


for interior space, and ne for exterior space, constitute the 


potential of a distribution of matter of density z 6 outside 
T 


the spherical space and zero within, and, so far as yet tested, 
any layer of matter whatever distributed over the separating 
spherical surface. To find the surface density of this layer we 
e for an A point infinitely near the surface, take 
(x r EHIE +27 f(r *), which we may denote by — {rR}, 
and, for an ase point infinitely near the surface, 

d. d = dé 
(ea tag + 5) (Gl) da 

d d, d 

Then, remembering that rata +t, is the same as ros 
according to the notation of App. A. (a); we an [by App. B. (5)] 


(R}=r% > and [R]=—2% E i 


dò 
Therefore, as r-z; for external space is independent of r, and 


as r differs infinitely little from a for each of the two points, 

{R}-[RJ=5- r 
But {R} and [R] being the radial components of the force at 
points infinitely near one another outside and inside, correspond- 
ing to the supposed distribution of potential, it follows from § 478 
that to produce this distribution there must be a layer of matter 


on the separating surface, having 
1 
2({R}—[R) 
for surface density. But, inasmuch as {R}—[R] is a surface 


harmonic of the second order, the potential due to that surface 
distribution alone is [§ 536 (4)] 


2 
4({R} —[F] = through the inner space, 


and 4({B} -[8R)% through the outer space ; 
or, according to the value found above for {R}—[ 2], 
ort] through the inner space, 


8a* dé 
d —— —- th 
an 3 through the outer space. 
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Subtracting now this distribution of potential from the whole dis- Force 
applied 


tribution formerly supposed, we find uniformly 
o spherica 
2 ad 5 dé portion of 
—r’[—-] for the inner space, and (r*— 2a*)—— for the outer, _intinite 
5a? Ea P a ( 5 Pe ? homogene- 


as the distribution of potential due simply to an external dis- Puesntk 


tribution of matter, of density > . eZ , with no surface layer. 
T a 


Hence, and by (14), we see that the solution of (12) is 


m r* -dò 
u ‘Set Lae ] for r<a, 


d8 (15). 

and ul = 3% (rtg) for r>a. 

And [(8) showing that U is the potential of a distribution of 

matter of density equal to ~) as X is constant through the 
TN 


spherical space and zero everywhere outside it, we have 


v=“ (3a*—r*) for r< a, 
si (16). 
A a 
U= aes for r>a. 
This, with (13), (15), and (10), gives by (7) Dispiace. 
for r <a, duced by it. 
_ 1 ca , d Xx+ Yy+ Zz 
Siaa. (2m+38n) X (3a'—r*)—mri:— ac aes } \ 
and for r > a, (17), 


a {2 (2m+8n) Zm ja) Ket y+ | 


~18n(m-+n) r? 
with symmetrical expressions for ĝ and y. 

731. A detailed examination of this result, with graphic 
illustrations of the displacements, strains, and stresses con- 
cerned, is of extreme interest in the theory of the transmission 
of force through solids; but we reluctantly confine ourselves 
to the solution of the general problem of § 730. 


To deduce which, we have now only to remark that if a become Displace- 
infinitely small, X, Y, Z remaining finite, the expressions for duced by a 
a, B, y become infinitely small, even within the space of applica- pe ee 


tion of the force, and at distances outside it great in comparison ^nitely small 


art of an 
with a, they become Ne aaa. 
_ Vv „d Xx+Vy+Zz 
= Saan(m-pn) © (2m-++8n) = ne = bas 
B=etc., y=ete. 


Displace- 
ment pro- 
duced by 


any distribu- 


tion of force 
through an 
infinite 


elastic solid. 


Sap 
=a ae Lfaz' dy’ dz’ {2(2m+3n)— at dy 


v= seaman) Idz 


Application 
to problem 
of § 696. 
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where V denotes the volume of the sphere. As these depend 
simply on the whole amount of the force (its components being 
XV, YV, ZV), and when it is given are independent of the 
radius of the sphere, the same formulze express the effect of the 
same whole amount of force distributed through an infinitely 
small space of any form not extending in any direction to more 
than an infinitely small distance from the origin of co-ordinates. 
Hence, recurring to the notation of § 730 (b), we have for the 
required general solution 


dx’ dy’ da! {2(2m--3n) = X net oA ore tae), 
d AOT yoy eee), 
‘dy dz! { 2(2m-43n)—m DS a Eee). 


where Dav ear tu 4-2} 
JY denotes integration through all space, and X’, Y’, Z three 
arbitrary functions of x’, y’, 2’ restricted only by the convergency 
condition of § 730. 
This solution was first given, though in a somewhat different 
form, in the Cambridge and Dublin Mathematical Journal, 1848, 
On the Equations of Equilibrium of an Elastic Solid. 
Comparing it with (9), we now see the promised reduction of the 
sextuple integral involved in that expression to a triple integral. 
The process (e) by which it is effected consists virtually of 
the evaluation of a certain triple integral by the proper solution of 
the partial differential equation 7? V+4rp=0 [like that formerly 
worked out (§ 649) for the much simpler case of p merely a 
function of r} Proof of the result by direct integration is a 
good exercise in the integral calculus. 

732. In §§ 730, 731 the imagined subject has been a homo- 
geneous elastic solid filling all space, and experiencing the 
effect of a given distribution of force acting bodily on its 
substance. The solution, besides the interesting application 
indicated in § 731, is useful for simplifying the practical pro- 
blem of § 696, by reducing it immediately to the case in which 
no force acts on the interior substance of the body, thus :— 

The equations to be satisfied being (6) of § 698, throughout 
the portion of space occupied by the body, and certain equations 
for all points of its boundary expressing that the surface displace- 
ments or tractions fulfil the prescribed conditions; let ‘a, ‘B, `y 
be functions of (x, y, z), which satisfy the equations 


(19) 
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tend l (1), 


95 


N d`ò 35 
ny atm——+X=0, nV Btm 


` d`a Z ‘B d` r \ General 
wh f t = 
ere, for brevity, “S= E+E, ae 
through the space occupied by the body. Then, if we put Bodie one: 
a= a-uy, B=B+B,, y= y+ Y (2), 


we see that to complete the solution we have only to find a,, B,, 
yı, aB determined by the equations 


unas wrt OAA } 


dx 
ds a, (3) 
dy T, 
to be fulfilled cies the space occupied by the body, and 
certain equations for all points of its boundary, found by sub- 
tracting from the prescribed values of the surface displacement 
or traction, as the case may be, components of displacement or 

traction calculated from ‘a, ‘B, `y. 

Values for ‘a,‘8,‘y may always be found according to §§ 730, 
731, by supposing equations (1) § 732 to hold through all space, 
and X, Y, Z to be discontinuous functions, having the given 
values for all points of the body, and being each zero for all 
points of space not belonging to it. But all that is necessary is 
that (1) be satisfied through the space actually occupied by the 
body; and in some of the most important practical cases this 
condition may be more easily fulfilled otherwise than by deter- 
mining ‘a, ‘8, ‘y in that way with its superadded condition for the 
rest of space. 


7388. Thus, for example, let us suppose the forces to be Important 


class of 


such that Xdz-+ Ydy+Zdz' is the differential of a function, W, cases. 


1 Let m be the mass of any small part of the body, æ, y, z its co-ordinates at any 
time, and Pm, Qm, Rm the components of the force acting on it. Ifthe system be 
conservative, Pdx+Qdy+ Rdz must be the differential of a function of z, y, z Let, 
for instance, the forces on all parts of the body be due to attractions or repulsions 
from fixed matter ; and let the particle considered be the matter of the body within 
an infinitely small volume é2éy5z. Then we have Pm= Xézsyéz, etc. ; and therefore, 
if p be the density of the matter of m, so that pix8y8z=m, we have, in the notation 
of the text, Pp=X, Qp =Y, Rp=Z; and therefore Xdx + Ydy+ Zdz is or is not a 
complete differential according as p is or is not a function of the potential; that is 
to say, according as the density of the body is or is not uniform over the equi- 
potential surfaces for the distribution of force to which (P, Q, R) belongs. Thus 
the condition of the text, if the system of force is conservative, is satisfied when the 
body is homogeneous. But it is satisfied whether the system be conservative or not 
if the density is so distributed, that, were the body to lose its rigidity, and become 
an incompressible liquid held in a closed rigid vessel, it would (§ 755) be in equi- 
librium, 


Important 
class of 
cases, 


reduced to 
case of no 
bodily force. 
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of x, y, z considered as independent variables. This assump- 
tion includes some of the most important and interesting 
practical applications, among which are— 


(1.) A homogeneous isotropic body acted on by gravitation 
sensibly uniform and in parallel lines, as in the case of a body 
of moderate dimensions under the influence of terrestrial gravity. 


(2.) A homogencous isotropic body acted on by any distribu- 
tion of gravitating matter, and either equilibrated at rest by 
the aid of surface-tractions if the attracting forces do not of 
themselves balance on it; or fulfilling the conditions of in- 
ternal equilibrium by the balancing, according to D’Alembert’s 
principle (§ 264) of the reactions against acceleration of all 
parts of its mass and the forces of attraction to which it is 
subjected, when the circumstances are such that no accele- 
ration of rotation has to be taken into account. To this case 
belongs the problem, solved below, of finding the tidal deforma- 
tion of the solid Earth, supposed of uniform specific gravity and 
rigidity throughout, produced by the tide-generating influence 
of the Moon and Sun. 


(3.) A uniform body strained by centrifugal force due to 
uniform rotation round a fixed axis. 


But it does not include a solid with any arbitrary non- 
uniform distribution of specific gravity subjected to any of 
those influences; nor generally a piece of magnetized steel 
subjected to magnetic attraction; nor even a uniform body 
fulfilling the conditions of internal equilibrium under the in- 
fluence of reactions against acceleration round a fixed axis 
produced by forces applied to its surface. 

We have, according to the present assumption, 


dw. dW dw 
dara a ae (9, 
ae dX dY dZ_ o, 
which give ntau Y W. 


Hence, for `ô as in § 730 (a) for ô, 
(m4+n)V**S+ V2 W=0, 
which is satisfied by the assumption 
wW 
‘S= 5). 
: m+n (9) 
Next, introducing these assumptions in (1) of § 732, we see that 
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these equations are finally satisfied by values for`a,`8,`y, assumed Important 


class of 


uai 
` 1 ds À 1 dò ` 1 d3 case of no 
"=n de’ Ppa dy? Ympad \ (6). domy torce: 
where X is any function satisfying V73=— W 


Further, we may remark that if W be a spherical harmonic 
[App. B. (a)], a supposition including, as we shall sce later, 
the most important applications to natural problems, we have at 
once, from App. B. (12), an integral of the equation for 3, as 
follows :— r° Nas 

= aiga (7) ; 
where the suffix is applied to W to denote that its degree is 2. 
734. The gencral problem of § 696 being now reduced to Hi 


blem of 
196 with 


the case in which no force acts on the interior substance, it k force 


except over 


becomes this, in mathematical language :—To find a, B, y, three surface : 


functions of (x, y, z) which satisfy “the ea 


d'a dta Ls mn da dB 

ne tgp taa) tae ae tay +D= | 

up 8 da dB 

nh ta Ptn Ett (1) 
d da d i 

Te. Ee 14 SY) + mo ae iB —1)=0 


for all points P space n by the body, and the proper 
equations for all points of the boundary to express one or other 
or any sufficient combination of the two surface conditions 
indicated in § 696. When these conditions are that the 
surface displacements are given, the equations expressing them 
are of course merely the assignment of arbitrary values to 
a, B, y for every point of the bounding surface. On the other 
hand, when force is arbitrarily applied in a fully specified 
manner over the whole surface, subject only to the conditions 
of equilibrium of forces on the body supposed rigid (§ 564), in 
its actual strained state, and the problem is to find how the 
body yields both at its surface and through its interior, the 
conditions are as follows:—Let dM denote an infinitesimal 
element of the surface; and F, G, H functions of position on 
the surface, expressing the components of the applied traction. 
These functions are quite arbitrary, subject only to the follow- 
ing conditions, being the equations [§ 551 (a), (8)] of equili- 
brium of a rigid body :— 


equations of 
equilibrium 
to which the 
surface-trac- 
tions are 
subject. 


Equations 
of surface- 
condition, 
when trae- 
tions are 
given. 


Problem of 
§ 696 solved 
for spherical 
shell 


Dilatation 
proved ex- 
pressible in 
convergent 
series of 
spherical 
harmonics, 
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SEQ =0, [fGdQ=0, ffHdaQ=0, 9). 

St (Hy— Gz)dQ=0, ff(F2—Hx)dQ=0, ff(Ga—Fy)dQ=0 (2); 
and the strain experienced by the body must be such as to 
satisfy for every point of the surface the following equations :— 


lat; ato Wy fae a + meine E ant 


{ (m+n) E+ (m—m) (245 25 gan(a’ DhE D= ) (8); 

{ntn + mn E+ Ata + Dy n+ =H 
which we find by (1) of § 662, with (6) of § 670, with (5) of § 693, 
and (5) of § 698; f, g, h being now taken to denote the direc- 
tion-cosines of the normal to the bounding surface at (a, y, z). 

735. The solution of this problem for the spherical shell 

(§ 696), found by aid of Laplace’s spherical harmonic analysis, 
was first given by Lamé in a paper published in Liouvilles 
Journal for 1854. It becomes much simplified? by the plan 
we follow of adhering to algebraic notation and symmetrical 
formule [App. B. (1)-(24)], until convenient practical expan- 
sions of the harmonic functions, whether in algebraic or trigono- 
metrical forms, are sought [App. B. (25)-(41), (56)-(66)]. 


(a) Using for brevity the same notation ô and V? as hitherto 
[§ 698 (8) (9)], we find, from (1) of § 734, by the process (a) of 
‘§ 730, V?d=0. 

(b) Now let the actual values of 5 over any two concentric 
spherical surfaces of radii a and a’ be expanded, by (52) of 
App. B., in series of surface harmonics, So, Sı, Sa, ete., and 
S'o, S’1, S'a, etc.; so that when 


r=, ENE NE TA N } (4). 
and r=a’, =S 4S ASA. S.. 
Then, throughout the intermediate space, we must have 
$= pers ;—a'+18'))r*— (aa’)'+1(at8;—a'S’';)r-*-! (5) 


q?tti gq’: 2t+1 


For a.) this serics converges for all values of r intermediate 
between a and a’, as we sce by supposing a’ to be the less of the 
two, and writing it thus :— 


= 26+ 28_;_, (6) 
0 0 


1“ Dynamical Problems regarding Elastic Spheroidal Shells, and Spheroids of 
Incompressible Liquid.” W. Thomson. J/’Atl. Trans., 1862. 
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where ĉi, 6_;_, are solid harmonies of degrees i and —i—1 given 
by the following : :— : 


S.— Har ” (ŽSS; Pee 
j= 4 (2) and 6_;.=— 2 
‘ q’ ttt i i-1 PETEN 
ta) i=) 
For very great values i t these become sensibly 
a’ +1) 


8 =Si(— ay and ôi- =Si(— =) 


and therefore, as each of the series (4) is necessarily convergent, 
the two series into which in (6) the expansion (5) is divided, 
ultimately converge more rapidly than the “ geometrical” scrics 

í +1 i43 4 it) +3 i t+s 
D Dn, an ond OO", OO"... 
respectively. 

Again (2.) the expression (5) agrees with (4) at the TE 
of the space referred to (the two concentric spherical surfaces). 

And (3.) it satisfics V?S=0 throughout the space. 

Hence (4.) no function differing in value from that given by 
(5), for any point of the space between the spherical surfaces, can 
[App. A. (e)] satisfy the conditions (3) and (4) to which ô is 
subject. 

In words, this conclusion is that 

736, Any function, 8, of x, y, z, which satisfies the equation General 


theorem re- 


V?è = 0 for every point of the space between two concentric garding ex. 
spherical surfaces, may be expanded into the sum of two series hath 
of complete spherical harmonics [App. B. (c)] of positive and mee 
of negative degrees respectively, which converge for all points 


of that space. 
(c) We may now write (6), for brevity, thus— 


ò= = 8 (7), 


where ô; a complete harmonic of any positive or negative degree, 
i, is to be determined ultimately to fulfil the actual conditions of 
the problem. But first supposing it known, we find a, f, y as in 
§ 730 (d), except that now we take advantage of the formulso 
appropriate for spherical harmonics instead of proceeding by pisptace- 


ment deter- 
triple integration. Thus, by (1) and (7), we have medon 
temporary 
m ds; | supposition 
V? a = that dilata- 


n dz tion is 
known. 


- 


Displace- 
ment deter- 
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temporary 
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that dilata- 
tion is 
known. 


Complete 
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equations 
of interior 


equilibrium. 
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dx 


5 (nt 


B= È -ig Dk u de gT T | 


and therefore, as n is a harmonic of degree ¿—1, by taking, in 


App. B. (12), n=i—1 and m=2, we see that the complete 
solution of this equation, regarded as an equation for a, is 

mr? l dé; 

l (On 2-1 dx’ 

where u denotes any solution whatever for the equation V*u=0. 
Similarly, if v and w denote any functions such that V’v=0 and 
V'w=0, we have 


a= u = 


B= mr*_ 1 dé; _ mr sl. f a. 
=O "on - 1 dy On “241 dz 

(d) Now, in order that (1) may be satisfied, 5; must be so 
related to u, v, w Pa 


3 and y= w 


dp — 8, 
= + +S == 2h. 

Hence, by m k expressions just found for a, £, y, 
and attending to the formula 


ati ti 
+C t = eg 


d iih 
zr dz ety Teg Arry 


=2ihi +r V hj (8), 
¢; being any ee function of degree 7, we find 


du dw m f 
25; =F at ae dz n Soi 
aS ask du dv a (2i+1)jnt im 
This gives Geigy as ==" ora ô (9). 


If, therefore, Zu; Zv; 2w; be the harmonic expansions (§ 736) 
of u, v, w, we must have 
i41 dur y deisi diay 
“liti ntim dx dy dz 
Using this, with ¢ changed into ¿—1, in the preceding expressions 
for a, B, y, we have finally, as the spherical harmonic solution of 


(1), § 734, 
i=% mr? C i - d Wir, | 


(10). 


ee 2 oan Gn dx ‘dx dy a dz )} 
mr? d dui FA y gui (11) 


ms mr? d dui d dwi 


— N re 
a see { wi ein es jn G 1)m dz de d dy Y as D) 
where wi, vi, wi denote any spherical harmonics of degree 2. 


+ 
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For the analytical investigations that follow, it is convenient Complete 


harmonic 


to introduce the following abbreviations :— solution of 
equations 
= m 12 of interior 
M; tiini im Ijn+(i— 1)m ( J equilibrium. 
du; dv: yeas 
d “eee 13 
an Vi dx +— dy Ea ( J 


so that (11) S 
a= F (u; — M,r Men 


i=— œo 


t=æ in 
B= È (w; Mir i 


Ea a ) (14). 


y= T (w: —M;r’— ie ) 


t=—0o 

(e) It is important to remark T the addition to u, v, w re- 
. n: de ay 
pectively of terms —> ay ($ being any function satisfy- 
ing V*¢=0), does not nr the re (10). This allows us at 
once to write down as follows the solution of the problem for the 
solid sphere with surface displacement given. 

Let a be the radius of the sphere, and let the arbitrarily given 
values of the three components of displacement for every point 
of the surface be expressed [App. B. (52)] by series of surface 


harmonics, 2A;, 2B,, 2C;, respectively. The solution is Solid sphere 


ee o ri m(a?—r?) do;_, displace- 
a= a Aa z) Heiny ym] Sr gat ments given. 
=> pir m(a?—r*) dO; 
= 2 ea! taai (i— 1)n+(t—1)m] dy (15) 
_ > m(a'—r*) dO; 
va lOd D+ 2i—l)n+(i—1)m] dz j 
where O; = ai 40) ra 
For this is what (11) Sel if we ae 
Py ean m GOi+1 y= ete, ct 
SACD + BaF IF CFI] de? T A 
and it makes 
a=2A,, B=ZB;, y=ZC;, when r=a (16). 


This result might have been obtained, of course, by a purely 
analytical process ; and we shall fall on it again as a particular 
case of the following :— 

20 
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Shell with (f) The problem for a shell with displacements given arbitrarily 
given dis- Š : è e . 
placements for all points of each of its concentric spherical bounding sur- 
of its outer . š 
and inner faces is much more complicated, and we shall find a purely 
surfaces, 


analytical process the most convenient for getting to its solution. 
Let a and a’ be the radii of the outer and inner spherical surfaces, 
and let 2A,, ete., ŁA, ete., be the series of surface harmonics 
expressing [App. B. (52)] the arbitrarily given components of 
displacement over them; so that our surface conditions are 


a= 2A; a= 2A, 
B=B; Swhen r=a; and =E, > when r=a’ (17). 
y= =C; y=2G; 


Using the abbreviated notation (12) and (13), selecting from (14) 
all terms of a which become surface harmonics of order z for a 


constant value of r, and equating to the proper harmonic terms 
of (17), we have 


itur Mia TE $Me) | i aa oe tas). 


dx =A; , rma’ 
Remarking that r-*u,;, rf+!u_,_,, pi dyin , and rit dY are 
dx dx 
cach of them independent of r, we have immediately from (18) 
the following two equations towards determining these four 
functions :— 
a(r u) Fa (r tui) — a [Mi .a'(r riya -i4107 (rit =A, 


and \ 


atu) Hariu i)a Mia OE) Miaa in = A 
L 


These, and the symmetrical equations relative to y and z, sufice, 
with (13), for the determination of u;, v;a uws for every value, 
positive and negative, of 7. The most convenient order of pro- 
cedure is first to find equations for the determination of the ẹ 
functions by the elimination of the u, v, w, thus:—From (19) 
we have 


d i 
(a?i +3—a 2i+3) Ma S$ (a) ar AE anaana’) ri 
AN AL 


w= 


a?i ti—q'?i+-1 
dyin d 
— (aa')* H («°—a”?) M; ar HATE (gg! )*(a%*-A— a'i) Miya Y Har) (adai Dr 
a?i tI!—q’?i+1 


and symmetrical equations for v and w. Or if, for brevity, we 
put 


vj 
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at! A; =a" t A’; _(aa’)*+1(atA';—a’*A,) Shell with 


, 
Fe ee ame peers ven dis- 
s a?Ż$ti — q'ita ? A= 1 ait! q’2tt1 (21), E a 
of its outer 
and and inner 
Lotat r (aa) ti (a? — a -a?) r. 99 surfaces. 
Diss = in §+2) Nita T att! i g’2t+1 yi tita (2 ) 


dy; i410} 
us Hiss ty?" sae tAr 


dy; dpi, a 
uiis inr in i Y-A 1 (23). 


v;= ete., v_;-,=ete., w,;=ete., w_,;,=cte. 
Performing the proper differcntiations and summations to elimi- 
nate the u, v, w, functions between these (23) and (13), and 
taking advantage of the properties of the ¥ functions, that ` 


Afii =0, A'm, after y y Wits g VE 41) Yen 


dy 
dy dys dyas 
de Ydy +E 
we find 
Yi-=(2i41)i Nir Y-i e Aa EO 
and ses 
j . . t —t—1 —t--1 t gute 
hiami DQ era Yin + AS) +i Dy are) 


Changing č into +1 in the first of these, and into i—1 in the 
second, we have two equations for the two unknown quantities 
Y: and Y_i; which give 
j= O;+ (2i +8) (i+ 1) ¿© rt 
SIS 2AF N21) (iF iA Aa ? (25) 
Y_i = (22-1) Hi Ort + OL 
1—(2i-+3)(22—1)(¢-+1)231 igs 
where, for pe 


o= Beer) L n pEr) 


and (26). 
aie Ely A 1(€_;r) 
Oi- = d (6:7) 
dy dz 
The functions y; and on, for every value of 7 being thus given, 
(23) and (14) complete the solution of the problem. 
(g) The composition of this solution ought to be carefully 
studied. Thus separating for simplicity the part due to the 
terms A, etc., A; etc., of the single order /, in the surface data, 


Surface-trac- 


tions given. 


Component- 
tractions on 
any spherical 
surface con- 
centric with 
origin. 
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we sce that were there no such terms of other orders, all the y 
functions would vanish except WYi-ı, Yi41, 4+, Yis These 
would give U; s, Us, Us+s, Uti, Use, and Uis; with symmetri- 
cal expressions for the v and w functions; of which the composi- 
tion will be best studied by first writing them out in full, explicitly 
in terms of G,, %,, Ci, Ai, Bi, Ci, and the derived solid har- 
monics ©,;_, and ©_,_,. 


737. When, instead of surface displacements, the force 
applied over the surface is given, the problem whether for the 
solid sphere or the shell, is longer because of the preliminary 
process (h), required to express the components of traction on 
any spherical surface concentric with the given sphere or shell, 
in proper harmonic forms ; and its solution is more complicated, 
because of the new solid harmonic function $,,, [(32) below] 
which, besides the function ,_, employed above, we are 
obliged to introduce in this preliminary process. 


(h) Taking F, G, H to denote the components of the traction on 
the spherical surface of any radius r, having its centre at the 
origin of co-ordinates, instead of merely for the boundary of the 
body as supposed formerly in § 734 (3), we have still the same 
formula : but in them we have now to put f=— , g=2 he, 

r r 
By grouping their terms conveniently, we may, with the notation 
(28), put them into the following abbreviated forms :— 


Frm (m—n)8.0-n{ (ro — l)a + z) 
Gr=(m—n)ð gtn{ (rs _ 1)B+5 a} (27), 
Hr=(m—n)6.z nf (rs. —ly+ ae 


where (=axr-+ By+ yz 
ws 


ò) d d d 
üi C de tlat ia 
so that £ is the radial component of the displacement at any 


point, and — : - prefixed to any function of x, y, z denotes the 


rate of its aah per unit of length in the radial direction. 
(k) To reduce these expressions to surface harmonics, let us 
consider homogeneous terms of degree 7 of the complete solution 
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(14), which we shall denote’ by a; Bi, yo and let 6.4, G41 Component. 
actions 

denote the corresponding terms of the other functions. Thus Ana hercai 

surface con- 

we have . centric with 


Fr=2{(m—n)S t +ali— 1an Sey, | origin, 


Gs Gag HGS: nthe i. (29). 


Hr=2{(m—n)6,_,z-+-n(i— yen }. 


(D) The second of the three terms of order ¢ in these equations, 
when the general solution of § 13 is used, become at the boundary 
each explicitly the sum of two surface harmonics of orders ¢ and 
t—2 respectively. To bring the other parts of the expressions 
to similar forms, it is convenient that we should first express ¢,4, 
in terms of the general solution (12) of § 13, by selecting the 
terms of algebraic degree «. Thus we have 

mr? dy;_, 
ue: 2[(22—1)n+(t—1)m] dx 

and symmetrical expressions a B; and y;, from which we find 

(?—1)mr?y,_, 
2[(2i—1)n+(2—1)m]_ 
Hence, by the proper formule [see (36) below] for reduction to 
harmonics, -D 

1 (2 t—1)[(@—1 sl a 
Gas ~“ 2-1 or 2i—1)n+(t—1)m] Heat diss} ot) 


(30), 


axt By tyz = G= uty +w 


where 
eiga (Alur dy dv; vr) dlw- i 
piti =r? tsi c T eda A (32), 
and (as before assumed in § 12) 
_ du; dv; dw; 
Y= Tet dy “dz (33). 


Also, by (10) of § 736, or directly from (30) by differentiation, we 
have n(2t—1) 
Bas (2i—1)}n+(i—1)m Wind oe 


Substituting these expressions for 6,_,, a, and ¢:4, in (29), we 


find 
Fr=Zjn(i— uct (2i-+1)[(22—1)n-+ (é—1) mr] TY 
n[2i(i—1)m—(2t—1)n] e n dois; (35). eels 
(22+ 1)[(22—1)n Fa- Dnr} dx ~ +1 dz pressed. 
1 The suffixes now introduced have reference solely to the algebraic degree, positive 


or negative, of the functions, whether harmonic or not, of the symbols to which 
they are applied. 


n(2i—1)[(t+-2)m—(27—1)n] 
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Component- This is reduced to the required harmonic form by the obviously 
ene a proper formula 
a rie gm wh felha pin iar), TR 
er aa a ee | 
oe Thus, and dealing similarly with the expressions for Gr and Hr, 
monics, we have, finally, 
. ; dy; , dpi attr) 1 dd; 
Fr=n2{(i—1)u; — 20i— 2) Mr? 4! — EB titi Ate aea IM 
bit aa (=M dx Eer dx 2i+1 dx 
. e dy,;_ : d( yi p—2tth) 1 dd; 1 r 
Gr=n?!(i—1w; —2(i— ril e Repi ATEL J ety: 
r=n?2 (i —1)v; (i—2) Myr dj E;r?+: I Fl dy }) (837), 
; : du: ; dpi p—attt) 1l dd; 
Hr=n2{ (i—1)w,—2(i—2).M; aC Yiz ap piti Ain) a Pitt 
A a T My dz a ig dx Qi+1 dz } 


where [as above (12)], 


M=} m 
a (2i—1l)n+ (i—1l)m 
and now, further, (38). 


E= (¢4+2)m—(22—1)n 
+ (2i+1)[(2i— 1)n+ (i—1)n] 


A a (m) To express the surface conditions by harmonic equations 
ditions put for the shell bounded by the concentric spherical surfaces, 
into har- , : 

monics. r=a, r=a', let us suppose the superficial values of F, G, H to 


be given as follows :— 


F=A; 
G=ZB; kv r=a | 


H=2C; 
and (39), 
F=2A, 
G=B, ket r=a’ | 
H=C; 


where A, Ba Co 4, Bi, C, denote surface harmonics of order ¢. 

To apply to this harmonic development the conditions § 734 
(2) to which the surface traction is subject, let a*da and a’*da be 
elements of the outer and inner spherical surfaces subtending at 
the centre (§ 468) a common infinitesimal solid angle dw : and 
let fdz denote integration over the whole spherical surface of 
unit radius. Equations (2) become 


Equations of {fdaz(atA,—a’Aj)=0, etc.; and [fda lyE(a? 0-a" 0i) - 22 (a?B,;- aB;)]=0, ete. (40). 


equilibrium 


Sea Now App. B. (16) shows that, of the first three of these, all terms 
Buet except the first (those in which ¿=0) vanishes; and that of the 


second three all the terms execpt the second (those for which 
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t=1) vanish because x, y, z are harmonics of order 1. Thus Limitations 


the first three become ee 
Mda(atAy—a*A)), ete. ; ig 
which, as Ay, A’, etc., are constants, require simply that ae 
A= d, B= Bp, aC =a? C; (41); tiie, toe 
The second three are equivalent to Via 
dif, dll, 7 II 


rat at A= yz 2, r(@ B, —a’ B) = 


Jy’ r(a°Cı—a° C) =- -7 ~ (42); 


where H, is a eee function of x, y, z of the ed 
degree. For [App. B. (a)] rA,, 7A}, ete., are lincar functions of 
x,y, z. If therefore (A, x), (A, y)... (B, x)... denote nine con- 
stants, we have 

r(a*A, —a*A,)=(A, x)x4 (4. yjy+ (4A, z\z 

r(@ B, —a° B )=(B,x\x+(B,y\y+(B, zz 

ratCy— aC) =(C, 2) e+ (C, y'y+ (C, 2)2. 
Using these in the sccond three of (40) of which, as remarked 
above, all terms except those for which ¿=1 disappear, and re- 
marking that yz, zr, xy are harmonics, and therefore (App. 
B. (16) ] Sfysda=0, fzxdz =0, /frydz=0, 
we have (C, y) fuda — (B, 2) fz da =0 : ete. 
From these, because fxr da = ffy da =z da, 
it follows that 

(C, y)=(B, 2), (4,z)=(C, z), (B, z)=(4,y), 
which prove (42). 

(n) The terms of algebraic degree 7, exhibited in the preceding 
expressions (37) for Fr, Gr, Hr, become, at either of the con- 
centric spherical surfaces, sums of surface harmonics of orders č 
and ¿— 2, when z is positive, and of orders —7—1 and —:—8 


when z is negative. Hence, selecting all the terms which lead to Surface 
conditions 


surface harmonics of order z, and equating to the proper terms of expressed in 
harmonic 
the data (39), we have TA 


(i-1 I)us— (i+ 2)u_p_a— 2M 447° Bist $904 1) i417 i 


d(Y; r+) -gi fier?t?) 1 dfis1 dhs 
-E; i41“ \ rii EN i rT a | eit OTITA a 9 
g dx Eir dx 21-+1` dx dx ) (43), 
A; when r=a } 


— 7 AG when r=a’ 
and symmetrical equations relative to y and z. 

(0) These equations arc to be treated precisely on the same plan 
as formerly were (18). Thus after finding u;and t-i; we 


perform on u;, %, w; the operations of (33), and on wii, Vai a, 


Surface-trac- 


tions given: 


general solu- 


tion ; for 
spherical 
shell ; 


for solid 
sphere. 


n 


084 
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w_,_, those of (32), and so arrive at two equations which involving 


of unknown quantities only ¥,;_,, ¥_;, and ¢_,, and taking the cor- 
responding expressions for u;_,, u_;4,, and applying (82) to u,_., 
Vj_g, Wi—a; aNd (33) to usa, V-s41, W441 We similarly obtain two 
equations between ¢;_,, Yi-ı, and Y—;. Thus we have in all four 
simple algebraic equations between y;_,, Y-i $i-1, 6-4, by which 
we find these four unknown functions: and the u, v, w functions 
having been already explicitly expressed in terms of them, we 
thus have, in terms of the data of the problem, every unknown 
function that appears in (14) its solution. 

(p) The case of the solid sphere is of course fallen on from 
the more general problem of the shell, by putting a’=0. But 
if we begin with only contemplating it, we need not introduce 
any solid harmonics of negative degree (since every harmonic of 
negative degree becomes infinite at the centre, and therefore is 
inadmissible in the expression of effects produced throughout a 
solid sphere by action at its surface); and (43), and all the for- 
mule described as deducible from it, become much shortened when 
we thus confine ourselves to this case. Thus, instead of (43), we 
now have simply 


dx +1 dr- 
when r=a. 
Hence, attending [as formerly in (f)] to the property of a homo- 
geneous function Hi, of any order j, that r-/H; is independent of 


aan Nae Or ae 1 dh 
= (i= 1) us — 21M i447? —E;r’ nate ae bet i (44). 


r, and depends only on the ratios ae j I, 2a we have for all 
ro r r 


values of x, y, 2, 


— — > 


: f : , . „pit b 
(i—1)uj 21M, at Fe — Bg ie) l Adis, __ A,r* (45). 


Qids44 + 222+ 1)(22 + 1)M 34.0" Visi = —— 


, M d í - d a —3t+1 
(F1)ug= (i1) Mat Ett (y. z ) 


21+1 dx na’ 
From this and the symmetrical equations for » and w, we have 


by (33), 


[i—1+(2i1)iE] i= n, a p e (46); 


dx dy 
and by (32) 


aiii 


a aT d(Br ~- (Br) a a aE (47 
dx dy | 

Eliminating, by this, Ea jaa (45), and introducing the oe 

viated notation, ®;,, [(50) below], we find 


1 yt Piss , 
+ gil der +a a dx Jd 
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and (43) gives Surfare-trac- 
F., [(¢—1)m+(2i—1)n JV, å (4 9) general sol 
“G-DIN te; nat) “ier +1)m— (2i—1)n]na*- 1 ” solid sphere. 
where 
_ dA ,r* f l Bir*) t Tî 
d(A Bae MA tl) ac. 1) on 
saa ac ae ree 


With these expressions for y; and u;, (14) is the complete solu- 
tion of the problem. 

(q) The composition and character of this solution is made 
manifest by writing out in full the terms in it which depend on 
harmonics of a single order, 1, in the surface data. Thus if 
the components of the surface traction are simply A,, Bi Cs, all 
the ¥ functions except F; ,, and all the ® functions except 
;,, vanish. Hence (48) shows that all the u functions except 
u;_4, and u; vanish: and for these it gives 


ad ni 


u;_,=M,a’ 
1 ai E 1 i Diti (ok) 

pager nia = d 4 na‘ Laer Oh TT 1) Tr -P 

Using this in (14) and for E; and M; substituting their values by 

(38), we have, explicitly expressed in terms of the data, and the 

solid harmonics V;_,, ;,,, derived from the data according to 

the formule (50), = final solution of the problem as follows :— 


=f hoarse pa E+ Bat 4 hearer n TE ae ie +g T te Ag] } (62), 
with symmetrical expressions for B and y. 

(r) The case of : = 1 is interesting, inasmuch as it seems at oe am 
first sight to make the second part of the expression (52) for a ous strain. 
infinite because of the divisor ¢— 1. But the terms within the 
brackets [ ] vanish for i = 1, owing to the relations (42) proved 


above, which, for the solid sphere, become 


ee. spe, ges (53) 
aa = J t= dy ) 1— dz ? Indeter- 

4 minate Tota- 

H, denoting any homogeneous function of x, y, z of the second Saal 
F A . . nece ssarily 

degree. The verification of tbis presents no difficulty, and we Sa 
leave it as an exercise to the student. The true interpretation Po A 
of the 2 appearing thus in the expressions for a, B, y is élearly placement, 


that they are indeterminate: and that they ought to be so, we see data are 
me 
by remarking that an infinitesimal rotation round any diameter force. ` 


Indeter- 
minate rota- 
tious with- 
out strain, 
necessarily 
included in 
general solu- 
tion for dis- 
placement, 
when the 
data are 
merely of 
force. 


Plane strain 
defined. 


Problem for 
cylinders 
under plane 
strain, 


solved in 
terms of 

“ plane 
harmonics.” 
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without strain may be superimposed on any solution without 
violating the conditions of the problem; in other words ($$ 89, 
95), W2 — W, WL — W2, WY — UT 

may be added to the expressions for a, 8, y in any solution, and 
the result will still be a solution. 

But though a, B, y are indeterminate, (50) gives Y, and ¢, 
determinately. The student will find it a good and simple 
exercise to verify that the determination of Y, and ¢, determines 
the state of strain [homogeneous (§ 155) of course in this case] 
actually produced by the given surface traction. 

738. A solid is said (§ 730) to experience a plane strain, 
or to be strained in two dimensions, when it is strained in any 
manner subject to the condition that the displacements are all 
in a set of parallel planes, and are equal and parallel for all 
points in any line perpendicular to these planes: and any one 
of these planes may be called the plane of the strain. Thus, 
in plane strain, all cylindrical surfaces perpendicular to the 
plane of the strain remain cylindrical surfaces perpendicular 
to the same plane, and nowhere experience stretching along the 
generating lines. 

The condition of plane strain expressed analytically, if we take 
XOY for the plane, is that y must vanish, and that a and B must 
be functions of x and y, without z. Thus we see that 

Only two independent variables enter into the analytical ex- 
pression of plane strain; and thus this case presents a class of 
problems of peculiar simplicity. For instance, if an infinitely 
long solid or hollow circular cylinder is the “given solid” of 
§ 696, and if the bodily force (if any) and the surface action 
consist of forces and tractions everywhere perpendicular to its 
axis, and equal and parallel at all points of any line parallel 
to its axis, we have, whether surface displacement or surface 
traction be given, problems precisely analogous to those of 
§§ 735, 736, but much simpler, and obviously of very great 
practical importance in the engineering of long straight tubes 
under strain. 

739. It is interesting to remark, that in these cylindrical 
problems, instead of surface harmonics of successive orders 
1, 2, 3, ete, which are [App. B. (6)] functions of spherical 
surface co-ordinates (as, for instance, latitude and longitude on 
a globe), we have simple harmonic functions (89 54, 75) of the 


STATICS. 587 


same degrees, of the angle between two planes through the BINNS 
axis, a of its successive multiples: and instead of solid functions 
harmonic functions [App. B. (a) and (b)], we have what we 
may call plane harmonic functions, being the algebraic functions 
of two variables (x, y), which we find by expanding cosi and 


sin ¿0 in powers of sines or cosines of 6, taking 
a 


» and sin@é=—— 


IC: 


cos 0 = —_____—-- 


< 
< 


£ 
N (2° +y") 
and multiplying the result by (x? +: ya à, 


A plane harmonic function is of course the particular case of a 
solid harmonic [App. B. (a) and (b)] in which z does not appear ; 
that is to say, it is any homogeneous function, V, of x and y, 
which satisfies the equation 
d'V d'V 
at ay 
And, as we have seen [§ 707 (23)], the most general expression 
for a plane harmonic of degree « (positive or DEEAUNE) integral 
or fractional) is 

44 { (e+yV—1)+-(e@—y—1)' J-3BV—=1 (Ce ae } ka ), 
or in polar co-ordinates, A cos.0+ B sin 
equations of internal equilibrium [§ 698 (6)] with no bodily force 
(that is, X=0 and Y=0) become, for the case of plane strain, 


=0, or, as we may write it for brevity, V°’ V=0. 


da, d? d da d 
na t gata +1)= =0 
a dy (2). 
d’ d r 
Gat dan ma o 
The plane S alitia of hes found by precisely the Problem for 
same process as § 785 (a)...(e), but for only two variables Shier plane 
instead of three, is ee Solve 
Sti, a djia monies 
aes aT) Fa dx gg 
—5f, aaa NGT tic 3 
B=ž2{vi— 2(i— Nea dy “a (3), 
a dv; 
where Yi- = ay 


and u;, v; denote any two a harmonics of degree #, so that 
¥i-, is a plane harmonic of degree i—1. Of course z may be 
positive or negative, integral or fractional. 

This solution may be reduced to polar co-ordinates with advan- 
tage for many applications, by putting 
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Problem for x=rcos6, y=r sin 8, 
tinder plane and taking uj=r*( A; cos70+ A, sini) \ (4); 
T vi=r*( B; cosiĝ0-+ B; sin ið) 
planhas which give | 
Yi- =ir"-!{ (Ai +B,)cos(¢—1)0+4+ (4,—B;)sin(i—1)0} (5), 


and 


a=ZErtf A,cosié-+ Ajsinio— or T a yl Act Biou(i—2) 0 — B;) sin(i—2) 6] } 


ar Trae (A;-+- Bj) sin(i—2)0-++- (Ai — By) cos(i—2) 4] } 


The student will find it a good exercise to work out in full, to 
explicit expressions for the displacement of any point of the solid, 
in the cylindrical problems corresponding to the spherical pro- 
blems of § 735 (f), and of § 736 (h)...(r). The process (l) of 
the latter may be worked through in the symmetrical algebraic 
form, as an illustration of the plan we have followed in dealing 
with spherical harmonics; but the result corresponding to (37) 
of § 737 may be obtained more readily, and in a simpler form, 
by immediately putting (29) of § 737 into polar co-ordinates, as 
(4), (5), (6) of § 739. We intend to use, and to illustrate, these 
solutions under ‘ Properties of Matter.” 


740. In our sections on hydrostatics, the problem of finding 
the deformation produced in a spheroid of incompressible liquid 
by a given disturbing force will be solved; and then we shall 
consider the application of the preceding result [§ 736 (51)] 
for an elastic solid sphere to the theory of the tides and the 
rigidity of the earth. This proposed application, however, 
reminds us of a general remark of great practical importance, 
with which we shall leave elastic solids for the present. 
Considering different elastic solids of similar substance and 

Small bodies Similar shapes, we see that if by forces applied to them in any 


stronge 


than large Way they are similarly strained, the surface tractions in or 

proportion €CTOSS similarly situated elements of surface, whether of their 

to their 

weights. boundaries or of surfaces imagined as cutting through their 
substances, must be equal, reckoned as usual per unit of area. 
Hence ; the force across, or in, any such surface, being resolved 
into components parallel to any directions; the whole amounts 
of each such component for similar surfaces of the different 
bodies are in proportion to the squares of their lineal dimen- 


sions. Hence, if equilibrated similarly under the action of 


S=Zrt{ Bycosid-+ Bisinie— 


lo 
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gravity, or of their kinetic reactions (§ 264) against equal Small bodies 
stronger 


accelerations (§ 28), the greater body would be more strained than large 


. . : . ones in 
than the less; as the amounts of gravity or of kinetic reaction proportion 


of similar portions of them are as the cubes of their linear weights. 
dimensions. JDefinitively, the strains at similarly situated 
points of the bodies will be in simple proportion to their linear — 
dimensions, and the displacements will be as the squares of 

these lines, provided that there is no strain in any part of any 

of them too great to allow the principle of superposition to hold 

with sufficient exactness, and that no part is turned through 

more than a very small angle relatively to any other part. 

To illustrate by a single example, let us consider a uniform Example: 


a straight 


long, thin, round rod held horizontally by its middle. Let its red held 

; horizontally 
substance be homogeneous, of density p, and Young’s modulus, by ii 
M; and let its length, /, be p times its diameter. Then (as 
the moment of inertia of a circular area of radius r round a 


diameter is Jarr*) the flexural rigidity of the rod will (§ 715) 
be Tr which is equal to 2 in the notation of § 610, 


as B is there reckoned in kinetic or absolute measure (§ 223) 
instead of the gravitation measure in which we now, according 


to engineers’ usage (§ 220) reckon M. Also w= p(y and 


therefore, for § 617, 
PE.: 
B Mi 
This, used in § 617 (10), gives us; for the curvature at the 
middle of the rod; the elongation and contraction where 
greatest, that is, at the highest and lowest points of the normal 
section through the middle point ; and the droop of the ends ; 


the following expressions 
2p°P. pip. ang ZEP., 
8 


M’ M’ 8M 
Thus, for a rod whose length is 200 times its diameter, if its 
substance be iron or steel, for which p= 7°75, and M = 194X 10” 
grammes per square centimetre, the maximum elongation and 
contraction (being at the top and bottom of the middle section 
where it is held), are each equal to ‘8X 10—°X/, and the droop 
of its ends 2X10—5XJ?, Thus a steel or iron wire, ten centi- 


Stiffness of 
uniform or 
steel rods of 
different 
dimensions. 


Transition 
to hydro- 
dynamics. 


Imperfect- 
ness of 
elasticity 
in solids. 
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metres long, and half a millimetre in diameter, held hori- 
zontally by its middle, would experience only ‘000008 of 
maximum elongation and contraction, and only ‘002 of a 
centimetre of droop in its ends: a round steel rod, of half a 
centimetre diameter, and one metre long, would experience 
00008 of maximum elongation and contraction, and ‘2 of a 
centimetre of droop: a round steel rod, of ten centimetres 
diameter, and twenty metres long, must be of remarkable 
temper (see Vol. 11., Properties of Matter) to bear being held by 
the middle without taking a very sensible permanent set : and 
it is probable that no temper of steel is high enough in a round 
shaft forty metres long, if only two decimetres in diameter, to 
allow it to be held by its middle without either bending it to 
some great angle, and beyond all appearance of elasticity, or 
breaking it. 

741. In passing from the dynamics of perfectly elastic solids 
to abstract hydrodynamics, or the dynamics of perfect fluids, 
it is convenient and instructive to anticipate slightly some of 
the views as to intermediate properties observed in real solids 
and fluids, which, according to the general plan proposed 
(§ 449) for our work, will be examined with more detail under 
Properties of Matter. 

By induction from a great variety of observed phenomena, 
we are compelled to conclude that no change of volume or of 
shape can be produced in any kind of matter without dis- 
sipation of energy (§ 275); so that if in any case there isa 
return to the primitive configuration, some amount (however 
small) of work is always required to compensate the energy 
dissipated away, and restore the body to the same physical 
and the same palpably kinetic condition as that in which it 
was given. We have seen (§ 672), by anticipating something 
of thermodynamic principles, how such dissipation is inevitable, 
even in dealing with the absolutely perfect elasticity of volume 
presented by every fluid, and possibly by some solids, as, for 
instance, homogeneous crystals. But in metals, glass, porcelain, 
natural stones, wood, India-rubber, homogeneous jelly, silk 
fibre, ivory, etc., a distinct frictional resistance’ against every 


1 Sec Proceedings of the Royal Society, May 1865, ‘On the Viscosity and Elas- 
ticity of Metals ” (W. Thomson). 
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change of shape, is, as we shall sce in Vol. 1., under Pro- Viscosity of 
perties of Matter, demonstrated by many experiments, and is ae 
found to depend on the speed with which the change of 
shape is made. A very remarkable and obvious proof of 
frictional resistance to change of shape in ordinary solids, 

is afforded by the gradual, more or less rapid, subsidence of 
vibrations of elastic solids; marvellously rapid in India-rubber, 

and even in homogencous jelly; less rapid in glass and metal 
springs, but still demonstrably, much more rapid than can be 
accounted for by the resistance of the air. This molecular 
friction in elastic solids may be properly called viscosity of 
solids, because, as being an internal resistance to change of 
shape depending on the rapidity of the change, it must be 
classed with fluid molecular friction, which by general con- 

sent is called viscosity of fluids. But, at the same time, we Viscosity of 
feel bound to remark that the word viscosity, as used hitherto ` 
by the best writers, when solids or heterogeneous semisolid- 
semifluid masses are referred to, has not been distinctly applied 

to molecular friction, especially not to the molecular friction of 

a highly elastic solid within its limits of high elasticity, but 

has rather been employed to designate a property of slow, con- 
tinual yielding through very great, or altogether unlimited, 
extent of change of shape, under the action of continued stress. 

It is in this sense that Forbes, for instance, has used the word Fortes’ 
in stating that “ Viscous Theory of Glacial Motion” which he tic of 
demonstrated by his grand observations on glaciers. As, how- ee 
ever, he, and many other writers after him, have used the words 
plasticity and plastic, both with reference to homogencous 
solids (such as wax or pitch, even though also brittle; soft 
metals; etc.), and to heterogeneous semisolid-semifluid masses 

(as mud, moist earth, mortar, glacial ice, ctc.), to designate the 
property,’ common to all those cases, of experiencing, under 
continued stress either quite continued and unlimited change 


1 Some confusion of ideas might have been avoided on the part of writers who 
have professedly objected to Forhes’ theory while really objecting only (and we 
believe groundlessly) to his usage of the word viscosity, if they had paused to con- 
sider that no one physical explanation can hold for those several cases ; and that 
Forbes’ theory is merely the proof by observation that glaciers have the property 
that mud (heterogeneous), mortar (hetercgeneous), pitch (homogeneous), water 
(homogeneous), all have of changing shape indefinitely and continuously under 
the action of continued stress. 
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Plasticity of shape, or gradually very great change at a diminishing 

d (asymptotic) rate through infinite time; and as the use of the 
term plasticity implies no more than does viscosity, any physical 
theory or explanation of the property, the word viscosity is 
without inconvenience left available for the definition we have 
given of it above. 

Peroctand 742. A perfect fluid, or (as we shall call it) a fluid, is an 


Popod unrealizable conception, like a rigid, or a smooth, body : it is 


mion the defined as a body incapable of resisting a change of shape: and 


isticofthe therefore incapable of experiencing distorting or tangential 

fluid, crave, Stress (§ 669). Hence its pressure on any surface, whether 

ume” of a solid or of a contiguous portion of the fluid, is at every 
point perpendicular to the surface. In equilibrium, all common 
liquids and gaseous fluids fulfil the definition. But there is 
finite resistance, of the nature of friction, opposing change of 
shape at a finite rate; and, therefore, while a fluid is changing 
shape, it exerts tangential force on every surface other than 
normal planes of the stress (§ 664) required to keep this change 
of shape going on. Hence; although the hydrostatical results, 
to which we immediately proceed, are verified in practice; in 
treating of hydrokinetics, in a subsequent chapter, we shall be 
obliged to introduce the consideration of fluid friction, except 
in cases where the circumstances are such as to render its 
effects insensible. 

Find 743. With reference to a fluid the pressure at any point in 
any direction is an expression used to denote the average pres- 
sure per unit of area on a plane surface imagined as containing 
the point, and perpendicular to the direction in question, when 
the area of that surface is indefinitely diminished. 

744, At any point in a fluid at rest the pressure is the 
same in all directions: and, if no external forces act, the 
pressure is the same at every point. For the proof of these 
and most of the following propositions, we imagine, according 
to § 564, a definite portion of the fluid to become solid, without 
changing its mass, form, or dimensions, 

Suppose the fluid to be contained in a closed vessel, the 
pressure within depending on the pressure exerted on it by the 
vessel, and not on any external force such as gravity. 

745. The resultant of the fluid pressures on the elements 
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of any portion of a spherical surface must, like each of its com- Fluid pres- 


ponents, pass through the centre of the sphere. Hence, if we eal in al 
suppose (§ 564) a portion of the fluid in the form of a plano- 

convex lens to be solidified, the resultant pressure on the plane | 

side must pass through the centre of the sphere ; and, therefore, 

being perpendicular to the plane, must pass through the centre 

of the circular area. From this it is obvious that the pressure 

is the same at all points of any plane in the fluid. Hence, 

by § 561, the resultant pressure on any plane surface passes 
through its centre of inertia. 

Next, imagine a triangular prism of the fluid, with ends 
perpendicular to its faces, to be solidified. The resultant 
pressures on its ends act in the line joining the centres of 
inertia of their areas, and are equal (§ 551) since the resultant 
pressures on the sides are in directions perpendicular to this 
line. Hence the pressure is the same in all parallel planes. 

But the centres of inertia of the three faces, and the resultant 
pressures applied there, lie in a triangular section parallel to 
the ends. The pressures act at the middle points of the sides 
of this triangle, and perpendicularly to them, so that their 
directions meet in a point. And, as they are in equilibrium, 
they must be, by § 557, proportional to the respective sides of 
the triangle; that is, to the breadths, or areas, of the faces of 
the prism. Thus the resultant pressures on the faces must be 
proportional to the areas of the faces, and therefore the pressure 
is equal in any two planes which meet. 

Collecting our results, we see that the pressure is the same 
at all points, and in all directions, throughout the fluid mass. 

746. One immediate application of this result gives us a Application 
simple though indirect proof of the second theorem in § 557, sole 
for we have only to suppose the polyhedron to be a solidified 
portion of a mass of fluid in equilibrium under pressures only. 
The resultant pressure on each side will then be proportional 
to its area, and, by § 561, will act at its centre of inertia; which, 
in this case, is the Centre of Pressure. cae 

747. Another proof of the equality of pressure throughout Application 
a mass of fluid, uninfluenced by other external force than the ciple of 
pressure of the containing vessel, is easily furnished by the res 
energy criterion of equilibrium, § 289; but, to avoid complica- 

2P 
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Proofby tion, we will consider the fluid to be incompressible. Suppose 
energy of the 


equality of @ number of pistons fitted into cylinders inserted in the sides 


fluid pre 

eure in all of the closed vessel containing the fluid Then, if A be the 
area of one of these pistons, p the average pressure on it, x-the 
distance through which it is pressed, in or out; the energy 


criterion is that no work shall be done on the whole, t.e., that 
A\p,0,+A,p,0%,+...=2(Apx)=0, 
as much work being restored by the pistons which are forced 
out, as is done by those forced in. Also, since the fluid is in- 
compressible, it must have gained as much space by forcing 
out some of the pistons as it lost by the intrusion of the others. 
This gives 
A,2,+A,2,+...=2(Axr)=0. 
The last is the only condition to which 2, £a etc., in the first 
equation, are subject; and therefore the first can only be 
satisfied if 
Pi=Pr=pr=ete., 
that is, if the pressure be the same on each piston. Upon this 
property depends the action of Brahmah’s Hydrostatic Press. 


If the fluid be compressible, the work expended in compressing 
it from volume V to V—6V, at mean pressure p, is poV. 
If in this case we assume the pressure to be the same through- 
out, we obtain a result consistent with the energy criterion. 
The work done on the fluid is È (Apzx), that is, in consequence 
of the assumption, p2(Az). 
But this is equal to poV, 
for, evidently, 2(Ax)=8V. 
Fluid pres- - 748. When forces, such as gravity, act from external matter 
ing on ex.. upon the substance of the fluid, either in proportion to the 
mm" density of its own substance in its different parts, or in pro- 
portion to the density of electricity, or of magnetic polarity, or 
of any other conceivable accidental property of it, the pressure 
will still be the same in all directions at any one point, but 
will now vary continuously from point to point. For the pre- 
ceding demonstration (§ 745) may still be applied by simply 
taking the dimensions of the prism small enough; since the 
pressures are as the squares of its linear dimensions, and the 
effects of the applied forces such as gravity, as the cubes. 
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749, When forces act on the whole fluid, surfaces of equal surtaces of 


qual pres- 
pressure, if they exist, must be at every point perpendicular mire ae per- 
endienla 
to the direction of the resultant force. For, any prisin of the ta the Tines 
ot force. 


fluid so situated that the whole pressures on its ends are equal 
must (§ 551) experience from the applied forces no component 
in the direction of its length ; and, therefore, if the prism be so 
small that from point to point of it the direction of the re- 
sultant of the applied forces does not vary sensibly, this direc- 
tion must be perpendicular to the length of the prism. From 
this it follows that whatever be the physical origin, and the 
law, of the system of forces acting on the fluid, and whether it 
be conservative or non-conservative, the fluid cannot be in 
equilibrium unless the lines of force possess the geometrical 
property of being at right angles to a series of surfaces. 

750, Again, considering two surfaces of equal pressure in- 
finitely near one another, let the fluid between them be divided 
into columns of equal transverse section, and having their 
lengths perpendicular to the surfaces. The difference of pres- 
sures on the two ends being the same for each column, the 
resultant applied forces on the fluid masses composing them 
must be equal, Comparing this with § 488, we see that if the And are aur- 


faces of equal 


applied forces constitute a conservative system, the density of density and 


equal 


matter, or electricity, or whatever property of the substance potential 


heu the 


they depend on, must be equal throughout the layer under system a 
consideration. This is the celebrated hydrostatic proposition servative. 
that in a fluid at rest, surfaces of equal pressure are also surfaces 
of equal density and of equal potential. 

751, Hence when gravity is the only external force con- Gravity the 
sidered, surfaces of equal pressure and equal density are (when force. 
of moderate extent) horizontal planes. On this depends the 
action of levels, syphons, barometers, etc.; also the separation 
of liquids of different densities (which do not mix or combine 
chemically) into horizontal strata, etc. etc. The free surface of 
a liquid is exposed to the pressure of the atmosphere simply; 
and therefore, when in equilibrium, must be a surface of equal 
pressure, and consequently level. In extensive sheets of water, 
such as the American lakes, differences of atmospheric pressure, 
even in moderately calm weather, often produce considerable 


deviations from a truly level surface. 


Rate of 
increase of 
pressure, 
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752. The rate of increase of pressure per unit of length in 
the direction of the resultant force, is equal to the intensity of 
the force reckoned per unit of volume of the fluid. Let F be 
the resultant force per unit of volume in one of the columns of 
§ 750; p and p’ the pressures at the ends of the column, 7 its 
length, S its section. We have, for the equilibrium of the 
column, (p’—p)S=SIF. 

Hence the rate of increase of pressure per unit of length is F. 

If the applied forces belong to a conservative system, for 
which V and V’ are the values of the potential at the ends of 
the column, we have (§ 486) 

V'— V= —lFp, 
where p is the density of the fluid. This gives 
p'—p=—p(V'—V) 
or dp=—pdV. 

Hence in the case of gravity as the only impressed force 
the rate of increase of pressure per unit of depth in the fluid 
is p, in gravitation measure (usually employed in hydrostatics), 
In kinetic or absolute measure (§ 224) it is gp. 


If the fluid be a gas, such as air, and be kept at a constant 
temperature, we have p= cp, where c denotes a constant, the 
reciprocal of H, the “height of the homogeneous atmosphere,” 
defined (§ 753) below. Hence, in a calm atmosphere of uniform 
temperature we have 

ae —cdV; 
l P 
and from this, by integration, 
p=pe" 
where p, is the pressure at any particular level (the sea-level, for 
instance) where we choose to reckon the potential as zero. 

When the differences of level considered are infinitely small in 
comparison with the earth’s radius, as we may practically regard 
them, in measuring the heights of mountains, or of a balloon, by 
the barometer, the force of gravity is constant, and therefore 
differences of potential (force being reckoned in units of weight) 
are simply equal to differences of level. Hence if x denote 
height of the level of pressure p above that of po, we have, in the 
preceding formule, V=z, and therefore 

p=poe*; that is, 
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7538. If the air be at a constant temperature, the pressure Pressure 


in a calm 


diminishes in geometrical progression as the height increases stmosphere 
in arithmetical progression. This theorem is due to Halley. temperature. 
Without formal mathematics we see the truth of it by remark- 

ing that differences of pressure are (§ 752) equal to differences 

of level multiplied by the density of the fluid, or by the proper 

mean density when the density differs sensibly between the two 
stations, But the density, when the temperature is constant, 

varies in simple proportion to the pressure, according to Boyle’s 

and Mariotte’s law. Hence differences of pressure between pairs 

of stations differing equally in level are proportional to the proper 

mean values of the whole pressure, which is the well-known 
compound interest law. The rate of diminution of pressure 

per unit of length upwards in proportion to the whole pressure 

at any point, is of course equal to the reciprocal of the height 

above that point that the atmosphere must have, if of constant 
density, to give that pressure by its weight. The height thus 

defined is commonly called “the height of the homogencous Height of 
atmosphere,” a very convenient conventional expression. It ene 
is equal to the product of the volume occupied by the unit 

mass of the gas at any pressure into the value of that pressure 
reckoned per unit of area, in terms of the weight of the unit of 

mass. If we denote it by H, the exponential expression of the 

law is p=p.e-i, 

which agrees with the final formula of § 752. 

The value of H for dry atmospheric air, at the freezing 
temperature, according to Regnault, is, in the latitude of Paris, 
799,020 centimetres, or 26,215 feet. Being inversely as the force 
of gravity in different latitudes (§ 222), it is 798,533 centimetres, 


or 26,199 feet, in the latitude of Edinburgh and Glasgow. 
Let X, Y, Z be the components, parallel to three rectangular Analytical 
axes, of the force acting on the fluid at (x, y, z), reckoned per tion ime 
unit of its mass. Then, inasmuch as the difference of pressures theorems. 


on the two faces 5y6z of a rectangular parallelepiped of the fluid 
is bye P ba, the equilibrium of this portion of the fluid, regarded 
Rs 
for a moment (§ 564) as rigid, requires that 
syz P 82 — XpBxby8:=0. 


Analytical 
investiga- 
tion of the 
preceding 
theorems. 


Conditions 
of equi- 
libriuin of 
fluid com- 


pletely fill- 
sed 


ing a clo 
Vessel. 
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From this and the symmetrical equations relative to y and z we 
have 


d d 
<P = Xp, ay Yp, P = Zp (1), 


which are the conditions necessary and sufficient for the equi- 
librium of any fluid mass. 
From these we have 


dp=P dx 4 BP aye as P dex p(Xde+ Ydy+Zdz) (2). 


This shows that ne expression 
Adx-+ Ydy +Zdz 

must be the complete differential of a function of three independ- 
ent variables, or capable of being made so by a factor; that is to 
say, that a series of surfaces exists which cuts the lines of force 
at right angles; a conclusion also proved above (§ 749). 

When the forces belong to a conservative system no factor is 
required to make the complete differential; and we have 

Xdx+ Ydy+Zdz=—dV 

if V denote (§ 485) their potential at (x, y, z): so that (2) be- 
comes dp=—pdV (3). 
This shows that p is constant over equipotential surfaces (or is a 
function of V); and it gives 


showing that p also is a function of V; conclusions of which we 
have had a more elementary proof in § 752. As (4) is an 
analytical expression equivalent to the three equations (1), for 
the case of a conservative system of forces, we conclude that 


754. It is both necessary and sufficient for the equilibrium 
of an incompressible fluid completely filling a rigid closed 
vessel, and influenced only by a conservative system of forces, 
that its density be uniform over every equipotential surface, 
that is to say, every surface cutting the lines of force at mght 
angles. If, however, the boundary, or any part of the boun- 
dary, of the fluid mass considered, be not rigid; whether it be 
of flexible solid matter (as a membrane, or a thin sheet of 
elastic solid), or whether it be a mere geometrical boundary, on 
the other side of which there is another fluid, or nothing [a 
case which, without believing in vacuum as a reality, we may 
admit in abstract dynamics (§ 438)], a farther condition is 
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necessary to secure that the pressure from without shall fulfil conditions 


of equi- 


(4) at every point of the boundary. In the case of a bounding hbritun of 

membrane, this condition must be fulfilled either through pletely ni- 

pressure artificially applied from without, or through the in- ee 

terior elastic forces of the matter of the membrane. In the 

case of another fluid of different density touching it on the 

other side of -the boundary, all round or over some part of it, 

with no separating membrane, the condition of equilibrium of 

a heterogeneous fluid is to be fulfilled relatively to the whole 

fluid mass made up of the two; which shows that at the boun- 

dary the pressure must be constant and equal to that of the 

fluid on the other side. Thus water, oil, mercury, or any other Free surface 

liquid, in an open vessel, with its free surface exposed to the yeaa ie 

air, requires for equilibrium simply that this surface be level. a 
755. Recurring to the consideration of a finite mass of fluid Fivia, in 


closed vessel, 


completely filling a rigid closed vessel, we see, from what pre- under a non- 


conservative 


cedes, that, if homogeneous and incompressible, it cannot be system of 
disturbed from equilibrium by any conservative system of 
forces ; but we do not require the analytical investigation to 
prove this, as we should have “the perpetual motion” if it were 
denied, which would violate the hypothesis that the system of 
forces is conservative. On the other hand, a non-conservative 
system of forces cannot, under any circumstances, equilibrate 

a fluid which is either uniform in density throughout, or of 
homogeneous substance, rendered heterogeneous in density 
only through difference of pressure. But if the forces, though 

not conservative, be such that through every point of the 
space occupied by the fluid a surface may be drawn which 
shall cut at right angles all the lines of force it meets, a hetero- 
geneous fluid will rest in equilibrium under their influence, 
provided (§ 750) its density, from point to point of every one of 
these orthogonal surfaces, varics inversely as the product of the 
resultant force into the thickness of the infinitely thin layer of 
space between that surface and another of the orthogonal sur- 
faces infinitely near it on either side. (Compare § 488.) 


The same conclusion is proved as a matter of course from (1), 
since that equation is merely the analytical expression that the 
force at every point (x, y, z) is along the normal to that surface 
of the series given by different values of C in p= C, which 
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Fluid under passes through (x, y, z); and that the magnitude of the resultant 


any system ° 
of forces. force is 


VEET) 

mana” Salen. 
of which the numerator is equal to ce if 7 be the thickness at 
(x, y, z) of the shell of space between two surfaces 

p=C and p=C+8C, 
infinitely near one another on two sides of (x, y, z). 


The analytical expression of the condition which X, Y, Z must 
fulfil in order that (1) may be possible is found thus; first, by 


we have 


d d 
I (p2) =X) | (5). 


d d 
POD ge) 


Performing the differentiations, and multiplying the first of the 
resulting equations by X, the second by Y, and the third by Z, 


we have 
dZ dY dX dZ dY dX l 
aly eT YC dal da a (6) ; 
which is merely the well-known condition that the expression 


Xdx+ Ydy+Zdz 
may be capable of being rendered by a factor the complete dif- 
ferential of a function of three independent variables. 


Or if we multiply the first of (5) by se , the second by 


a , and the third by 7 , and add, we have 


dp dZ dY, dp dX dZ,,dpdY¥ dX 
Ly de) tay de a tae de g O 
This shows that the line whose direction-cosines are propor- 
tional to dZ dY dX dZ dY ax 
g de? is d ae u 
is perpendicular to the surface of equal density through (x, y, z) ; 
and (6) shows that the same line is perpendicular to the resultant 
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force. It is therefore tangential to both the surface of equal Fluid under 


any system 


density and to that of equal pressure, and therefore to their of forces. 
curve of intersection. The differential equations of this curve 
are therefore 

dZ_ ay ax dz ad¥ dX (8). 


dy dz de dx dy 


756. If we imagine all the fluid to become rigid except an Fanilibrium 


condition. 


infinitely thin closed tubular portion lying in a surface of equal 
density, and if the fluid in this tubular circuit be moved any 
length along the tube and left at rest, it will remain in equi- 
librium in the new position, all positions of it in the tube 
being indifferent because of its homogeneousness. Hence the 
work (positive or negative) done by the force (X, Y, Z) on any 
portion of the fluid in any displacement along the tube is 
balanced by the work (negative or positive) done on the re- 
mainder of the fluid in the tube. Hence a single particle, 
acted on only by X, Y, Z, while moving round the circuit, that 
is moving along any closed curve on a surface of equal density, 
has, at the end of one complete circuit, done just as much work 
against the force in some parts of its course, as the forces have 
done on it in the remainder of the circuit. 


An interesting application of (j) § 190 may be made to prove 
this result analytically. Thus, if we take for a, B, y our present 
force components X, Y, Z; and for the surface there referred 
to, a surface of equal density in our heterogeneous fluid; the 
expression 

dZ dY dX dZ dY dX 
MRN E AG del de ay 
vanishes kae of (7), and we conclude that 
J (Xdx-+ Ydy+Zdz)=0, 
for any closed circuit on a surface of equal density. 


757. The following imaginary example, and its realization Imaginary 


example of 


in a subsequent section (§ 759), show a curiously interesting equilibrium 


under non- 


practical application of the theory of fluid equilibrium under conservative 


forces, 


extraordinary circumstances, generally regarded as a merely 
abstract analytical theory, practically useless and quite un- 
natural, “ because forces in nature follow the conservative law.” 


Imaginary 
example of 
equilibriuin 
under non- 
conservative 
forces. 
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758. Let the lines of force be circles, with their centres all 
in one line, and their planes perpendicular to it. They are cut 
at right angles by planes through this axis; and therefore a 
fluid may be in equilibrium under such a system of forces. 
The system will not be conservative if the intensity of the 
force be according to any other law than inverse proportionality 
to distance from this axial line ; and the fluid, to be in equili- 
brium, must be heterogeneous, and be so distributed as to vary 
in density from point to point of every plane through the axis, 
inversely as the product of the force into the distance from the 
axis. But from one such plane to another it may be either 
uniform in density, or may vary arbitrarily. To particularize 
farther, we may suppose the force to be in direct simple pro- 
portion to the distance from the axis. Then the fluid will be 
in equilibrium if its density varies from point to point of every 
plane through the axis, inversely as the square of that distance. 
If we still farther particularize by making the force uniform 
all round each circular line of force, the distribution of force 
becomes precisely that of the kinetic reactions of the parts of a 
rigid body against accelerated rotation. The fluid pressure will 
(§ 749) be equal over each plane through the axis. And in 
one such plane, which we may imagine carried round the axis 
in the direction of the force, the fluid pressure will increase in 
simple proportion to the angle at a rate per unit angle (§ 41) 
equal to the product of the density at unit distance into the 
force at unit distance. Hence it must be remarked, that if any 
closed line (or circuit) can be drawn round the axis, without 


~ leaving the fluid, there cannot be equilibrium without a firm 


partition cutting every such circuit, and maintaining the differ- 
ence of pressures on the two sides of 
it, corresponding to the angle 2r. 
Thus, if the axis pass through the 
fluid in any part, there must be a 
partition extending from this part of 
the axis continuously to the outer 
bounding surface of the fluid. Or 
if the bounding surface of the whole 
fluid be annular (like a hollow anchor-ring, or of any irregular 
shape), in other words, if the fluid fills a tubular circuit; and 
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the axis (A) pass through the aperture of the ring (without Imaginary 


example of 


passing into the fluid); there must be a firm partition (CD) equilibrium 


under non- 


extending somewhere continuously across the channel, or conservative 
passage, or tube, to stop the circulation of the fluid round it; 
otherwise there could not be equilibrium with the supposed 
forces in action. If we further suppose the density of the fluid 
to be uniform round each of the circular lines of force in the 
system we have so far considered (so that the density shall be 
equal over every circular cylinder having the line of their 
centres for its axis, and shall vary from one such cylindrical 
surface to another, inversely as the squares of their radii), we 
may, without disturbing the equilibrium, impose any conserva- 
tive system of force in lines perpendicular to the axis; that is 
(§ 488), any system of force in this direction, with intensity 
varying as some function of the distance. If this function be 
the simple distance, the superimposed system of force agrees 
precisely with the reactions against curvature, that is to say, 
the centrifugal forces, of the parts of a rotating rigid body. 
759. Thus we arrive at the remarkable conclusion, that if Actual case. 

a rigid closed box be completely filled with incompressible 
heterogeneous fluid, of density varying inversely as the square 
of the distance from a certain line, and if the box be moveable 
round this line as a fixed axis, and be urged in any way by 
forces applied to its outside, the fluid will remain in equilibrium 
relatively to the box; that is to say, will move round with the 
box as if the whole were one rigid body, and will come to rest 
with the box if the box be brought again to rest: provided 
always the preceding condition as to partitions be fulfilled if 
the axis pass through the fluid, or be surrounded by continuous 
lines of fluid. For, in starting from rest, if the fluid moves 
like a rigid solid, we have reactions against acceleration, tan- 
gential to the circles of motion, and equal in amount to wr 
per unit of mass of the fluid at distance r from the axis, œ 
being the rate of acceleration (§ 42) of the angular velocity ; 
and (see Vol. IL) we have, in the direction perpendicular to the 
axis outwards, reaction against curvature of path, that is to 
say, “centrifugal force,” equal to wr per unit of mass of the 
fluid. Hence the equilibrium which we have demonstrated 
in the preceding section, for the fluid supposed at rest, and 
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Actualcase arbitrarily influenced by two systems of force (the circular 
equilibriam non-conservative and the radial conservative system) agreeing 
conservative in law with these forces of kinetic reaction, proves for us now 
ane the D’Alembert (§ 264) equilibrium condition for the motion 
of the whole fluid as of a rigid body experiencing accelerated 
rotation ; that is to say, shows that this kind of motion fulfils 
for the actual circumstances the laws of motion, and, therefore, 
that it is ¢he motion actually taken by the fluid. 
Relation 760. If the fluid is of homogeneous substance and uniform 
density nd temperature throughout, but compressible, as all real fluids are, 
applied jt can be heterogeneous in density, only because of difference 
of pressure in different parts; the surfaces of equal density 
must be also surfaces of equal pressure; and, as we have seen 
above (§ 753), there can be no equilibrium unless the system 
of forces be conservative. The function which the density is 
of the pressure must be supposed known (§ 448), as it depends 


on physical properties of the fluid. Compare § 752. 


Let p=S(p) (9). 
‘We have, by § 753 (3), integrated, 
dp 
-L =0—V 10), 
IF) i 
or, if F denote such a function that 
dp 
F{/—}= 11), 
p=F(C_Y), 
and, by (9), p=f{F(C—V)} (12). 
Resultant 761. In § 746 we considered the resultant pressure on a 


a plane area. plane surface, when the pressure is uniform. We may now 
consider (briefly) the resultant pressure on a plane area when 
the pressure varies from point to point, confining our attention 
to a case of great importance ;—that in which gravity is the 
only applied force, and the fluid is a nearly incompressible 
liquid such as water. In this case the determination of the 
position of the Centre of Pressure is very simple; and the 
whole pressure is the same as if the plane area were turned 
about its centre of inertia into a horizontal position. 


K netie The pressure at any point at a depth z in the liquid may be 
P=9p8+ po. expressed by P=pz+Po 


where p is the (constant) density of the liquid, and p, the (atmo- 
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spheric) pressure at the free surface, reckoned in units of weight Reno ant a 

per unit of area. Piane area. 
Let the axis of x be taken as the intersection of the plane 

of the immersed plate with the free surface of the liquid, and 

that of y perpendicular to it and in the plane of the plate. Let 

a be the inclination of the plate to the vertical. Let also A be 

the area of the portion of the plate considered, and £, 7, the co- 

ordinates of its centre of inertia. 
Then the whole pressure is 


Lp dady=ff\ po + pycosa)dxdy 
= Áp, + Api cosa. 
The moment of the pressure about the axis of x is 
JMpydxdy=Apğ + Ak’ pcosa, 
k being the radius of gyration of the plane area about the axis 
of x. 
For the moment about y we have 
S/[pxdxdy= Ap, + peosa//xydxdy. 
The first terms of these three expressions merely give us again 
the results of § 746; we may therefore omit them. This will be 
equivalent to introducing a stratum of additional liquid above the 
free surface such as to produce an equivalent to the atmospheric 
pressure. If the origin be now shifted to the upper surface of 
this stratum we have 
Pressure = A pġ cosa, 


Moment about Ox = Ak’pcosa, 
3 
Distance of centre of pressure from axis of z 2a ; 


y 
But if k, be the radius of gyration of the plane area about a 
horizontal axis in its plane, and passing through its centre of 
inertia, we have, by § 283, 
k'=k, +7’. 
Hence the distance, measured parallel to the axis of y, of the 
centre of pressure from the centre of inertia is 
ki 


? 


and, as we might expect, diminishes as the plane area is more 
and more submerged. If the plane area be turned about the line 
through its centre of inertia parallel to the axis of 2, this distance 
varies as the cosine of its inclination to the vertical; supposing, 
of course, that by the rotation neither more nor less of the plane 
area is submerged. 


Loss of 
apparent 
weight by 
immersion 
in a fluid. 
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762. A body, wholly or partially immersed in any fluid 
influenced by gravity, loses, through fluid pressure, in apparent 
weight an amount equal'to the weight of the fluid displaced. 
For if the body were removed, and its place filled with fluid 


. homogeneous with the surrounding fluid, there would be equi- 


librium, even if this fluid be supposed to become rigid. And 
the resultant of the fluid pressure upon it is therefore a single 
force equal to its weight, and in the vertical line through its 
centre of gravity. But the fluid pressure on the originally im- 
mersed body was the same all over as on the solidified portion 
of fluid by which for a moment we have imagined it replaced, 
and therefore must have the same resultant. This proposition 
is of great use in Hydrometry, the determination of specific 
gravity, etc. etc. 


Analytically, the following demonstration is of interest, 
especially in its analogies to some preceding theorems, and 
others which occur in electricity and magnetism. 


If V be the potential of the impressed forces, md is the 


force parallel to the axis of x on unit of matter at xyz, and 
pdxdydz is the mass of an element of the fluid, and therefore the 
whole force parallel to the axis of x on a mass of fluid substituted 
for the immersed body, is represented by the triple integral 


Mp dzdydz 


taken through the whole space enclosed by the surface. But, 
by § 752, 


Hence the triple integral becomes 
d 
M dadydz= {{[pdydz 


extended over the whole surface. 

Let dS be an element of any surface at 2, y, z; A, m, v the 
direction-cosines of the normal to the element; p the pressure in 
the fluid in contact with it. The whole resolved pressure parallel 

- to the axis of g is P,=/f ApdS 
=/Jpdydz, 
the same expression as above. 
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The couple about the axis of z, due to the applied forces on 

any fluid mass, is (§ 559) 
2am(Xy— Yr), 
dm representing the mass of an element of fluid. 

This may be written in the form 

dV av 
-Mpdzdydely T; 2g) 
the integral being taken throughout the mass. 
This is evidently equal to 
M ye -a \dxdydz 
= ffpydydz —[Jpxdzdx 
=fJp(ày —px)dsS, 
which is the couple due to surface-pressure alone. 

763. The following lemma, while in itself interesting, is of 
great use in enabling us to simplify the succeeding investiga- 
tions regarding the stability of equilibrium of floating bodies :— 

Let a homogeneous solid, the weight of unit of volume of 
which we suppose to be unity, be cut by a horizontal plane 
in XYX’Y’. Let O be the 
centre of inertia, and let XX’, Y 
YY’ be the principal axes, of 
e ii 

Let there be a second plane X’ X 
section of the solid, through 
YY’, inclined to the first at 
an infinitely small angle, 6. 
Then (1.) the volumes of the 
two wedges cut from the solid by these sections are equal; (2.) 
their centres of inertia lie in one plane perpendicular to YY’; 
and (3.) the moment of the weight of each of these, round YY’, 
is equal to the moment of inertia about it of the correspond- 
ing portion of the area, multiplied by @. 

Take OX, OY as axes, and let 6 be the angle of the wedge: 
the thickness of the wedge at any point P(x, y) is 0x, and the 
volume of a right prismatic portion whose base is the elementary 

- area dxdy at P is Oxdxdy. 

Now let [] and () be employed to distinguish integrations ex- 


tended over the portions of area to the right and left of the axis 
of y respectively, while integrals over the whole area have no 
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such distinguishing mark. Let a and a’ be these areas, v and v’ 
the volumes of the wedges; (Z, 9), (z , y') the co-ordinates of 
their centres of inertia. Then 
v= 6 //xdxdy|=ox 
—v' =0( f/xdxdy)=a'z', 
whence v—v' = 0//xdxdy=0 since O is the centre of inertia. 
Hence =v’, which is (1.) 
Again, taking moments about XX’, 
vy=O[ //xydxdy], 
and —v'y' =0( /fxydxdy). 
Hence vy—v' g =O//xydxdy. 
But for a principal axis (§ 281) Zxydm vanishes. Hence 
vy—v'y' = 0, whence, since v=v', we have l 
y=7', which proves (2.) 
And (3.) is merely a statement in words of the obvious equation 
[ //x.x0dady|=6[ //x*.dxdy]. 


764. If a positive amount of work is required to produce 


of a floating any possible infinitely small displacement of a body from a 


Vertical dis- 


placements. 


position of equilibrium, the equilibrium in this position is 
stable (§ 291). To apply this test to the case of a floating 
body, we may remark, first, that any possible infinitely small 
displacement may (§§ 26, 95) be conveniently regarded as com- 
pounded of two horizontal displacements in lines at right angles 
to one another, one vertical displacement, and three rotations 
round rectangular axes through any chosen point. If one of 
these axes be vertical, then three of the component displace- 
ments, viz., the two horizontal displacements and the rotation 
about the vertical axis, require no work (positive or negative), 
and therefore, so far as they are concerned, the equilibrium is 
essentially neutral. But so far as the other three modes of 
displacement are concerned, the equilibrium may be positively 
stable, or may be unstable, or may be neutral, according to the 
fulfilment of conditions which we now proceed to investigate, 
765. If, first, a simple vertical displacement, downwards 
let us suppose, be made, the work is done against an increas- 
ing resultant of upward fluid pressure, and is of course equal 
to the mean increase of this force multiplied by the whole 
space. If this space be denoted by z, the area of the plane of 


Se 
— 
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flotation by A, and the weight of unit bulk of the liquid by w, 
the increased bulk of immersion is clearly Az, and therefore the 
increase of the resultant of fluid pressure is wAz, and is in a line 
vertically upward through the centre of gravity of A. The 
mean force against which the work is done is therefore 4wAz, 
as this is a case in which work is done against a force increas- 
ing from zero in simple proportion to the space. Hence the 
work done is 4wAz. We see, therefore, that so far as vertical 
displacements alone are concerned, the equilibrium is neces- 
sarily stable, unless the body is wholly immersed, when the 
area of the plane of flotation vanishes, and the equilibrium is 
neutral. 

766. The lemma of § 763 suggests that we should take, as 
the two horizontal axes of rotation, the principal axes of the 
plane of flotation. Considering then rotation through an in- 
finitely small angle @ round one of these, let G and Æ be the 


~~ 


G 
G' 
A\— I | 
Ww W 
oe 
7 
7 
H E' | 


displaced centres of gravity of the solid, and of the portion 
of its volume which was immersed when it was floating in 


2Q 
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equilibrium, and @’, F’ the positions which they then had; 
all projected on the plane of the diagram which we suppose to 
be through J the centre of inertia of the plane of flotation. 
The resultant action of gravity on the displaced body is W, its 
weight, acting downwards through G; and that of the fluid 
pressure on it is W upwards through E corrected by the amount 
(upwards) due to the additional immersion of the wedge AIA’, 
and the amount (downwards) due to the extruded wedge BIB. 
Hence the whole action of gravity and fluid pressure on the 
displaced body is the couple of forces up and down in verticals 
through G and Æ, and the correction due to the wedges. This 
correction consists of a force vertically upwards through the 
centre of gravity of A'TA, and downwards through that of BIB’. 
These forces are equal [§ 763 (1)], and therefore constitute a 
couple which [§ 763 (2)] has the axis of the displacement for 
its axis, and which [§ 763 (3)] has its moment equal to @wk*A 
if A be the area of the plane of flotation, and & its radius of 
gyration (§ 281) round the principal axis in question. But 
since GE, which was vertical (G’E’) in the position of equili- 
brium, is inclined at the infinitely small angle @ to the vertical 
in the displaced body, the couple of forces W in the verticals 
through G and Æ has for moment WhO, if h denote GE; and 
is in a plane perpendicular to the axis, and in the direction 
tending to increase the displacement, when G is above Æ. 
Hence the resultant action of gravity and fluid pressure on the 
displaced body is a couple whose moment is 

(wAk*— Wh)0, or w(Ak?— VA)O, 
if V be the volume immersed. It follows that when Ak?>Vh 
the equilibrium is stable, so far as this displacement alone is 
concerned, . 

Also, since the couple worked against in producing the dis- 
placement increases from zero in simple proportion to the 
angle of displacement, its mean value is half the above; and 
therefore the whole amount of work done is equal to 


jw(Ak?— VO. 
767. If now we consider a displacement compounded of a 


vertical (downwards) displacement z, and rotations through 
infinitely small angles 0, & round the two horizontal principal 
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axes of the plane of flotation, we see (S$§ 765, 766) that the General dis- 
work required to produce it is equal to Vik es 
4w[ Az? + (Ak? — Vh) + (Ak’*— Vh)0°], ae 


and we conclude that, for complete stability with reference to Conditions 


: - : . ay. of stability. 
all possible displacements of this kind, it is necessary and os 
sufficient that Ak? Ak’ 

A= and =<" 


768, When the displacement is about any axis through the The meta- 
centre of inertia of the plane of flotation, the resultant of fluid Condition of 
pressures is equal to the weight of the body; but it is only 
when the axis is a principal axis of the plane of flotation that 
this resultant is in the plane of displacement. In such a case 
the point of intersection of the resultant with the line originally 
vertical, and through the centre of gravity of the body, is called 
the Metacentre. And it is obvious, from the above investiga- 
tion, that for either of these planes of displacement the con- 
dition of stable equilibrium is that the metacentre shall be 
above the centre of gravity. 

769. The spheroidal analysis with which we propose to 
conclude this volume is proper, or practically successful, for 
hydrodynamic problems only when the deviations from spheri- 
cal symmetry are infinitely small; or, practically, small enough 
to allow us to neglect the squares of ellipticities (§ 801); or, 
which is the same thing, to admit thoroughly the principle of 
the superposition of disturbing forces, and the deviations pro- 
duced by them. But we shall first consider a case which 
admits of very simple synthetical solution, without any re- 
striction to approximate sphericity ; and for which the follow- 
ing remarkable theorem was discovered by Newton and 
Maclaurin :— 

770. An oblate ellipsoid of revolution, of any given eccen- A homo- 


geneous 


tricity, is a figure of equilibrium of a mass of homogeneous ellipsold ts 


figure of 


incompressible fluid, rotating about an axis with determinate equilibrium 
r ‘ : of a rotating 

angular velocity, and subject to no forces but those of gravita- liquid mass. 
tion among its parts. 

The angular velocity for a given eccentricity is independent 
of the bulk of the fluid, and proportional to the square root of 
its density. 

771, The proof of this proposition is easily obtained from 


612 
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Ahomo- the results already deduced with respect to the attraction of an 


geneous 


ellipsoid is. ellipsoid and the properties of the free surface of a fluid. 


a figure of 


equilibrium We know, § 522, that if APB be a meridian section of a 


of a rotating 


liquid mass. homogeneous oblate spheroid, AC the polar axis, CB an equa- 
torial radius, and P any point on the surface, the attraction 
of the spheroid may be resolved into two parts; one, Pp, 


perpendicular to the 
polar axis, and vary- 
ing as the ordinate 
PM; the other, Ps, 
parallel to the polar 
axis, and varying as 
PN. These compo- 
nents are not equal 
when MP and PN are 
equal, else the result- 
ant attraction at all 
points in the surface 


would pass through C; whereas we know that it is in some 
such direction as Pf, cutting the radius BC between B and C, 
but at a point nearer to C than n the foot of the normal at P. 


Let then 


and Ps=£.PN, 


where a and £ are known constants, depending merely on the 
density, (p), and eccentricity, (e), of the spheroid. 

Also, we know by geometry that Nn = (1 —e?) CN. 

Hence ; to find the magnitude of a force Pq perpendicular ` 
to the axis of the spheroid, which, when compounded with the 
attraction, will bring the resultant force into the normal Pn : 


make pr = Pq, and we must have 


Hence 


or 


(1 yen =(1 — etp . 


Pr=(1—e)= Pp 

Pp—Pq=(1—e) Pp, 

Py=(1—(1-e)) Pp 
=(a—(1—e*)B)PM. 
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Now if the spheroid were to rotate with angular velocity œ A homo- 


: . geneous 
about AC, the centrifugal force, §§ 32, 35a, 259, would be in ehipsoid is 
è ‘ a tigure of 
the direction Pg, and would amount to sql iii 
> 
of a rotating 
w PM liquid mass. 


Hence, if we make 

w*=a—(1—e*)B, 
the whole force on P, that is, the resultant of the attraction 
and centrifugal force, will be in the direction of the normal to 
the surface, which is the condition for the free surface of a mass 
of fluid in equilibrium. 


| —e 1 —e? 
Now, § 522, a=2rp( ^ a sinmi) 


1 —e'*. 
B= ; £ sine). 


€e 


Hence wt anp{ EPM I inme S), (1). 
This determines the angular velocity, aud proves it to be pro- The square 
portional to vp. te ungnlar 
772, If, after Laplace, we introduce instead of e a quantity te density 
e defined by the equation oS ee 

* tee 
aes 
(2), 


or = —— = tan (sine), j 
1—e?’ 
the expression (1) for w° is much simplified, and . 
o 3+6? 3 
2mp = E 3 tan € ee ra (3 ). 


When e, and therefore also £, is small, this formula is most 
easily calculated from 


soma fyf ete, (4), 


of which the first term is sufficient when we deal with spheroids 
so little oblate as the earth. 

The following table has been calculated by means of these 
simplified formule. The last figure in each of the four last 
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Tanie ot ear: columns is given to the nearest unit. The two last columns 
respon A : : 
valuesof will be explained a few sections later :— 


ellipticities 
and angular i. ii. iii. iv. V. 
velocities. 
e. : . = . ar when p = 368 x 107. (1 +e è 
0-1 9-950 | 0-0027 79,966 
2 4:899 0107 39,897 
3 3-180 -0243 26,495 
‘4 2-291 0436 19,780 
5 1:732 -0690 15,730 
6 1:333 ‘1007 13,022 
7 1-020 "1387 11,096 
8 0:750 "1816 9,697 
9 4843 "2203 ` 8,804 
‘91 "4556 "2225 8,759 
-92 -4260 "2241 8,729 
‘93 3952 ‘2947 8,718 
-94 3629 2.289 8,782 
95 -8287 29.18 8,783 
96 ‘2917 2160 8,891 
‘97 2506 2068 9,098 
‘98 2030 ‘1890 9,504 
-99 1425 ‘1551 10,490 
1:00 0:0000 0:0000 20 


w, 
ap increases gradually 


from zero to a maximum as the eccentricity e rises from zero to 
about 0°93, and then (more quickly) falls to zero as the eccen- 
tricity rises from 0°93 to unity. The values of the other quan- 
tities corresponding to this maximum are given in the table. 
773. If the angular velocity exceed the value calculated from 


w* 
Sap 02247, - (5) 


when for p is substituted the density of the liquid, equilibrium 
is impossible in the form of an ellipsoid of revolution. If the 
angular velocity fall short of this limit there are always two 
ellipsoids of revolution which satisfy the conditions of equi- 
librium. In one of these the eccentricity is greater than 0°93, 
in the other less. 

774. It may be useful, for special applications, to indicate 
briefly how p is measured in these formule. In the definitions 


From this we see that the value of 
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of §§ 459, 460, on which the attraction formule are based, Mean den- 
unit mass is defined as exerting unit force on unit mass at oy 
unit distance; and unit volume-density is that of a body which httracUon 
has unit mass in unit volume. Hence, with the foot as our ia 
linear unit, we have for the earth’s attraction on a particle of 


unit mass at its surface 
3 
©. — = fre R=322,; 


where È is the radius of the earth (supposed spherical) in feet ; 
and o its mean density, expressed in terms of the unit just 
defined. 
Taking 20,900,000 feet as the value of R, we have 
a = 0000000368 = 3-68 x 107". (6). 
As the mean density of the earth is somewhere about 5'5 
times that of water, § 479, the density of water in terms of our 


resent unit is 3:68 
P ——107'=6:7 x 107°. 
5:5 
775. The fourth column of the table above gives the time of time ot 
rotation in seconds, corresponding to each value of the eccen- Shimii or 


given eccen- 


tricity, p being assumed equal to the mean density of the ticity. 
earth. For a mass of water these numbers must be multiplied 
by a/ 5'5, as the time of rotation to give the same figure is in- 
versely as the square root of the density. 

For a homogeneous liquid mass, of the earth’s mean density, 
rotating in 23" 56™ 4°, we find e = 0'093, which corresponds to 
an ellipticity of about z350. 

776, An interesting form of this problem, also discussed by tass ana 


moment. of 


Laplace, is that in which the moment of momentum and the momentum 
mass of the fluid are given, not the angular velocity ; and it is fiven. 
required to find what is the eccentricity of the corresponding 
ellipsoid of revolution, the result proving that there can be 

but one. 

It is evident that a mass of any ordinary liquid (not a 
perfect fluid, § 742), if left to itself in any state of motion, 
must preserve unchanged its moment of momentum, § 235. 

But the viscosity, or internal friction, § 742, will, if the mass 
remain continuous, ultimately destroy all relative motion 
among its parts; so that it will ultimately rotate as a rigid 


Mass and 
moment of 
momentum 
of fluid 
given. 
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solid. If the final form be an ellipsoid of revolution, we can 

easily show that there is a single definite value of its eccen- 
tricity. But, as it has not yet been discovered whether there 
is any other form consistent with stable equilibrium, we do not 
know that the mass will necessarily assume the form of this 
particular ellipsoid. Nor jn fact do we know whether even 
the ellipsoid of rotation may not become an unstable form if 
the moment of momentum exceed some limit depending on the 
mass of the fluid. We shall return to this subject in Vol. IL, 
as it affords an excellent example of that difficult and delicate 
question Kinetic Stability, § 346. 

If we call a the equatorial semi-axis of the ellipsoid, e its 
eccentricity, and its angular velocity of rotation, the given 
quantities are the mass | 

M=irpa’ J 1—e, 
and the moment of momentum 
A=, 7pwas /1—e%. 
These equations, along with (2), determine the three quantities 
a, e, and æ. 

Eliminating a between the two just written, and expressing 

c as before in terms of £, we have 


= pour ey Te 
uS z3 (2) G 
wo ik 
2mp (FER 
where & is a given multiple of pè. nn in 772 (2) we 


have k= HAEE E tan T PA 5 


Now the last column of the table in § 772 shows that the value 
of this function of g (which vanishes with £) continually in- 
creases with £, and becomes infinite when € is infinite. Hence 
there is always one, and one only, value of £, and therefore of 
e, which satisfies the conditions of the problem. 

777. All the above results might without much difficulty 
have been obtained analytically, by the discussion of the equa- 
tions; but we have preferred, for once, to show by an actual 
case that numerical calculation may sometimes be of very 
great use. 


This gives 
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778. No one seems yet to have attempted to solve the 
general problem of finding all the forms of equilibrium which a 
mass of homogeneous incompressible fluid rotating with uniform 
angular velocity may assume. Unless the velocity be so small 
that the figure differs but little from a sphere (a case which 
will be carefully treated later), the problem presents difficulties 
of an exceedingly formidable nature. It is therefore of some 
importance to show by a synthetical process that another form, 
besides that of the ellipsoid of revolution, may be compatible 
with equilibrium ; viz. an ellipsoid with three unequal axes, of 
which the least is the axis of rotation. This curious theorem 
was discovered by Jacobi in 1834, and seems, simple as it is, 
to have been enunciated by him .as a challenge to the French 
mathematicians. The proof which follows is virtually the 
same as that given by Archibald Smith.” 

By § 522, the components of the attraction of a homogeneous 
ellipsoid, whose semi-axes are a, b, c, on a point £, 7, ¢ at its 
surface are 


smf PE RE EES = — , ete., 
CETME 
which, for the present, we may call A£, Bn, CÅ 
If the ellipsoid revolve, with angular velocity w, about the axis 
of ¢ the components of the centrifugal force are 
w, wn, 0. 
Hence the components of the whole resultant of gravity and 
centrifugal force on the particle at £, n, ¢ are 
(A—w')f, (B—o')n, CÈ. 
But the direction-cosines of the normal to the surface of the 
ellipsoid at £, », ¢, are proportional to 
n f. 
a’ P? 
and, for equilibrium, the resultant force must be perpendicular 
to the free surface. Hence 
a?(A—w*)=57( B—w*)=c°C (1). 
These equations give 
_@A—8C Bb B—cC (2). 
T æa ` b 


We must show, first, that for any given values of a and b a value 


w? 


1 Sce a Paper by Liouville, Journal de l Ecole Polytechnique, cahier XXII., foot- 
note to p. 290. 
* Cambridge Math. Journal, Feb. 1838. 
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of c can be assigned which will make these valucs of w? equal. 
Then we must show that the value of w? thus found is positive, 
giving a real value of w. If we put, as in § 522, 


=|- ? i (3), 
o y (+y tet Y) 

we have 5 m ee 

d 
A=— aM Tat) a?) b} B=—3 2M Ta’ C= — —3M T d(e) (4). 
Substituting these values in (2), we have 
db d ,1 1 dè 
Jaj ae) a TAD j 

2 — },? ete NW ! Dò. 

aAa T TETN ENa © 


a’=b* gives the ellipsoid of revolution already treated. But the 
equation may be satisfied without assuming a*=b*, since the 
factor in brackets, in the integral, may be written in the form 
(dat +c}? ah?) y+ cry 
CEOE GES 
of which the numerator alone can change sign. Now if c be 
greater than the greatest of a and 8, the integral is positive; if 
c be very small, it is evidently negative. Hence for any finite 
values of a and b whatever the integral may be made to vanish 
by properly assigning e. With this value of c the integral con- 
tains an equal amount of positive and negative clements. But 
it can have no negative elements unless c*a? + ctb! — atb? is 
negative, t.e., unless c is less than the least of a and b. 
Lastly, by (2) and (4) 


3 ale , dP dP 
QO = ae a’ ia) 
= „i T dp č __(at—e)y 
oJ (a+Y) (+P) (+ ¥) (+H) (+4) 


which is positive, as we have shown that c is less than a; and gives 
the required angular velocity when c has been found from (5). 


779. A few words of explanation, and some graphic illustra- 
tions, of the character of spherical surface harmonics may pro- 
mote the clear understanding not only of the potential and 
hydrostatic applications of Laplace’s analysis, which will occupy 
us presently, but of much more important applications to be 
made in Vol. IL, when waves and vibrations in spherical fluid 
or elastic solid masses will be treated. To avoid circumlo- 
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cutions, we shall designate by the term harmonic spheroid, or Digression 
spherical harmonic undulation, a surface whose radius to any a 
point differs from that of a sphere by an infinitely small length Barone 
varying as the value of a surface harmonic function of the 
position of this point on the spherical surface. The definitions 
of spherical Solid and Surface Harmonics [App. B. (a), (0), (0)] 
show that the harmonic spheroid of the second order is a surface 
of the second degree subject only to the condition of being 
approximately spherical: that is to say, it may be any elliptic 
spheroid (or ellipsoid with approximately equal axes). Gene- 
rally a harmonic spheroid of any order 7 exceeding 2 is a 
surface of algebraic degree 2 more restricted than merely to 
being approximately spherical. 
Let S; be a surface harmonic of order i with coeficient of 
leading term so chosen as to make the greatest maximum value 
of the function unity. Then if a be the radius of the mcan 
sphere, and c the greatest deviation from it, the polar equation 
of a harmonic spheroid of order 7 will be 
r=atch; (1) 
if S; is regarded as a function of polar angular co-ordinates, 0, ¢. 
Considering that Z is infinitely small, we may reduce this to an 


equation in rectangular co-ordinates of degree 7, thus :—Squaring 
each member of (1); and putting aa for <, from which it 
differs by an infinitely small quantity of the second order, we 
have raat HA riS (2). 
This, reduced to rectangular co-ordinates, is of algebraic degree z. 


780. The line of no deviation from the mean spherical Harmonie 
surface is called the nodal line, or the nodes of the harmonic aud line. 
spheroid. It is the line in which the spherical surface is cut 
by the harmonic nodal cone; a certain cone with vertex at the 
centre of the sphere, and of algebraic degree equal to the order 
of the harmonic. An important property of the harmonic nodal 
line, indicated by an interesting hydrodynamic theorem due to 
Rankine,’ is that when self-cutting at any point or points, the 
different branches make equal angles with one another round 
each point of section. 

1 «Summary of the Properties of certain Stream-Lines.” Phi. Mag., Oct. 1864. 
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Denoting r‘S; of § 779 by Vi, we have 
Vi;=0 (3) 
for the equation of the harmonic nodal cone. As V; is [App. 
B. (a)] a homogeneous function of degree i, we may write 
Vi== H, 4+ A, 2‘ + A,2*-? + H,2*-* + ete. (4), 
where H, is a constant, and H,, Ha, H,, ete., denote integral 
homogencous functions of x, y of degrees 1, 2, 8, etc.; and then 
the condition V? V;=0 [App. B- (a)] gives 
V*H,+1(ti—1)H,=0, V?Hs+(i—1) (t—2)H, =, } (5) 
V'H,+(i—s+2) (i—s+1)Hi-s4:= : : 
which express all the conditions binding on H., H,, H,, ete. 
Now suppose the nodal cone to be autotomic, and, for brevity 
and simplicity, take OZ along a line of intersection. Then z=a 
makes (3) the equation in x, y, of a curve lying in the tangent 
plane to the spherical surface at a double or multiple point of the 
nodal line, and touching both or all its branches in this point. 
The condition that the curve in the tangent plane may have a 
double or multiple point at the origin of its co-ordinates is, when 
(4) is put for V4, 
H,=0; and, for all values of x, y; H,=0. 
Hence (5) gives V'H,=0, | 
so that, if H, =4x' 4+ By? +2Czxy, 
we have A+ B=0. This shows that the two branches cut one 
another at right angles. 
If the origin be a triple, or n-multiple point, we must have 
H,=0, H,=0...H,_,=0, 
and (5) gives V’H,=0. 
Hence [§ 707 (23)] 


H=A{ (x+y 1)" (e—yV 1)" J BVT { (2-4FyV =1)"—(2@ NV =1)"}, 


or, if z=pcos¢, y=psinġ, 

H,,= 2p" Acosno-+ Bain n¢) 
which shows that the n branches cut one another at equal angles 
round the origin. 


781. The harmonic nodal cone may, in a great variety of 
cases [ V; resolvable into factors], be composed of others of lower 
degrees. Thus (the only class of cases yet worked out) each of 
the 22+ 1 elementary polar harmonics [as we may conveniently 
call those expressed by (36) or (37) of App. B., with any one 
alone of the 2+ 1 coefficients A,, B,] has for its nodes circles 
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of the spherical surface. These circles, for each such harmonic Disression 


. . i „on spherical 
element, are either (1.) all in parallel planes (as circles of lati- harmonics. 


tude on a globe), and cut the spherical surface into zones, in Sinan 


which case the harmonic is called zonal; or (2.) they are all in tsponies 
planes through one diameter (as meridians on a globe), and cut 
the surface into equal sectors, in which case the harmonic is 
called sectorial; or (3.) some of them are in parallel planes, 
and the others in planes through the diameter perpendicular to 
those planes, so that they divide the surface into rectangular 
quadrilaterals, and (next the poles) triangular segments, as 
areas on a globe bounded by parallels of latitude, and meridians 
at equal successive differences of longitude. 

With a given diameter as axis of symmetry there are, for 
complete harmonics [App. B. (c), (d)], just one zonal harmonic of 
each order and two sectorial. The zonal harmonic is a function 


of latitude alone (G — 0, according to the notation of App. B.) ; 


being the o” given by putting s = 0 in App. B. (38). The 
sectorial harmonics of order t, being given by the same with 

s= í, are sin‘ cosi, and sin’Osinip (1). 

The general polar harmonic element of order 7, being the 

OP cossp and eo” sins® of B. (38), with any value of s from 

0 to 2, has for its nodes 1—-s circles in parallel planes, and s 
great circles intersecting one another at equal angles round 
their poles; and the variation from maximum to minimum 
along the equator, or any parallel circle, is according to the 
simple harmonic law. It is easily proved (as the mathematical 
student may find for himself) that the law of variation is 
approximately simple harmonic along lengths of each meridian 
cutting but a small number of the nodal circles of latitude, and 

not too near either pole, for any polar harmonic element of high 

order having a large number of such nodes (that is, any one Tesseral 
for which i—s is a large number). The law of variation along surface by 
a meridian in the neighbourhood of either pole, for polar har- Rolar bare 
monic elements of high orders, will be carefully examined and """* 
illustrated in Vol. 11, when we shall be occupied with vibra- 
tions and waves of water in a circular vessel, and of a circular 
stretched membrane. 
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Digression | 782. The following simple and beautiful investigation of 
harmonics. the zonal harmonic due to Murphy‘ may be acceptable to the 
analytical student; but (§ 453) we give it as leading to a use- 
ful formula, with expansions deduced from it, differing from 


any of those investigated above in App. B. :— 
“ Prop. I. 


Morh s “ To find a rational and entire function of given dimensions 


invention | “ with respect to any variable, such that when multiplied by 
harmonics. “ any rational and entire function of lower dimensions, the 
“integral of the product taken between the limits 0 and 1 


“ shall always vanish. 


“ Let f(t) be the required function of n dimensions with respect 
“ to the variable ¢; then the proposed condition will evidently re- 
“ quire the following equations to be separately true; namely, 
“(a)..... ff (t)dt=0, /f(t).tat=0, /f(t).t2dt=0,...../f(t).e-- dt =0 
“ each integral being taken between the given limits. 

“ Let the indefinite integral of f(t), commencing when t=0, be 
“represented by f,(¢); the indefinite integral of /,(¢), commencing 
“also when ¢=0, by /2(¢); and so on, until we arrive at the 
“function f,(t), which is evidently of 2n dimensions. Then the 
“ method of integrating by parts will give, generally, 

“ f(t). @dt=Ff,(t)— xt? f(t) + x.x —1).17-9. f(t) —ete. 


“ Let us now put ¢=1, and substitute for x the values 1, 2, 3, 


ahaa (t—1) successively; then in virtue of the equations (a), 
“we get, 
VD anatase (4) =0, f(t)=0, fy(t)=0,........ 4(¢)=0. 


“ Hence, the function f(t) and its ({—1) successive differential 
“ coefficients vanish, both when t= 0, and when ¢=1; therefore 
“$ and (1—1t)* are each factors of /{(¢); and since this function is 
“ of 27 dimensions, it admits of no other factor but a constant c. 

“ Putting 1—i=t’, we thus obtain 

A=’); 

“ and therefore f= F 

“ Corollary.—If we suppose the first term of At), when arranged 
“according to the powers of t, to be unity, we cvidently have 


ti c=; on this supposition we shall denote the above 


“quantity by Q;. 
1 Treatise on Electricity. Cambridge, 1833. 
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“ Prop, IT. 


“ The function Q; which has been investigated in the pre- Digression 


on spherical 
“ ceding proposition, is the same as the coefficient of ef in the harmonics. 


“ expansion of the quantity tt ai 


{1—2e.(1—2¢) +e}. 
“ Let u be a arta which satisfies the equation 


oe u=tteu(l—u); 
“ that is, u=— 4S. {1—2e.(1—2t)+e*}?; 
‘ therefore Ot {1—2e(1—2¢) +e} -~ 
i 


“ But if, as before, we write t’ for 1—?t, we have, by Lagrange’s 


“ theorem, applied to the equation (c) 
e d(tt) | e% d*.(tt’)? 


ney oy a 
sitet tiz Ties di 


a 


+ete. 


“ If we differentiate, and put for its value 1.2.3...2Q; given 


“ by the former proposition, we ae 
T= 1+ Qie + Qe + ni 


“Comparing this with the above value of © = the proposition is 
“ manifest. 


“ Prop. V. 
“ To develop the function Q; Expansions 
“ First Expansion.—By Prop. 1., we have NOE: 
1 ËY 
as Oe a 
iT 1 d, +1 me 
= i fits t 
Hence Q;= eT fe — it pil: —cte.} 
i an i. uot ee (¢-+2) 
ó (e)... ==> t+—___— he) ee ange es — ete. 


“ Second ae u and v are functions of any variable ¢, 


“ then the theorem of Leibnitz gives the identity 
d'(uv) _ yt dv dtu, t(i—1) dy div í 
“at at a at ra ae di per 


“ Put u=é# and v=t", and dividing by 1.2.3...2, we have 
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«(PJs Qt (Lee 
i(i—1) segs (71) (7-2 ” 
+ 1.2 pe ( 1.2.3 
“ Third ua 1—2t=p, and therefore tt = ze : 
1 d*(p*—1)8 


ch E eas 
ae Pa 123.8 ap 


} t-e + ete. 


peng lim il = pt- ete. } 


TEN mo {ut — aes =. ais 

i—1)(i—2)(1—8 i— ” 
+ ys ke aS 
The ¢, ¢ and p of Murphy’s notation are related to the Ô we 
have used, thus :— 
t=(2sin$0)*, t =(2cos40)° l (2). 
p=cos 0 

Also it is convenient to recall from App. B. (v^), (38), (40), and 
(42), that the value of Q; [or 3!” of App. B. (61)], when 6=0 is 
unity, and that it is related to the ©”, of our notation for polar 


harmonic elements, thus :— 


a_n — 13.5...(22—1) 20 
9) == -— 53-5 er (3), 


as is proved also by comparing (g) with App. B. (38). We add 

the following formula, manifest from (88), which shows a deriva- 

tion of ©” from ©’, valuable if only as proving that the i— s 

roots of ©” =0 are all real and unequal, inasmuch as App. B. 

(p) proves that the ¢ roots of Of =0 are all real and unequal :— 
0” 1 d Ee" 


sin 0 i=s+1 dulsin=19] (4). 
From this and (8) we find 
w 1.2.8...(7—8) ; oa 
oss as (5). 


And lastly, referring to App. B. (w); oi 

Q'i and Q,[cos@cos 6’+ sin Osin 6’ cos(—¢')] 
denote respectively what Q; becomes when cos@ is replaced by 
cos 6, and again by cos@cos 6’ + sin Osin @cos(P—¢’): and let p 
denote cos6; and p’, cos@’. By what precedes, we may put (61)* 


* See Errata. 
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of App. B. into the following much more convenient form, agree- Biaxal 
ing with that given by Murphy (Electricity, p. 24) :— pander 
Q;[cos cos 6’-+-sin Osin O’cos(¢—¢’) | 
=- ‘ con(P—P$’) AQ dQ: cos 2(¢—¢’) a a PO. EO; 
=9,Q/-+2 {7 — (4-1) sinĝ sinb’ da de e sin? du? äu a tetc. } (6). 
183. Elementary polar harmonics become, in an extreme 
case of spherical harmonic analysis, the proper harmonics for 
the treatment, by either polar or rectilineal rectangular co- 
ordinates, of problems in which we have a plane, or two 
parallel planes, instead of a spherical surface, or two concen- Physical 


è è problems 
tric spherical surfaces, thus :— relative to 
plane rect- 

First, let S; be any surface harmonic of order i, and V; and 2sulerand 


V_i-, the solid harmonics [App. B. (5)] equal to it on the Pates. 
spherical surface of radius a: so that 
$ t+1 
=(—) S, and Vier=(4)° Si 
Now [compare § 655] 


(= Te 


and, therefore, if a be infinite, and r—a a finite quantity denoted 
by x, which makes 


g ea 


r x 
log —-=— ? 
a a 


and if z be infinite, and ad =p, we have 
, ; P; 


z 
P 


‘ri fy Rese at 
ae =€?, and similarly (7) agf a af 


the solid harmonics then become 
ep S and FaN 

Supposing now &; to be a polar harmonic clement, and consider- 
ing, as Green did in his celebrated Essay on Electricity, an area 
sensibly plane round either pole, or considering any sensibly plane 
portion far removed from each pole, it is interesting and instruc- 
tive to examine how the formule [ App. B. (36)...(40), (61), (65) ; 
and § 782, (e), (f), (g)] wear down to the proper plane polar 
or rectangular formule. This we may safely leave to the ana- 
lytical student. In Vol. 11. the plane polar solution will be fully 
examined. At present we merely remark that, in rectangular 
surface co-ordinatés (y, x) in the spherical surface become plane, 


S; may be any function whatever fulfilling the equation 
2 R 
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Physical = aS X 
a ete toe 
plane ree 
Angula aa and that the EE aaa inté which the elementary polar 
plates. spherical harmonic wears down, for sensibly plane portions of the 
spherical surface far removed from the poles, is 
Q= cos 2-cos4 
q 4 
where g and q’ are two constants such that 
g +g’ =p. 
Pzemplea 784. The following tables and graphic representations of 


harmonics. a]l the polar harmonic elements of the 6th and 7th orders may 
be useful in promoting an intelligent comprehension of the 


subject. 
Sixth order : 1 231 
Zonal, Qs = =-(231u— 315u4+ 1054—5) = 76 Or 
1 ds _ 1 jaa 4 A — 33 ga) zi 
Z1 du “E8 (3344 — 30u? + 5)u = 9. (1— e) . 
1 dQ, _ 1 33 nan) -1 
Tesseral, et. oat nA =22 — pe)". 
essera 710° da 16 -(33u4 — 18u? + 1) l i6 ©; (1 — p?*) 
1 BQ, i E , 
ao ge =g = Os (1 — +) 
1 di Qe — 1 2 2 11 (4) 3 —2 
i725 dat = o A D) =- Oe (1— r) 
1 Cs ; n (8) 3f 
10395 dus — 4 = 6, (1— +) 
1 d* Qe 
Sectorial.  — 2., C6 e (6) -3 
etori o da = = ©, (1—e) not shown. 
Seventh 
order : 1 : A 3 429 mio) 
Zonal, Q; = 76 (429 — 69344 +3154 — 35) = 76 27° 
1 dQ, _ 1 7 yi 
Tesseral, Aa S 6 — 405,,,4 a (1) 
ae” aa 6 (429° —495ut +1353 —5) = O: (1 — 
1 ËQ _ 1 i 3 _1s (2) —1 
378° dat = zg 143m — 110? +15)p pO; (1— y*). 
1 Qi f ; Lis o -į 
1 dQ 1 2 (3) —3 
rane” dat = 0S — 3)u _ (1 — 2?) ° 
1 dQ, 13 aw —§ 
Bato “dur Tale) Sager ee 
1 OO, (6) -3 
135135 due T“ = 0, (0—#). 
7 
Sectorial. : 1 Qr = 1 


Ə — yay 4 not shown. 
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+ ‘0308 


+ 0029 wae 
+ 0243 + 1017 
+ 1293 | + ‘0966 
+ °2053 || ws. 
+ °2225 || + 0796 
+ 2388 ||... 
+ ‘2926 || + 0522 
+ *3191 || wee 
aes + °0157 
+ 3314 ||... 
hice 0000 
#98890 I disses 
+ °3233 || -- 0273 
+ °2844 deals 
FAT — 0726 
+ ‘2546 Seas 
+ ‘1721 || — +1142 
+ 0935 ee 
bss — 1450 
+ 0038 | ...... 
— 1253 || — °1585 
— 2517 |] es 
— ‘2308 || — °1344 
— °3087 Eo 
— °3918 || — 0683 
— 4119 | ...... 
— *4147 0000 
— 4119 |... 
-— 4030 | + *0586 
— °3638 ade 
— ‘2412 || + -2645 
— °1084 || + +1764 
Pe + *4346 
0000 se 
+ 0751 || + +5002 
ee + ‘5704 
+ 3150 ee 
Beis + ‘7260 
+ 6203 | + ‘8117 
+ ‘8003 | + °9029 
+1-0000 || +1-0000 


LERE EE] 
ETET E] 


eos eee 


LEERE E) 


+ °9411 
+ 1:0000 


33 Aig 
16 8, ° 


+ °0625 


627 


Polar har- 
monies of 
sixth order. 
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konica ot p {at Ugo | 1 a6 | 11 Gu | 9” 
sixth order. 1260 duš 8 ~e’ 472 ut 10 ~ 6 6° 
0 “0000 0000 ! — 1000 | — 1000 0000 
05 |— 0186 | — -0185 || — -0975 | — -0970 || + -0497 
1 — -0361 | — -0356 |! — :0890 | — -0886 || + -0975 
15 | — tobie | — 0499 | — -0753 | — -0720 || + +1417 
2 — 70640 | — -0602 | — *0560 | — 0516 | + °1806 
25 | — 0723 | — -0656 |, — 0313 | — -0275 || + -2127 
3 |—-0754 | —-0655 |, — -o010 | — ‘0008 | + -2370 
35 | — -o767 | — -0630 | + -0348 | + -o268 | + 2524 
4 — 0620 | -— -0477 | + ‘0760 | + °0536 | + °2586 
45 | — -0435 | — -0310 || + -1227 | + -0773 || + 2555 
5 |— 0156 | —-0101 || + -1750 | + -0984 | + -2436 
55 | + 0225 | + -0131 | + 2327 | + +1132 | + 2234 
6 + 0720 | + -0869 || + -2960 | + -1211 || + -1966 
63 | ese e + *3366 | + +1224 tee 
“65 | + °1338 | + -0587 || + °3647 | + °1204 || + °1647 
7 + 2091 | + ‘0750 || + -4390 | + -1139 |} + -1300 
75 | + 2988 | + 0865 || + °5188 | + 0991 || + -0949 
8 + °4040 | + -0873 || + 6040 | + -0783 || + -0622 
‘83 ae Seats + °6578 | + °0637 soba 
85 | + 5257 | + 0768 || + °6947 | + -0535 || + -0344 
a sieni + °7326 | + 0433 ||... 
89 | oou oon 2 + ‘7713 | + °0333 ote 
9 + 6649 | + -0551 || + 7910 | + -0285 || + -0150 
2 o pees ; TROA aae why capable + °0085 
93 | + °7572 | + -0376 || + 8514 | + 0155 er 
‘95 | + 8226 | + 0249 || + “8928 | + -0084 || + -0028 
96 | + 8565 | uun + 9138 | ee} cea 
‘97 | + “8911 | + °0128 || + -9350 | + 0032 | ..... 
‘98 | + 9216 | + 0073 1] + °9564 | + ‘0015 || ...... 
99 | + 9629 |... ; + 9781 | + 0004 || mee 
1:00 | +1°0000 0000 || +1°0000 0000 -0000 
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Diag. No. 1. Graphic 
representa- 
tion of polar 
harmonics 
sixth order. 


has maximum = 1. 


Diag. No. 2. 


630 


Graphic 
representa- 
tion of polar 
harmonics 
of seventh 
order. 
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Diag. No. 3. 


Diag. No. 4. 


has maximum = 1. 


+ °3207 


+ °7384 


+1°0000 
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1 dQ | 429 ga 
28 dp 64 ~7 
— -0781 | — -0781 
— -0720 | — -0719 
— -0578 | — -0522 
— -0345 | — -0341 
— “0057 | — "0056 

-0000 -OvU0 
+ 0190 | 
+ 0251 | + "0243 
+ 0540 | + -0515 
+ 0765 | + -0717 
+ 0888 | + "0814 
+ 090 | 
+ 0875 | + 0782 
+ 0706 | + “0611 
+ 0378 | + -0315 

0000 | "0000 
— -0115 | — -0092 
— -0619 | — 0471 
— +1129 | — -0806 
— 1458 | — -0964 
TERR, 1490 (TEETE) 
— -1390 | — -0834 
— -0634 | — -0334 

"-0000 0000 
+ 1183 | + 0515 
+ 4533 | + °1413 
+ 6421 | + °1563 
+ 7517 | + °1458 
+ 8706 | + °1230 
+1°0000 0000 


+ °0391 


epesee 


+ 9190 
+ 1°0000 


0415 
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Polar ħar- 
monics of 
seventh 
order. 
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Polar har- 
mun f Ae |a at" | a OF [sie Bor. [tate] Ber. | or. | Ta | D am as RP | OP. 
order. eo et —— Jf —— | - || 
0 |+ -0375'+ 03751) 0000] —-o000 — *0833|— 0833|] -0000 
5 |+ 0355| -0353| — -o148|— -0147 |— -0806 '— -ogo1 1+ -0496 
1 |+ -0294 0290 | — 0287 |— ʻo2s1 |— +0725 I~ 0707 |+ 0970, 
15 |+ -0198] “0192 j— -0406 |— -0337 ||— *0590 |— -0557 ||+ “1401 | 
2 [+ 0074] +0068 | — “0496 |— -0457 |— -0400|— -0361 |, + “1769 
2261 | °0000] 0000 | sesse | seen an) re hicks 
25 |— -0071 — ‘0064 |— “0544 |— -0478 |— -0156 |— -0133 1+ 2059 
2773| ess. ese ||— 0555] se i “0000 "0000 sais 
3 |— -0225 | -0195 |— 0549 |— -0454 ||+ 0142 |+ -0112 |+ -2260 
35 |— 0367 |— °0302 |— -0493 |— *0378|!+ *0494|+ *0356 |+ *2364 
4 |— +0487 '— 0375 ||-— 0368|— 0260||+ -0900/+ 0582! + -2369 
«45 |— 0563 — ‘0400 | — 0165 |— 0104| + °1361 | + 0773 | + °2281 
4804 — 0577 | mne ocoof 0000|] cree | scenes PAANS 
+5 |— 0570 |— *0370 || + *0125|+ 0070| + '1875|+ -0913;;+ °2110 
55 |— °0485 |— ʻ0282 |+ 0513/4 -0248|'+ -2564/4 -1041 |+ +1559 
œ |— 0278 — 0142 |+ -0708/+ -0412 1/4 -3067/+ -1004|!4+ +1573 
6406} 0000] 0000) sese | we a iN tek ieee; 
65 |+ °0080/+ ʻ0035||+ -1620/+ 0540| + °37441+ -0948 ||+ °1252 | 
q |+ 0624/4 -0227//+ -2359)+ -0613 [+ 4475/4 *0831 |+ -0928 
75 |+ ‘1390/4 ‘0401 ||+ *3234}+ 0619| + +5260}+ 0665+ °0627 
-g |+ ‘2417/4 0521| + -425614 -0551 1+ 6100/4 -0474||+ 0373 
85 |+ °8745|+ 0546 |) + °5434/+ “0418 ||+ *6994|+ ‘0283 |+ *0181. 
-g |+ 5420/4 0448 + 6777|+ "0244| + *7942|+ -0132)'+ -0065| 
92 |+ 6197 |+ 0373, + 7363 |+ "0170| ua | aea . [+ -0033 
95 |+ °7489/+ oe + '8732|+ *0083 ||+ 8944 |+ '0026 ||+ -0087 
Q7 |+ “8062 | + OIG, + pie 0032 || ues ave + “0002 
se |+ °9564/4+ "0076 |] aeee 1 oe oes ieee FIV cic, E 
“99 | ee ‘ sses U|) wegen sebaka scenes teases ERT 
froo 10000] -0000 ||+1:0000| +0000 | + 110000] +0000 i} +0000 
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785, A short digression here on the theory of the potential, Disression , 
and particularly on equipotential surfaces differing little from potential. 
concentric spheres, will simplify the hydrostatic examples which 
follow. First we shall take a few cases of purely synthetical 
investigation, in which, distributions of matter being given, 
resulting forces and level surfaces (§ 487) are found; and then 
certain problems of Green’s and Gauss’s analysis, in which, from 
data regarding amounts of force or values of. potential over 
individual surfaces, or shapes of individual level surfaces, the 
distribution of force through continuous void space is to be 
determined. As it is chiefly for their application to physical Sea level. 
geography that we admit these questions at present, we shall 
occasionally avoid circumlocutions by referring at once to the 
Earth, when any attracting mass with external equipotential 
surfaces approximately spherical would answer as well. We 
shall also sometimes speak of “the sea level” (§§ 750, 754) 
merely as a “level surface,” or “surface of equilibrium” (§ 487) 
just enclosing the solid, or enclosing it with the exception of 
comparatively small projections, as our dry land. Such a sur- 
face will of course be an equipotential surface for mere gravita- 
tion, when there is neither rotation nor disturbance due to 
attractions of other bodies, as the moon or sun, and “change 
of motion” produced by these forces on the Earth; but it may Level sur. 
be always called an equipotential surface, as we shall see (§ 793) tively to 
that both centrifugal force and the other disturbances referred Se Y 
to may be represented by potentials. te 

786. To estimate how the sea level is influenced, and how Disturbance 


of sea level 


much the force of gravity in the neighbourhood is increased or by denser 


than aver- 


diminished by the existence within a limited volume under- age matter 


under- 


ground of rocks of density greater or less than average, let us ground. 
i i ; 1 
imagine a mass equal to a very small fraction, me of the earth’s 


whole mass to be concentrated in a point somewhere at a depth 
below the sea level which we shall presently suppose to be 
small in comparison with the radius, but great in comparison 


1 i ‘ . 
with AE of the radius. Immediately over the centre of dis- 
turbance, the sea level will be raised in virtue of the disturbing 
attraction, by a height equal to the same fraction of the radius 


Intensity 
and direc- 
tion of 
gravity 
altered by 
under- 
ground 
local ex- 
cess above 
average 
density. 
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that the distance of the disturbing point from the chief centre 
is of n times its depth below the sea level as thus disturbed. 
The augmentation of gravity at this point of the sea level 
will be the same fraction of the whole force of gravity that n 
times the square of the depth of the attracting point is of the 
square of the radius. This fraction, as we desire to limit our- 
selves to natural circumstances, we must suppose to be very 
small. The disturbance of direction of gravity will, for the 
sea level, be a maximum at points of a circle described from 


A as centre, with D as radius; D being the depth of the 


a/ 2 
centre of disturbance. The amount of this maximum deflec- 
; : 2 œ : z 
tion will be WELT of the unit angle of 57°296 (§ 41), a 
denoting the earth’s radius. 
| | i 
Let C be the centre of the chief attracting mass (l-—), and 


ge B that of the disturbing mass (}), the two 
n 


parts being supposed to act as if collected 
at these points. Let P be any point on the 
equipotential surface for which the potential 
is the same as what it would be over a 
spherical surface of radius a, and centre C if 
the whole were collected in C. Then (§ 491) 


1 1 1 1 1 
0-a Opta BPa’ 
which is the equation of the equipotential surface in question. 


It gives i 
CP —a=-pp CP- BP). 


This expresses rigorously the positive or negative elevation of 
the disturbed equipotential at any point above the undisturbed 
surface of the same potential. For the point A, over the centre 
of disturbance, it gives 


a 
CA—a= n.BA -CB ) 
which agrees exactly with the preceding statement : and it proves 


the approximate truth of that statement as applied to the sea 
level when we consider that when BP is many times BA, CP—a 
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is many times smaller than its value at A. We leave the proof 
of the remaining statements of this and the following sections 
(§§ 787...792) as an exercise for the student. 


787. If p be the general density of the upper crust, and ø Effects of 
the earth’s mean density, and if the disturbance of § 786 be above aver 
due to there being matter of a different density, p', throughout on sea Tevel, 


a spherical portion of radius b, with its centre a depth D tion and m- 


tensity of 
below the sea level, the value of n will be —~—; and the 


(p’— p)b*’ 

elevation of the sea level, and the proportionate augmentation 
of gravity at the point right over it, will be respectively 

p— p)b* p — p) b 

Cais, wna SE. 
The actual value of o is about double that of p. And let us example. 
suppose, for example, that D = b = 1000 feet, or 1359 of the 
earth’s radius, and p’ to be either equal to 2p or to zero. The 
previous results become 


+ J, of a foot, and Æ izbo Of gravity, 


which are therefore the elevation or depression of sea level, and 
the augmentation or diminution of gravity, due to there being 
matter of double or zero density through a spherical space 2000 
feet in diameter, with its centre 1000 feet below the surface. 
The greatest deviation of the plummet is at points of the circle 
of 707 feet radius round the point; and it amounts to ygsbo5 
of the unit angle, or nearly 2”. 

788. It is worthy of remark that, to set off against the in- 
crease in the amount of gravity due to the attraction of the 
disturbing mass, which we have calculated for points of the sea 
level in its neighbourhood, there is but an insensible deduc- 
tion on account of the diminution of the attraction of the chief 
mass, owing to increase of the distance of the sea level from its 
centre, produced by the disturbing influence. The same remark 
obviously holds for disturbances in gravity due to isolated 
mountains, or islands of small dimensions, and it will be proved 
(§ 794) to hold also for deviations of figure represented by 
harmonics of high orders. But we shall see (§ 789) that it is 
otherwise with harmonic deviations of low orders, and conse- 
quently with wide-spread disturbances, such as are produced 


Harmonic 
sphervidal 
levels, 
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by great tracts of elevated land or of deep sea. We intend to 
return to the subject in Vol. IL, under Properties of Matter, 
when we shall have occasion to examine the phenomenal and 
experimental foundations of our knowledge of gravity; and we 
shall then apply §§ 477 (b) (c) (Œ), 478, 479, and solutions of 
other allied problems, to investigate the effects on magnitude 
and direction of gravity, and on the level surfaces, produced by 
isolated hills, mountain-chains, large table lands, and by cor- 
responding depressions, as lakes or circumscribed deep places 
in the sea, great valleys or clefts, large tracts of deep ocean. 
789, All the level surfaces relative to a harmonic spheroid 
(§ 779) of homogeneous matter are harmonic spheroids of the 
same order and type. That one of them, which lies as much 
inside the solid as outside it, cuts the boundary of the solid in 
a line (or group of lines)—the mean level line of the surface of 
the solid. This line lies on the mean spherical surface, and 
therefore (§ 780) it constitutes the nodes of each of the two 
harmonic spheroidal surfaces which cut one another in it. If ¢ 
be the order of the harmonic, the deviation of the level spheroid 


is (§§ 545, 815) just sat of the deviation of the bounding 


spheroid, each reckoned from the mean spherical surface. 

Thus if ¿= 1, the level coincides with the boundary of the 
solid: the reason of which is apparent when it is considered 
that any spherical harmonic deviation of the first order from a 
given spherical surface constitutes an equal spherical surface 
round a centre at some infinitely small distance from the centre 
of the given surface. 

If 2 = 2, the level surface deviates from the mean sphere 
by % of the deviation of the bounding surface. This is the 
case of an ellipsoidal boundary differing infinitely little from 
spherical figure. It may be remarked that, as is proved readily 
from § 522, those of the equipotential surfaces relative to 
a homogeneous ellipsoid which lie wholly within it are exact 
ellipsoids, but not so those which cut its boundary or lie wholly 
without it; these being approximately ellipsoidal only when 
the deviation from spherical figure is very small 

790, The circumstances for very high orders are sufficiently 
illustrated if we confine our attention to sectorial harmonics 
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(§ 781). The figure of the line in which a sectorial harmonic Harmonic 


spheroid is cut by any plane perpendicular to its polar axis is 
[§ 781 (1)], as it were, a harmonic curve (§ 62) traced from a 
circular instead of a straight line of abscissas. Its wave length 
(or double length along the line of abscissas from one zero or 


i : ; 1 ; 
nodal point to the next in order) will be 7 of the circumference 


of the circle. And when 7 is very great, the factor sin‘@ makes 
the sectorial harmonic very small, except for values of 6 differ- 
ing little from a right angle, and therefore a sectorial harmonic 
spheroid of very high order consists of a set of parallel ridges 
and valleys perpendicular to a great circle of the globe, of 
nearly simple harmonic form in the section by the plane of 
this circle (or equator), and diminishing in elevation and 
depression symmetrically on the two sides of it, so as to be 
insensible at any considerable angular distance (or “ latitude”) 
from it on either side. The level surface due to the attraction 
of a homogeneous solid of this figure is a figure of the same 
kind, but of much smaller degree of elevations and depressions, 


; 3 
that is, as we have seen, only api of those of the figure: or 


approximately three times the same fraction of the inequalities 
of figure that the half-wave length is of the circumference of 
the globe. It is easily seen that when 7 is very large the level 
surface at any place will not be sensibly affected by the in- 
equalities in the distant parts of the figure. 

791. Thus we conclude that, if the substance of the earth 
were homogeneous, a set of several parallel mountain-chains 
and valleys would produce an approximately corresponding un- 
dulation of the level surface in the middle district : the height 
to which it is raised, under each mountain-crest, or drawn down 
below the undisturbed level, over the middle of a valley, being 
three times the same fraction of the height of mountain above 
or depth of valley below mean level, that the breadth of the 
mountain or of the valley is of the earth’s circumference. 

792, If the globe be not homogeneous, the disturbance in 
magnitude and direction of gravity, due to any inequality in 


the figure of its bounding surface, will (§ 787) be 2 of what it 


would be if the substance were homogeneous; and further, it 
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may be remarked that, as the disturbances are supposed to be 
small, we may superimpose such as we have now described, on 
any other small disturbances, as, for instance, on the general 
oblateness of the earth’s figure, with which we shall be occupied 

Practically, then, as the density of the upper crust is some- 
where about 4 the earth’s mean density, we may say that the 
effect on the level surface, due to a set of parallel mountain- 
chains and valleys, is, of the general character explained in 
§ 791, but of half the amounts there stated. Thus, for instance, 
a set of several broad mountain-chains and valleys twenty 
nautical miles from crest to crest, or hollow to hollow, and of 
several times twenty miles extent along the crests and hollows, 
and 7,200 feet vertical height from hollow to crest, would 
raise and lower the level by 2} feet above and below what 
it would be were the surface levelled by removing the elevated 
matter and filling the valleys with it. 

793. Green’s theorem [App. A. (e)]' and Gauss’s theorem 
(§ 497) show that if the potential of any distribution of matter, 
attracting according to the Newtonian law, be given for every 
point of a surface completely enclosing this matter, the poten- 
tial, and therefore also the force, 1s determined throughout all 
space external to the bounding surface of the matter, whether 
this surface consist of any number of isolated closed surfaces, 
each simply continuous, or of a single one. It need scarcely 
be said that no general solution of the problem has been ob- 
tained. But further, even in cases in which the potential has 
been fully determined for the space outside the surface over 
which it is given, mathematical analysis has hitherto failed to 
determine it through the whole space between this surface and 
the attracting mass within it. We hope to return, in later 
volumes, to the grand problem suggested by Gauss’s theorem 
of § 497. Meantime, we restrict ourselves to questions practi- 
cally useful for physical geography. 

Example (1.)—Let the enclosing surface be spherical, of radius 
a; and let F(0, ¢) be the given potential at any point of it, 


1 First apply Green's theorem to the surface over which the potential is given. 
Then Gauss’s theorem shows that there cannot be two distributions of potential 
agreeing through all space external to this surface, but differing for any part of the 
space between it and the bounding surface of the matter. 
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specified in the usual manner by the polar co-ordinates 0, ¢. 
Green’s solution [§ 499 (3) and App. B. (46)] of his problem for 
the spherical surface is immediately applicable to part of our 
present problem, and gives 


OEREN deed ACA 
=z, e {r*— 2ar[cos 6 cos 0'+ sin 0 sin 8'cos (p—¢’) ]+a"}! 5 


for the potential at any point (r, 0, $) external to the spherical 
surface. But inasmuch as Laplace’s equation Y*’u=0 is satisfied 
through the whole internal space as well as the whole external 
space by the expression (46) of App. B., and in our present pro- 
blem V* V=0 is only satisfied [§ 491 (c)] for that part of the in- 
ternal space which is not occupied by matter, the expression (3) 
gives the solution for the exterior space only. When F(0, ¢) is 
such that an expression can be found for the definite integral in 
finite terms, this expression is necessarily the solution of our pro- 
blem through all space exterior to the actual attracting body. Or 
when F(0, $) is such that the definite integral, (3), can be trans- 
formed into some definite integral which varies continuously across 
the whole or across some part of the spherical surface, this other 
integral will carry the solution through some part of the interior 
space: that is, through as much of it as can be reached without 
discontinuity (infinite elements) of the integral, and without 
meeting any part of the actual attracting mass. To this subject 
we hope to return later in connexion with Gauss’s theorem 
(§ 497); but for our present purpose it is convenient to expand 


(3) in ascending powers of 5 » as before in App. B. (s). The 
result [ App. B. (51)] is 


=F (0, $) +(Ž) F,(0, $) +2) F0, p)+ete. (8 bis) 


where F,(0, $), F,(0, $), etc., are the successive terms of the 
expansion [App. B. (52)] of F(0, $) in spherical surface har- 
monics; the gencral term being given by the formula 


Rl p= E S S UEO, paray (4), 


where Qi; is the function of (0, ) (6, ¢’) expressed by App. 
B. (61). 

In any case in which the actual attracting matter lies all within 
an interior concentric spherical surface of radius a’, the harmonic 
expansion of F(0, $) must be at least as convergent as the 
geometrical series 
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ad aa a? 
ap F? + ete. ; 
and therefore (3 bis) will be convergent for every value of r 
exceeding a’, and will consequently continue the solution into 
the interior at least as far as this second spherical surface. 
Example (2.)—Let the attracting mass be approximately 
centrobaric (§ 526), and let one equipotential surface completely 
enclosing it be given. It is required to find the distribution of 
force and potential through all space external to the smallest 
spherical surface that can be drawn round it from its centre of 
gravity as centre. Let a be an approximate or mean radius; 
and, taking the origin of co-ordinates exactly coincident with 
the centre of inertia (§ 230), let 
r=a[1+F(9, $)] (5) 
be the polar equation of the surface; F being for all values of 
0 and ¢ so small that we may neglect its square and higher 
powers. Consider now two proximate points (r, 0, ¢) (a, 0, $). 
The distance between them is aF(0, ¢) and is in the direction 
through O, the origin of co-ordinates. And if M be the whole 
mass, the resultant force at any point of this line is approximately 


equal to = and is along this line. Hence the difference of poten- 


tials (§ 486) between them is oP), And if a be the proper 


mean radius, the constant value of the potential at the given 
surface (5) will be precisely =. Hence, to a degree of approxi- 


mation consistent with neglecting squares of F(0, $), the potential 
at the point (a, 0, $) will be 
M M 


Hence the problem is reduced to that of the previous example : 
and remarking that the part of its solution depending on the term 


of (6) is of course simply A we have, by (8 bis), for the 
potential now required, 

1 2 Lad 

U=M{—+5F,(9,4) +5 F.(0,¢)+ete.} (7) 


where F; is given by (4). F, is zero in virtue of a being the 
“ proper °” mean radius; the equation expressing this condition 


being J{F(6, $) sin 0d0dp=0 (8). 


is 


STATICS. 641 


If further O be chosen in a proper mean position, that is to say, Determina- 
such that LQ FG, p) sin 6d0dd=0 (9) pale 
F, vanishes and [§ 539 (12)] O is the centre of gravity of the fom te 
attracting mass; and the harmonic expansion of F(0, $) becomes *P1Txt- 


mately 


F(0, p)=F,(0, 6) + F3(9, $)+F,(9, p)+ete. (10), spherical 


i 3 equipoten- 
If a' be the radius of the smallest spherical surface having O for tial surtuie 
é : round the 
centre and enclosing the whole of the actual mass, the series (7) mass. 
necessarily converges for all values of 6 and ¢, at least as rapidly 


as the geometrical series 
/ 1 3 s 3 
1+2 (Š) HE) Fete. (11) 
for every value of r exceeding a’. Hence (7) expresses the 
solution of our present particular problem. It may carry it even 
further inwards; as the given surface (6) may be such that the 
harmonic expansion (10) converges more rapidly than the series 
a’ a? a's 
Por) +H) +ete. 

The direction and magnitude of the resultant force are of Resultant 
course [§§ 486, 491] deducible immediately from (7) throughout er 
the space through which this expression is applicable, that is all 
space through which it converges that can be reached from the 
given surface without passing through any part of the actual 
attracting mass. It is important to remark that as the resultant 
force deviates from the radial direction by angles of the same 
order of small quantities as F'(0, $), its magnitude will differ 
from the radial component by small quantities of the same order 
as the square of this: and therefore, consistently with our degree 
of approximation, if R denote the magnitude of the resultant force 

dU M a a,’ 4 
R= — 5 =F (1 +82) P0, p) +42) F(8,4)-4et0.} (12). 

For the resultant force at any point of the spherical surface 
agreeing most nearly with the given surface we put in this for- 
mula r=a, and find 


{1 +3F,(0, $)+4F,(0, $)-bete.} (13). 


And at the point (r, 0, $) of the given surface we have r=a 
nearly enough for our approximation, in all terms except the 


first, of the series (12): but in the first term, = we must put 


r=a{1+F(0,¢)}; so that it becomes 


M M M 
apio gp att TE, p) y= z120, 6) +cte.]} (14), 
25S 
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and we find for the normal resultant force at the point (0, ¢) of 
the given approximately spherical equipotential surface 


THEO, ¢) +246, $)+3F,(0, P) +.) (15). 
Taking for simplicity one term, Fj, alone, in the expansion of 
F, and considering, by aid of App. B. (88), (40), (p), and 
$$ 779...784, the character of spherical surface harmonics, we 
see that the maximum deviation of the normal to the surface 

r=a{1+F;(6, ¢)} (16) 
from the radial direction is, in circular measure (§ 404), just ¢ 
times the half range from minimum to maximum in the values of 
F,(9, p) for all harmonics of the second order (case i=2), and 
for all sectorial harmonics (§ 781) of every order; and that 
it is approximately so for the equatorial regions of all zonal 
harmonics of very high degree. Also, for harmonics of high 
degree contiguous maxima and minima are approximately equal. 
We conclude that 


794, If a level surface (§ 487), enclosing a mass attracting 
according to the Newtonian law, deviate from an approximately 
spherical figure by a pure harmonic undulation (§ 779) of order 
t; the amount of the force of gravity at any point of it will ex- 
ceed the mean amount by z—1 times the very small fraction by 
which the distance of that point of it from the centre exceeds 
the mean radius. The maximum inclination of the resultant 
force to the true radial direction, reckoned in fraction of the 
unit angle 57°3 (§ 404) is, for harmonic deviations of the 
second order, equal to the ratio which the whole range from 
minimum to maximum bears to the mean magnitude. For 
the class described above under the designation of sectorial 
harmonics, of whatever degree, 2, the maximum deviation in 
direction bears to the proportionate deviation in magnitude 
from the mean magnitude, exactly the ratio i+(¢—1); and 
approximately the ratio of equality for zonal harmonics of high 
degrees. 


Example (3.)—The attracting mass being still approximately 
centrobaric, let it rotate with angular velocity w round OZ, and 
let one of the level surfaces (§ 487) completely enclosing it be 
expressed by (5), § 793. The potential of centrifugal force 
(§§ 800, 813), will be 4w%(x?+-y*), or, in solid spherical har- 
monics, $w? + 4w?( x? +y? — 227). 
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This for any point of the given surface (5) to the degree of Resultant 


force at any 


approximation to which we are bound, is equal to point of ap- 
proximately 
wta’? + dwta*(4 — cos? 6) : spherical 


level surface 


for gravity 


which, added to the gravitation potential at each point of this and ventri- 
surface, must make up a constant sum. Hence the gravitation ™&" force. 


potential at (0, $) of the given surface (5) is equal to 
` 2- 4w*a*(4—cos* 0); 


and therefore, all other circumstances and notation being as in 
Example 2 (§ 793), we now have instead of (6) for gravitation 
potential at (a, 0, $), the following : 


A Hmo, $)—dora*(}— cos) (16). 


Hence, choosing the position of O, and the magnitude of a, ac- 
cording to (9) and (8), we now have, instead of (7), for potential 
of pure gravitation, at any point (r, 0, œ), 


U=M{ HLF: (0, 4) —im(d — cos) +5 Fs (0, 6) + ZF, (0, )+} (17). 


where m denotes wast, or the ratio of centrifugal force at 
a 


the equator, to pure gravity at the mean distance, a. The force of 
pure gravity at the point (0, $) of the given surface (5) is conse- 
quently expressed by the following formula instead of (15) :— 


a 1+ F,(0, $)—3.4m(§—cost0)+2F,(0, $)+3F,(9, ¢)+...} (18). 
From this must be subtracted the radial component of the centri- 
fugal force, which is (in harmonics) 

gwa + w*a(4— cos"), 
to find the whole amount of the resultant force, g (apparent 
gravity), normal to the given surface: and therefore 
M 
g= {1-4 + Fx(0,6)—4(}— e086) +2F (4,6) + 8F0,4)+...} (19). 
If in a particular case we have 
F;(6, p)=0, except for i=2; and F’,(6, $)=e(4—cos?6) : 
this becomes 


g=% {1—ĝm—(§m—e) (4—cos*6)} (20). 


795. Hence if outside a rotating solid the lines of resultant 
force of gravitation and centrifugal force are cut at right angles 
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by an elliptic spheroid’ symmetrical round the axis of rotation, 
the amount of the resultant differs from point to point of this 
surface as the square of the sine of the latitude : and the excess 
of the polar resultant above the equatorial bears to the whole 
amount of either a ratio which added to the ellipticity of the 
figure is equal to two and a half times the ratio of equatorial 
centrifugal force to gravity. 

For the case of a rotating fluid mass, or solid with density 
distributed as if fluid, these conclusions, of which the second 
is now generally known as Clairaut’s theorem, were first dis- 
covered by Clairaut, and published in 1743 in his celebrated 
treatise La Figure de la Terre. Laplace extended them by 
proving the formula (19) of § 794 for any solid consisting 
of approximately spherical layers of equal density. Ulti- 
mately Stokes? pointed out that, only provided the surfaces of 
equilibrium relative to gravitation alone, and relative to the 
resultant of gravitation and centrifugal force, are approximately 
spherical ; whether the surfaces of equal density are approxi- 
mately spherical or not, the same expression (19) holds. A 
most important practical deduction from this conclusion is that, 
irrespectively of any supposition regarding the distribution of 
the earth’s density, the true figure of the sea level can be 
determined from pendulum observations alone, without any 
hypothesis as to the interior condition of the solid. 


Let, for brevity, . | 
g{1-+4(4—cos*6)} =/(8, $) (21) 
where m (§ 801) is 53,, and g is known by observation in differ- 
ent localities, with reduction to the sea level according to the 
square of the distance from the earth’s centre (not according to 
Young’s rule). Let the expansion of this in spherical surface 
harmonics be 


f(O, 6) =fotFa(0, $)-+F:(0, $)-bete. (22). 
We have, by (19), 
Fi(0,¢)= A (23), 


1 Following the best French writers, we use the term spheroid to designate any 
surface differing very little from spherical figure. The commoner English usage 
of confining it to an ellipsoid symmetrical round an axis; and extending it to such 
figures though not approximately spherical; is bad. 

2 « On the Variation of Gravity at the surface of the Earth .”"-— Trans. of the Camb. 
Phil. Soc., 1849. 
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and therefore the equation (5) of the level surface becomes Figure of the 
1 ni 
r=a{l +7 [a h(8, h) +h f. (6, b)+ ete. }} OD 
0 measure- 


Confining our attention for a moment to the first.two terms we avi 
$ , 


have for f;, by App. B. (38), explicitly 
f(0, p) =4.(c080— $) (Acos p-+Bsin ¢)sin 0 cos 6-4-(A,cos2¢-++-B, sin2¢)sin? (25). 
Substituting in (24) squared, putting 


zZz ek. st ? 
cosĝ=— , sin 0 cos p= ar sin 0 sin p= 2 ; 
r r 


and reducing to a convenient form, we find 
(SAHAA) + UHA A) +(fr—$ 4.) 2—Biyz—A eax—2Bry=fia? (26). 

Now from §§ 539, 534, we see that, if OX, OY, OZ are ireniipsoia 
principal axes of inertia, the terms of f, which, expressed in Taal ac 
rectangular co-ordinates, involve the products yz, zx, xy must Mt pave | 
disappear: that is to say, we must have B,=0, A,;=0, B,=0. Soincident | 
But whether B, vanishes or not, if OZ is a principal axis we "evolution. 
must have both A,=0 and B,=0; which therefore is the case, 
to a very minute accuracy, if we choose for OZ the average 
axis of the earth’s rotation, as will be proved in Vol. rr., on the 
assumption rendered probable by the reasons adduced below, 
that the earth experiences little or no sensible disturbance in its 
motion from want of perfect rigidity. Hence the expansion (22) 
is reduced to 

A0, ph) =fo + Ao(cos*O—4) + (A,cos2$+ B,sin2¢)sin*6-+-f,(6,) +ete. (27). 
If f,(9,¢) and higher terms are neglected the sea level is an 
ellipsoid, of which one axis must coincide with the axis of the 
earth’s rotation. And, denoting by e the mean ellipticity of 
meridional sections, e’ the ellipticity of the equatorial section, 
and J the inclination of one of its axes to OX, we have ` 
mat 
0 Ay 
In general, the constants of the expansion (22); fe (being the 
mean force of gravity), Ay, As, Bs, the seven coefficients in 
J:(0, $), the nine in f,(0, $), and so on; are to be determined 
from sufficiently numerous and wide-spread observations of the 
amount of gravity. 


796. A first approximate result thus derived from pendu- 
lum observations and confirmed by direct geodetic measure- 
ments is that the figure of the sea level approximates to an 
oblate spheroid of revolution of ellipticity about zis. Both 


340) ya MB) Fott 
San 1 e= fo I $ tan 
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solid surface and underground density, to the elimination of 
which a vast amount of labour and mathematical ability have 
been applied with as yet but partial success. Considering the 
general disposition of the great tracts of land and ocean, we 
can scarcely doubt that a careful reduction of the numerous 
accurate pendulum observations that have been made in locali- 
ties widely spread over the earth’ will lead to the determina- 
tion of an ellipsoid with three unequal axes coinciding more 
nearly on the whole with the true figure of the sea level than 
does any spheroid of revolution. Until this has been either ac- 
complished or proved impracticable it would be vain to specu- 
late as to the possibility of obtaining, from attainable data, a yet 
closer approximation by introducing a harmonic of the third 
order [ f;(@,¢) in (27)]. But there is little probability that 
harmonics of the fourth or higher orders will ever be found 
useful: and local quadratures, after the example first set by 
Maskelyne in his investigation of the disturbance produced by 
Schehallien, must be resorted to to interpret irregularities in 
particular districts; whether of the amount of gravity shown 
by the pendulum; or of its direction, by geodetic observation. 
We would only remark here, that the problems presented by 
such local quadratures with reference to the amount of gravity 
seem about as much easier and simpler than those with refer- 
ence to its direction as pendulum observations are than geodetic 
measurements: and that we expect much more knowledge re- 
garding the true figure of the sea level from the former than 
from the latter, although it is to the reduction of the latter 


` that the most laborious efforts have been hitherto applied. We 


intend to return to this subject in Vol. 1. in explaining, under 
Properties of Matter, the practical foundation of our knowledge 
of gravity. 
797. During the last seven years geodetic work of extreme 
importance has been in progress, through the co-operation of 
1 In 1672, a pendulum conveyed by Richer from Paris to Cayenne first proved varia- 
tion of gravity. Captain Kater and Dr. Thomas Young, Trans. R. S., 1819. Biot, 
Arago, Mathieu, Bouvard, and Chaix; Base du Système Métrique, Vol. m., Paris, 
1821. Captain Edward Sabine, R.E., ‘‘ Experiments to determine the Figure of the 
Earth by means of the Pendulum ;” published for the Board of Longitude, London, 
1825. Stokes ‘‘On the Variation of Gravity at the Surface of the Earth.”—Camb. 
Phil. Trans., 1849. 
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the Governments of Prussia, Russia, Belgium, France, and 
England, in connecting the triangulation of France, Belgium, 
Russia, and Prussia, which were sufficiently advanced for the 
purpose in 1860, with the principal triangulation of Great 
Britain and Ireland, which had been finished in 1851. With 
reference to this work, Sir Henry James makes the following 
remarks :—“ Before the connexion of the triangulation of the 
“ several countries into one great network of triangles extend- 
“ing across the entire breadth of Europe, and before the dis- 
“covery of the Electric Telegraph, and its extension from 
“ Valentia (Ireland) to the Ural mountains, it was not possible 
“ to execute so vast an undertaking as that which is now in 
“progress. It is, in fact, a work which could not possibly 
“have been executed at any earlier period in the history 
“of the world. The exact determination of the Figure and 
“ Dimensions of the Earth has been one great aim of astrono- 
“mers for upwards of two thousand years; and it is fortunate 
“that we live in a time when men are so enlightened as to 
“ combine their labours to effect an object which is desired by all, 
“and at the first moment when it was possible to execute it.” 
For a short time longer, however, we must be contented with 
the results derived from the recent British Triangulation, with 
the separate measurements of arcs of meridians in Peru, France, 
Prussia, Russia, Cape of Good Hope, and India. The investiga- 
tion of the ellipsoid of revolution agreeing most nearly with 
the sea level for the whole Earth, has been carried out with 
remarkable skill by Captain A. R. Clarke, R.E., and published 
in 1858, by order of the Master General and Board of Ord- 
nance, in a volume (of 780 pages, quarto, almost every page 
of which is a record of a vast amount of skilled labour) drawn 
up by Captain Clarke, under the direction of Lieutenant-Colonel 
(now Sir Henry) James, R.E. The following account of con- 
clusions subsequently worked out regarding the ellipsoid of 
three unequal axes most nearly agreeing with the sea level, is 


Resalts of 


geodesy. 


extracted from the preface to another volume recently published . 


as one item of the great work of comparison with the recent 
triangulations of other countries :!-— 


1 “¢ Comparisons of the Standards of Length of England, France, Belgium, Prussia, 
Russia, India, Australia, made at the Ordnance Survey Office, Southampton, by 
Captain A. R. Clarke, R.E., under the direction of Colonel Sir Henry James, R.E., 
F.R.S.” Published by order of the Secretary of State for War, 1866. 


Results of 
geodesy. 
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“In computing the figures of the meridians and of the 
“ equator for the several measured arcs of meridian, it is found 
“that the equator is slightly elliptical, having the longer 
“diameter of the ellipse in 15° 34’ east longitude. In the 
“eastern hemisphere the meridian of 15° 34’ passes through 
“ Spitzbergen, a little to the west of Vienna, through the Straits 
“of Messina, through Lake Chad in North Africa, and along 
“the west Coast of South Africa, nearly corresponding to the 
“ meridian which passes over the greatest quantity of land in 
“that hemisphere. In the western hemisphere this meridian 
“ passes through Behring’s Straits and throuvh the centre of the 
“Pacific Ocean, nearly corresponding to the meridian which 
“passes over the greatest quantity of water of that hemi- 
“ sphere. 

“The meridian of 105° 34’ passes near North-East Cape, in 
“the Arctic Sea, through Tonquin and the Straits of Sunda, and 
“corresponds nearly to the meridian which passes over the 
“ greatest quantity of land in Asia; and in the western hemi- 
“sphere it passcs through Smith’s Sound in Behring’s Straits, 
“near Montreal, near New York, between Cuba and St. Do- 
“ mingo, and close along the western coast of South America, 
“ corresponding nearly to the meridian passing over the greatest 
“amount of land in the western hemisphere. | 

“These meridians, therefore, correspond with the most re- 
“ markable physical features of the globe. 


Feet. 
“ The longest semi-diameter of the equatorial ellipse is 20926350 
“ And the shortest ; ; ; ; : 20919972 
“ Giving an ellipticity of the equator equal to . SSF 
“The polar semi-diameter is equal to . : 20853429 
“The maximum and minimum polar compressions 
7 1 1 
ai 28597 4 31338 
; l » 
“ Or a mean compression of very closely . : TG 


Captain Clarke had previously found (“ Account of Principal 
Triangulation,” 1858) for the spheroid of revolution most nearly 
representing the same set of observations, the following :— 
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Equatorial semi-axis = a = 20926062 feet, 


Polar semi-axis = b = 20855121 feet ; 
b 293-98 oe a—b 1 
whence — = 39198 ° and ellipticity = —— Sa 


“In this T however, the sum of the squares of the 
“ latitude corrections is 1539939 against 138-3020 in the figure 
“ of three unequal axes.” ? 

798. As an instructive example of the elementary principles Hydrostatic 
of fluid equilibrium, useful also because it includes the cele- a 
brated hydrostatic theories of the Tides and of the Figure of 
the Earth, let us suppose a finite mass of heterogeneous incom- 
pressible fluid resting on a rigid spherical shell or solid sphere, 
under the influence of mutual gravitation betwcen its parts, 
and of the attraction of the core supposed symmetrical; to be 
slightly disturbed by any attracting masses fixed either in the 
core or outside the fluid; or by force fulfilling any imaginable 
law, subject only to the condition of being a conservative 
system ; or by centrifugal force. 

First we may remark that were there no such disturbance 
the fluid would come to rest in concentric spherical layers 
of equal density, the denser towards the centre, this last 
characteristic being essential for stability, which clearly re- 
quires also that the mean density of the nucleus shall be not 
less than that of the layer of fluid next it; otherwise the 
nucleus would, as it were, float up from the centre, and either 
protrude from the fluid at one side, or (if the gradation of 
density in the fluid permits) rest in an eccentric position 
completely covered; fulfilling in either case the condition 
(§ 762) for the equilibrium of floating bodies. 

799. The effect of the disturbing force could be at once No mutual 
found without analysis if there were no mutual attraction tween por- 
between parts of the fluid, so that the influence tending to liquia. 
maintain the spherical figure would be simply the symmetrical 
attraction of the fixed core. For the equipotential surfaces 
would then be known (as directly implied by the data), and 
the fluid would (§ 750) arrange itself in layers of equal density 
defined by these surfaces. 

800. Examples of § 799.—(1.) Let the nucleus act according 


1 From p. 287 of ‘“ Comparison of Standards of Length” (1866). 
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No mutual to the Newtonian law, and be either symmetrical round a point, 


tween por- or (§ 526) of any other centrobaric arrangement; and let the 
tions of the Š R : : i f 
TOERE disturbing influence be centrifugal force. In Vol m. it will 
“appear, as an immediate consequence from the elementary 
dynamics of circular motion, that kinetic equilibrium under 
centrifugal force in any case will be the same as the static 
equilibrium of the imaginary case in which the same material 
system is at rest, but influenced by repulsion from the axis in 


simple proportion to distance. 


If z be the axis of rotation, and w the angular velocity, the 
components of centrifugal force (§§ 32, 35a, 259) are w*x and 
w*y. Hence the potential of centrifugal force is 

go%(x*+y"), 
reckoned from zero at the axis, and increasing in the direction 
of the force, to suit the convention (§ 485) adopted for gravitation 
potentials. The expression for the latter (§§ 491, 528) is 

cas. ee 
Ni (x +y’ +-2*) 

where E denotes the mass of the nucleus, and the co-ordinates 
are reckoned from its centre of gravity (§ 526) as origin. Hence 
the “level surfaces ” (§ 487) external to the nucleus are given 
by assigning different values to C in the equation 
and the fluid when in equilibrium has its layers of equal density 
and its outer boundary in these surfaces. If p be the density 
and p the pressure of the fluid at any point of one of these 
surfaces, regarded as functions of C, we have (§ 760) 

p=fpdC (2). 
Unless the fluid be held in by pressure applied to its bounding 
surface, the potential must increase from this surface inwards (or 
the resultant of gravity and centrifugal force, perpendicular as it 
is to the surface, must be directed inwards), as negative pressure 
is practically inadmissible. The student will find it an interest- 
ing exercise to examine the circumstances under which this 
condition is satisfied; which may be best done by tracing the 
meridional curves of the series of surfaces of revolution given by 
equation (1). 

Let a and a(1—e) be the equatorial and polar semidiameters 
of one of these surfaces. We have 
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E E No mutual 
p= + jwa’ = ’ force be- 
a a(1—e) tween por- 
wa m tions o e 
whence e= _go'a — l 3). liquid: 
E x 24m ( ), Example (1.) 


if m denote the ratio of centrifugal force at its equator to pure 
gravity at the same place. (Contrast approximately agreeing 
definition of m, § 794.) From this, and the form of (1), we 
infer that 
801. In the case of but small deviation from the spherical 
figure, which alone is interesting with reference to the theory 
of the Earth’s figure and internal constitution, the bounding 
surface and the surfaces of equal density and pressure are very 
approximately oblate ellipsoids of revolution ;? the ellipticity? 
of each amounting to half the ratio of centrifugal force in its 
largest circle (or its equator, as we may call this) to gravity at 
any part of it; and therefore increasing from surface to surface 
outwards as the cubes of the radii. The earth’s equatorial radius 
is 20926000 feet, and its period (the sidereal day) is 86164 
mean solar seconds. Hence in British absolute measure (§ 225) 


2 
(saa) 20926000, or 11127, 


This is zy of 32°158; or very approximately the same frac- 
tion of the mean value, 32°14, of apparent gravity over the 
whole sea level, as determined by pendulum observations. It is 
therefore [§ 794 (20)] -sss or approximately +}y, of the mean 
value of true gravitation. Hence, if the solid earth attracted 
merely as a point of matter collected at its centre, and there 
were no mutual attraction between the different parts of the sea, 
the sea level would be a spheroid of ellipticity s§y. In reality, 
we find by observation that the ellipticity of the spheroid 
of revolution which most nearly coincides with the sea level 
is about sts. The difference between these, or sov, must 
therefore be due to deviation of true gravity from spherical 


the equatorial centrifugal force is 


l Airy has estimated 24 feet as the greatest deviation of the bounding surface from 
a true ellipsoid. 

3 A term used by writers on the figure of the Earth to denote the ratio which the 
difference between the two axes of an ellipse bears to the greater. Thus if e be the 
ellipticity, and e the eccentricity of an ellipse, we have ¢7=2e+e7. Hence, when 
the eccentricity is small, the ellipticity is a small quantity of the same order as its 
square; and the former is equal approximately to the square root of twice the 
latter. 
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No mutual symmetry. Thus the whole ellipticity of the actual sea level, 

force be- 

tween por- x5s, may be regarded as made up of two nearly equal parts ; 

liquid: of which the greater, sso, is due directly to centrifugal force, 

) and the less, stv, to deviation of solid and fluid attracting 
mass from any truly centrobaric arrangement (§ 526). A little 
later (§§ 820, 821) we shall return to this subject. 

802. The amount of the resultant force perpendicular to 
the free surface of the fluid is to be found by compounding 
the force of gravity towards the centre with the centrifugal 
force from the axis; and it will be approximately equal to 
the former diminished by the component of the latter along 
it, when the deviation from spherical figure is small. And 
as the former component varies inversely as the square of 
the distance from the centre, it will be less at the equator than 
at either pole by an amount which bears to either a ratio equal 
to twice the ellipticity, and which is therefore (§ 801) equal to 
the centrifugal force at the equator. Thus in the present case 
half the difference of apparent gravity between poles and 
equator is due to centrifugal force, and half to difference of 
distance from the centre, The gradual increase of apparent 
gravity in going from the equator towards either pole is readily 
proved to be as the square of the sine of the latitude; and 
this not only for the result of the two combined causes of 
variation, but for each separately. These conclusions needed, 
however, no fresh proof, as they constitute merely the appli- 
cations to the present case, of Clairaut’s general theorems 
demonstrated above (§ 795). 


Analytically, for the present case, we have 
_ WV 
I= or 
if g denote the magnitude of the resultant of true gravity and 


centrifugal force ; = [as in App. B. (g)] rate of variation per unit 
of length along the direction of r; and V the first member of (1) 


§ 800. Hence taking z2*=r* cos?0, and xz*+y*=r* sin? we 


nog 9= 5 w'r sin? (4). 


On the hypothesis of infinitely small deviation from spherical 
figure this becomes 
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9==(1 — 2u)—w'*a sin*6 (5), 
if in the small term we put a, a constant, for 7, and in the other 
r=a(1+u). By (1) we see that 7 is an approximate value for 


r, and if we take it for a, that equation gives 
wa? 


u=} E sin? (6); 
and using this in (5) we have 
2 
g= (1—24 sint@)=5(1—2m sin'ð) (7), 


where, as before, m denotes the ratio of equatorial ccntrifugal 
force to gravity. 


803. Examples of § 799 continued.-—(2.) The nucleus being 
held fixed, let the fluid on its surface be disturbed by the 
attraction of a very distant fixed body attracting according to 
the Newtonian law. 


Let r, 0 be polar co-ordinates referred to the centre of gravity 
of the nucleus as origin, and line from it to the disturbing body 
as axis; let, as before, E be the mass of the nucleus; lastly, let 
M be the mass of the disturbing body, and D its distance from 
the centre of the nucleus. The equipotentials have for their 


equation E M = 
ae A (D° —2rD cos jt) Oe (8), 


which, for very small values of 5 » becomes approximately 


E M r 
+ pl + peo’ 6) = const. (9). 


And if, as in corresponding cases, we put r =a(1+u) where a is 
a proper mean value of r, and u is an infinitely small numerical 
quantity, a function of 0, we have finally 


orn cos 0 (10). 


This is a spherical surface harmonic of the first order, and 
(§ 789) we conclude that 


The fluid will not be disturbed from its spherical figure, but 
it will be drawn towards the disturbing body, so that its centre 
will deviate from the centre of the nucleus by a distance 
amounting to the same fraction of its radius that the attraction 
of the disturbing body is of the attraction of the nucleus, on a 


u= 


No mutual 
force be- 
tween por- 
tions of the 
liquid : 
Example (2 ) 
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No mutual point of the fluid surface. This fraction is about 3yoyoo (being 


peren por =5xe0x60) for the earth and moon, as the moon’s distance is 60 

ee x ‘times the earth’s radius, and her mass about ss of the earth’s. 
Hence if the earth’s and moon’s centres were both held fixed, 
there would be a rise of level at the point nearest to the moon, 
and fall of level at the point farthest from it, each equal to 
so0o00 Of the earth’s radius, or about 70 feet. Or if we con- 
sider the sun’s influence under similar unreal circumstances, 
we should have a tide of 12,500 feet rise on the side next 
the sun, and the same fall on the remote side [being (§ 812) 

] 

38:7 X 10° 

ants 804. Examples of § 799 continued.—(3.) With other con- 

for tides: ditions, the same as in Example (2.) (§ 803), let one-half of 
the disturbing body be removed and fixed at an equal distance 
on the other side. 


of the sun’s distance]. 


The equation of the equipotentials, instead of (8), is now 


1 1 
+M UT Xa DeosO-fr') + D Far Deos p prt (11), 


and as the first approximation for 5 very small, instead of (9), 


we now a 


ENEE eae T? (3c0s'O—1 )]=const. (12); 
whence finally, instead of aes with corresponding notation ; 
; 3A 
ua} ee (3 cos*@—1) (13). 


This is a spherical surface harmonic of the second order, and 


4 : 
a is one-quarter of the ratio that the difference between the 


moou’s attraction on the nearest and farthest parts of the earth 
bears to terrestrial gravity. Hence 


result agrees The fluid will be disturbed into a prolate ellipsoidal figure, 
nary equl- with its long axis in the line joining the two disturbing bodies, 
theory. and with ellipticity (§ 801) equal to ł of the ratio which the 
difference of attractions of one of the disturbing bodies on the 
nearest and farthest points of the fluid surface bears to the 
surface value of the attraction of the nucleus. If, for instance, 
we suppose the moon to be divided into two halves, and these 


to be fixed on opposite sides of the earth at distances each 
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equal to the true moon’s mean distance ; the ellipticity of the The tides: 
disturbed terrestrial level would be ...55,3 pou06 OL ve000.0003 on 
and the whole difference of levels from highest to lowest would theery. 
be about 1} feet. We shall have much occasion to use this 
hypothesis in VoL IL, in investigating the kinetic theory of the 

tides. We shall see that it (or some equivalent hypothesis) is 
essential to Laplace’s evanescent diurnal tide on a solid spheroid 
covered with an ocean of equal depth all over; but, on the 

other hand, we find presently (§ 814) that it agrees very closely 

with the actual circumstances so far as the foundation of the 
equilibrium theory is concerned. 

805. The rise and fall of water at any point of the earth’s 
surface we may now imagine to be produced by making these 
two disturbing bodies (moon and anti-moon, as we may call 
them for brevity) revolve round the earth’s axis once in the 
lunar twenty-four hours, with the line joining them always 
inclined to the earth’s equator at an angle equal to the moon’s 
declination. If we assume that at each moment the condition 
of hydrostatic equilibrium is fulfilled; that is, that the free 
liquid surface is perpendicular to the resultant force, we have 
what is called the “ equilibrium theory of the tides.” 

806. But even on this equilibrium theory, the rise and fall correction 
at any place would be most falsely estimated if we were to equilibrium 
take it, as we believe it is generally taken, as the rise and fall B 
of the spheroidal surface that would bound the water were 
there no dry land (uncovered solid). To illustrate this state- 
ment, let us imagine the ocean to consist of two circular lakes 
A and B, with their centres 90° asunder, on the equator, com- 
municating with one another by a narrow channel. In the 
course of the lunar twelve hours the level of lake A would 
rise and fall, and that of lake B would simultaneously fall and 
rise to maximum deviations from the mean level. If the areas 
of the two lakes were equal, their tides would be equal, and 
would amount in each to about one foot above and below the 
mean level; but not so if the areas were unequal. Thus, if 
the diameter of the greater be but a small part of the earth’s 
quadrant, not more, let us say, than 20°, the amounts of the 
rise and fall in the two lakes will be inversely as their areas 
to a close degree of approximation. For instance, if the dia- 


The tides: 
correction 
of ordinary 
equilibrium 
theory. 
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meter of B be only yy of the diameter of A, the rise and fall in 
A will be scarcely sensible; while the level of B will rise and 
fall by about two feet above and below its mean; just as the 
rise and fall of level in the open cistern of an ordinary baro- 
meter is but small in comparison with fall and rise in the tube. 
Or, if there be two large lakes A, A’ at opposite extremities 
of an equatorial diameter, two small ones B, B’ at two ends of 
the equatorial diameter perpendicular to that one, and two 
small lakes C, C” at two ends of the polar axis, the largest of 
these being, however, still supposed to extend over only a 
small portion of the earth’s curvature, and all the six lakes 
communicate with one another freely by canals, or under- 
ground tunnels: there will be no sensible tides in the lakes 
A and A’; in B and B there will be high water of two feet 
above mean level when the moon or anti-moon is in the 
zenith, and low water of two feet below mean when the moon 
is rising or setting; and at C and C” there will be tides rising 
and falling one foot above and below the mean, the time of 
low water being when the moon or anti-moon is in the meri- 
dian of A, and of high water when they are on the horizon of 
A. The simplest way of viewing the case for the extreme 
circumstances we have now supposed is, first, to consider the 
spheroidal surface that would bound the water at any moment if 
there were no dry land, and then to imagine this whole surface 
lowered or elevated all round by the amount required to keep 
the height at A and A’ invariable. Or, if there be a large lake 
A in any part of the earth, communicating by canals with small 
lakes over various parts of the surface, having in all but a 
small area of water in comparison with that of A, the tides in 
any of these will be found by drawing a spheroidal surface of 
two feet difference between greatest and least radius, and, with- 
out disturbing its centre, adding or subtracting from each radius 
such a length, the same for all, as shall do away with rise or 
fall at A. 

807. It is, however, only on the extreme supposition we have 
made, of one water area much larger than all the others taken 
together, but yet itself covering only a sinall part of the earth’s 
curvature, that the rise and fall can be done away with nearly 
altogether in one place, and doubled in another place. Taking 
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the actual figure of the earth’s sea-surface, we must subtract a 
certain positive or negative quantity a from the radius of the 
spheroid that would bound the water were there no land, a 
being determined according to the moon’s position, to fulfil 
the condition that the volume of the water remains unchanged, 
and being the same for all points of the sea, at the same time. 
Many writers on the tides have overlooked this obvious and 
essential principle; indeed we know of only one sentence’ 
hitherto published in which any consciousness of it has been 
indicated. 

808. The quantity a is a spherical harmonic function of the 
second order of the moon’s declination, and hour-angle from 
the meridian of Greenwich, of which the five constant co- 
efficients depend merely on the configuration of land and water, 
and may be easily estimated by necessarily very laborious 
quadratures, with data derived from the inspection of good 
maps. 


Let as above 

r=a(1+u) (14) 
be the spheroidal level that would bound the water were the 
whole solid covered; u being given by (13) of § 804. Thus, if 
Jfdo denote surface integration over the whole surface of the 
oe affude 
expresses the addition (positive or negative as the case may be) 
to the volume required to let the water stand to this level every- 
where. To do away with this change of volume we must suppose 
the whole surface lowered equally all over by such an amount a 
(positive or negative) as shall equalize it. Hence if 2 be the 
whole area of sea, we have 


a= eee (15). 
And r=r—a=a{1 tuie) | (16), 


is the corrected equation of the level spheroidal surface of the 
sea. Hence 


h=a{u— eae (17), 
where h denotes the height of the surface of the sea at any 


1 “ Rigidity of the Earth,” § 17, Phil. Trans., 1862. 
2T 


The tides, 
mutual at- 
traction of 
the waters 
neglected : 
correction 
of the ordi- 
nary equi- 
librium 
theory. 
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Thio tiden, place, above hg level which it would take if the moon were re- 
traetion of moved. 

the waters 

neglected : To work out (15), put first, for brevity, 

corrected 3 

equilibrium 3 M.a 18): 
theory. e=} p TD» ( ) : 


and (13) becomes 

u=e(cos*O—1) (19). 
Now let Z and À be the geographical latitude and west longi- 
tude of the place, to which u corresponds; and y¥ and ô the 
moon’s hour-angle from the meridian of Greenwich, and her 
declination. As @ is the moon’s zenith distance at the place 
(corrected for parallax), we have by spherical trigonometry 


cos 8=coslcos5cos(A—y)-+ sin /sind ; 
which gives 


3cos?0 — 1 = $cos*/cos*5cos2 (A — Y) + Gsinlcoslsin dcosdcos (A — Y) + 4(3sin*5 — 1)(3sin?l— 1) (20). 


Hence if we take 4, 8, €, D, & to denote five integrals depend- 
ing solely on the distribution of land and water, expressed as 
follows :— 


A= 3 Sfeos*leos2Ado, B= = J/cos*isin 2A, 
| ere | eee ‘ 
=—//sinleoslcosAdc, N= — lcoslsin Ad 
t 0 SfsinleosleosAda, T 0 Sfsinlcoslsin Ado, (21), 
= > M@sintl—1)do, 


where of course da=cosldldxX 
we have 


a= = ffudo = hae { $cos*d(Acos2y + Bsin2y) + Gsindcosd(Ccosy + Dsiny) + $E (3sin*3—1)! (2 


This, used with (19) and (20) in (17), gives for the full conclu- 
sion of the equilibrium theory, 


me or a i A 3in2 À ° 25 
splat et > L(c08 Lcos2A— A ) cos 2¥+ (cos*/sin 2A — 8) sin2y]cos 9 
Lunar or 


solar diurnal + 2ae[(sin/ cos/cosA — € cosy + (sin /cos/sinA — ¥})siny] sin dcosd 


tid A ‘ 
Lanar fort- + tae(3 sin? ļ— 1 — €) (3 sin? 6— 1) 
onesie sok in which the value of e may be taken from (18) for either the 


ee es moon or the sun: and ê and y denote the declination and Green- 
wich hour-angle of one body or the other, as the case may 
be. In this expression we may of course reduce the semi- 
diurnal terms to the form Acos(2Y—¢€), and the diurnal terms to 


A'cos(y—€’). Interpreting it we have the following conclu- 
sions :— 


? 
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809. In the equilibrium theory, the whole deviation of The tides, 


mutual at- 


level at any point of the sea, due to sun and moon acting traction of 


the waters 
jointly, is expressed by the sum of six terms, three for each negie rted 
COrrectec 
. equilibrium 
y theory. 


(1.) The lunar or solar semi-diurnal tide rises and falls in 
proportion to a simple harmonic function of the hour-angle from 
the meridian of Greenwich, having for period 180° of this angle 
(or in time, half the period of revolution relatively to the earth), 
with amplitude varying in simple proportion to the square of 
the cosine of the declination of the Sun or Moon, as the case 
may be, and therefore varying but slowly, and through but a 
small entire range. 

(2.) The lunar or solar diurnal tide varies as a simple har- 
monic function of the hour-angle of period 360°, or twenty-four 
hours, with an amplitude varying always in simple proportion 
to the sine of twice the declination of the disturbing body, and 
therefore changing from positive maximum to negative, and 
back to positive maximum again, in the tropical’ period of 
either body in its orbit. 

(3.) The lunar fortnightly or solar semi-annual tide is a 
variation on the average height of water for the twenty-four 
lunar or the twenty-four solar hours, according to which there 
is on the whole higher water all round the equator and lower 
water at the poles, when the declination of the disturbing body 
is zero, than when it has any other value, whether north or 
south ; and maximum height of water at the poles and lowest 
at the equator, when the declination has a maximum, whether Explanation 


f the lunar 


north or south. Gauss’s way of stating the circumstances on fortnightly 
which “secular” variations in the elements of the solar system semi-annual 
depend is convenient for explaining this component of the 
tides. Let the two parallel circles of the north and south de- 
clination of the moon and anti-moon at any time be drawn on 
a geocentric spherical surface of radius equal to the moon’s 
distance, and let the moon’s mass be divided into two halves 
and distributed over them. As these circles of matter gradu- 


ally vary each fortnight from the equator to maximum declina- 


1 The tropical period differs from the sidereal period in being reckoned from the 
first point of Aries instead of from a line fixed in space; the difference being only 
one day in 26,000 years. 


The tides, 
mutual at- 
traction of 
the waters 
neglected : 
corrections 
on ordinary 
equilibrium 
results, 


660 ABSTRACT DYNAMICS. 


tion and back, the tide produced will be solely and exactly the 
“fortnightly tide.” 

810. In the equilibrium theory as ordinarily stated there 
is, at any place, high water of the semi-diurnal tide, precisely 
when the disturbing body, or its opposite, crosses the meridian 
of the place; and its amount is the same for all places in the 
same latitude; being as the square of the cosine of the latitude, 
and therefore, for instance, zero at each pole. In the corrected 
equilibrium theory, high water of the semi-diurnal tides may 
be either before or after the disturbing body crosses the meri- 
dian, and its amount is very different at different places in the 
same latitude, and is certainly not zero at the poles. In the 
ordinarily stated equilibrium theory, there is, precisely at the 
time of transit, high water or low water of diurnal tides in 
the northern hemisphere, according as the declination of the 
body is north or south; and the amount of the rise and fall is 
in simple proportion to the sine of twice the latitude, and there- 
fore vanishes both at the equator and at the poles. In the 
corrected equilibrium theory, the time of high water may be 
considerably either before or after the time of transit, and its 
amount is very different for different places in the same lati- 
tude, and certainly not zero at either equator or poles. In the 
ordinary statement there is no lunar fortnightly or semi- 
annual diurnal tide in the latitude 35° 16’ (being sin— a) 
and its amount in other latitudes is in proportion to the devia- 
tions of the squares of their sines from the value $. In the 
corrected equilibrium theory each of these tides is still the 
same in the same latitude, and vanishes at a certain latitude, 
and in any other latitudes is in simple proportion to the devia- 
tion of the squares of their sines from the square of the sine of 
that latitude. ae the latitude par there is no tide of this 


class is not sin™! i , but siny E T; where (f is the mean 


value of 3 sin?l — 1, for the whole pial portion of the earth’s 
surface, a quantity easily estimated by a laborious quadrature, 
from sufficiently complete geographical data of the coast lines 
for the whole earth. 

As the fortnightly and semi-annual tides most probably 
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follow in reality very nearly the equilibrium law, it becomes a The tides, 
matter of great importance to evaluate this quantity ; but we tration nf 
regret that hitherto we have not been able to undertake the nemeeted: 
work. Conversely it is probable that careful determination of Importance 
the fortnightly and semi-annual tides at various places, by fore į 
proper reductions of tidal observations, may contribute to nightly and 
geographical knowledge as to the amount of water surface in tides. 
the hitherto unexplored districts of the arctic and antarctic 
regions. 

811. The superposition of the solar semi-diurnal on the spring and 
lunar semi-diurnal tide has been investigated above as an priming” 
example of the composition of simple harmonic motions; and ing 
the well-known phenomena of the “ spring-tides” and “ neap- 
tides,” and of the “priming” and “lagging” have been ex- 
plained (§ 60). We have now only to add that observation 
proves the proportionate difference between the heights of 
spring-tides and neap-tides, and the amount of the priming Diserepance 
in § 60 on the equilibrium hypothesis; and to be very differ- to inertia 
ent in different places, as we shall see in Vol. I. is to be diii 
expected from the kinetic theory. 

812. The potential expressions used in the preceding in- 
vestigation are immediately convenient (§§ 802, 804) for the 
hydrostatic problem. But it is interesting, in connexion with 
this problem, to know the amount of the disturbing influence on 
apparent terrestrial gravity at any point of the earth’s surface, 
produced by the lunar or solar influence. We shall therefore Lunar ana 
—still using the convenient static hypothesis of § 804—deter- thence on 
mine convenient rectangular components for the resultant of the terrstiat 
two approximately equal and approximately oppdésed disturbing aks 
forces assumed in that hypothesis. First, we may remark that 
these two forces are approximately equivalent to a force equal 
to their difference in a line parallel to that of the centres of 
the earth and moon, compounded with another perpendicular 
to this and equal to twice either, multiplied into the cosine 
of half the obtuse angle between them. 

Resolving each of these components along and perpendicular 
to the earth’s radius through the place, we obtain, by a process, 
the details of which we leave to the student for an exercise, the 


following results, which are stated in gravitation measure :— 


Lunar and 


solar intlu- 


ence on 
apparent 
terrestrial 
gravity. 
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Vertical component = A (5 ) (2 cos*@—sin*@), upwards. 


3 
Horizontal component =35 5 ) sin cos6, towards point of 
horizon under moon or anti-moon. 


Here, as before, E and M denote the masses of the earth and 
moon, D the distance between their centres, a the earth’s radius, 
and @ the moon’s zenith distance. 


Or from the potential expression (12), by taking $ and 7 
r 


we find the same expressions. d 


The vertical component is a maximum upwards, amounting to 
M a,? 
25D » 
when the moon or anti-moon is overhead; and a maximum 
downwards of half this amount when the moon is on the 
horizon. The horizontal component has its maximum value, 
amounting to SMa? 
2 ED’ 
when the moon or anti-moon is 45° above the horizon. Similar 
statements, of course, apply to the disturbing influence of the 


M a.. 1 
sun. For the moon ED is probably equal to about 83 x (603) 
1 ae 
Ol T5510" and the corresponding measure of the sun’s in- 
27°34 1 |! 


. 1 
fluence is very approximately (1 + aa? aay CE oao 


Hence, as the moon or anti-moon rises from the horizon to 
the zenith of any place on the earth’s surface, the intensity 
of apparent gravity is diminished by about one six-millionth 
part: and the plummet is deflected towards the point of the 
horizon under either moon or anti-moon, by an amount which 


. ; 1 ; 
reaches its maximum value, RET of the unit angle (5773), 


when the altitude is 45°. The corresponding effects of solar 
influence are of nearly half these amounts. 

813. Examples of § 799 continued—(4.) All other circum- 
stances as in Example (2.), let the two bodies be not fixed, but 
let them revolve in cireles round their common centre of inertia, 
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with angular velocity such as to give centrifugal force to each 
just equal to the force of attraction it experiences from the 
other. 

Let the centre of the earth be origin of rectangular co-ordi- 
nates, and OZ perpendicular to the plane of the circular orbits, 
and let OX revolve so as always to pass through the disturbing 
body. Then, dealing with centrifugal force by the potential 
method, as in § 794; for the equation of a series of surfaces 
cutting cverywhere at right angles the resultant of gravity and 
centrifugal force, we find 

E 4 M 

N (ety tz) iDa) Hye] 
where w denotes the angular velocity of revolution of tho two 
bodies round their centre of inertia, and b the distance of this 
point from the earth’s centre :—so that 

ME 


M(D—b)u?= Ebot => (25). 
Hence Lan wbx =Q. 


Using this in (24), expanded and dealt with generally as (12) in 
Example (3.), we sce that the first power of x disappears; and, 
omitting terms of third and higher orders, we have 

P pM appo aty) const. (26). 
To reduce to spherical harmonics we have 

x +y’ = gr*— }(82°—r*), 
and therefore, as according to our approximation we may take 
w'a? for w*r*, we find [witb the notation r=a(1+u) as above] 
Ma 3x*—r? 


a 
u=} pp p Tieg BP"), 
or in polar co-ordinates (27). 
= Ma’ sos ahta wa? 19] 
u=} oem Acos*p—1)—} E (3cos*’ĝ0—1). 


This interpreted is as follows :— 


The surface of the fluid will be a harmonic spheroid of the 
second order [that is (§ 779), an ellipsoid differing infinitely 
little from a sphere], which we may regard as the result of 
superimposing on the deviation from spherical figure investi- 
gated in § 804, another consisting of the oblateness due to 
rotation with angular velocity œ round the diameter of the 


Real tide- 
generating 
influence 
explained by 
method of 
centrifugal 
furce, 


+ 4w?[(b—x)*+y*]=const. (24), 
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Real tid- earth perpendicular to the plane of the disturbing body’s orbit. 


generating 


influence J ` + ° aoe 
nous We may prove this conclusion with less analysis by supposing 


method of the purely static system of Example (3.) to rotate, first with 
centrifugal i : 

force. any angular velocity w, about any diameter of the earth per- 
pendicular to the straight line through its centre in which the 
disturbing bodies are placed; and then supposing this angular . 
_ velocity to be just such as to balance the earth’s attraction on 
the two disturbing bodies, so that the holdfasts by which they 
were prevented from falling together may be removed. Then 
it is easy to prove analytically that the effect of carrying either 
disturbing body to the other side, and uniting the two, will be 
a small disturbance in the figure of the fluid amounting to 
some such fraction of the deviation investigated in Example 

(3.) as the earth’s radius is of the distance of the disturber. 
814. The purely static system of Example (3.) gives the 
simplest and most symmetrical foundation for the equilibrium 
theory of the tides. The kinetic system of Example (4.) is 
indeed not less purely static in relation to the earth, and is 
equivalent to an absolutely static imaginary system in which 
repulsion from a fixed line, on parts of a non-rotating system, 
is substituted for the centrifugal force of the rotating system. 
But it is complicated by the oblateness of the fluid surface 
produced by the centrifugal force or repulsion. This oblate- 
ness, aS we see oo § 801, would amount to as much as 
ray” Fs or 785060 000" , being about 27°8 times the ellipticity of 
the lunar = level for the case of the earth and moon ; although 
only to T a X Xa z oF 77,700,000 56 o for the case of the earth and sun. 
Augmenta- 815. When the attraction of the fluid on itself is sensible, 
by mutual the disturbance in its distribution gives rise to a counter dis- 
ofthe dis turbing force, which increases the deviation of the equipotential 
water. surfaces from the spherical figure. The general hydrostatic 
condition (§ 750), that the surfaces of equal density must still 
coincide with the equipotential surfaces, thus presents an 
exquisite problem for analysis. It has called forth from 
Legendre and Laplace an entirely new method in mathematics, 
commonly referred to by English writers as “ Laplace’s co- 


efficients ” or “ Laplace’s Functions,” The principles have been 
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sketched in the second Appendix to our first Chapter; from Augmenta- 
which, and the supplementary investigations of §§ 778...784, by mutual 
we have immediately the solution for the case in which the of the dise 
fluid is homogeneous, and the nucleus (being a solid of any wale 
shape, and with any internal distribution of density, subject 

only to the condition that its external equipotential surfaces 

are approximately spherical) is wholly covered by the fluid. 

The conclusion may be expressed thus :—Let p be the density 

of the fluid, and let o be the mean density of the whole mass, 

fluid and solid. Let the disturbing influence, whether of ex- 

ternal disturbing masses, or of deviation from accurate centro- 

baric (§ 526) quality in the nucleus, or of centrifugal force due 

to rotation, be such as to render the level surfaces harmonic 
spheroids of order 7, when the liquid is kept spherical by a 

rigid envelope in contact with it all round. The tendency of 

the liquid surface would be to take the figure of that one of 

these level surfaces which encloses the proper volume. But 

in changing its figure, if permitted, it would increase the 
deviation of this level surface. The result is, that if the con- 

straint be removed, the level surface of the liquid in equilibrium 


will be a harmonic spheroid of the same type, but of deviation 


from sphericity augmented in the ratio of 1 to 1— Bane 
Let the potential at or infinitely near the bounding surface be 
Amra? 
3r +8; (1) 


when the liquid is held fixed in shape by a spherical envelope, of 
radius a. In these circumstances 


=) (2) 
is the equipotential surface of mean radius æ. If now the bound- 
ing surface of the liquid be changed into the harmonic spheroid 
r=a(1+cS8,) (3), 
the potential (§ 543) becomes changed from (1) to 
árra? 4rpea? 
a E (+o q )Ss (4), 
and the equipotential surface becomes, instead of (2), 
ár pea? 88; ) ( 5) 
af i 


r=a{1+0+ 2i+ 1 lirga 
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Stability of 
the ocean. 


Augmenta- 
tions of 
results by 
mutual 
gravitation 
of water eal- 
enlated for 
examples of 
§ 799 


666 ABSTRACT DYNAMICS. 


Hence that the boundary (3) of the liquid may be an equi- 
potential surface, 


4rpca* 3 
c= 5; +1” droat’ 
1 
which gives irca’ = 6 P f 
3 2i+1 
4rpca* 1 
whence + %+1  .. 3p (6). 
T (+10 
Using this in (5), and comparing with (2, we prove the pro- 


position. 


816. The instability of the equilibrium in the case in which 
the density of the liquid is greater than the mean density 
of the nucleus, already remarked as obvious, is curiously 
illustrated by the present result, which makes the deviation 
infinite when ¿= 1 and =p. But it is to be remarked that 
it is only when the nucleus is completely covered that the 
equilibrium would be unstable. However dense the liquid 
may be, there would be a position of stable equilibrium with 
the nucleus protruding on one side; and if the bulk of the 
liquid is either very small or very large in comparison with 
that of the nucleus, the figure of its surface in stable equi- 
librium would clearly be approximately spherical. Excluding 
the case of a very small nucleus of lighter specific gravity 
(which would become merely a small floating body, not sensibly 
disturbing the general liquid globe), we have, in the apparently 
simple question of finding the distribution of a small quantity 
of liquid on a symmetrical spherical nucleus of less specific 
gravity, a problem which utterly transcends mathematical skill 
as hitherto developed. i 

817. The cases of i= 1 and i= 2 give the solutions of the 
several examples of § 799 when the attraction of the liquid on 
itself is taken into account, provided always that the solid is 
wholly covered. Thus [§ 799, Example (2.)] if the earth and 
moon were stopped, and each held fixed, the moon’s attraction 
would still not disturb the figure of the liquid surface from 
true sphericity, but would render it eccentric to a greater 
degree than that previously estimated, in the ratio of 1 to 
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1— 2. For the carth and sea, 2 is about 4, and therefore 


the spherical liquid surface would be drawn towards the moon 
by 86 feet, being 1$ times the amount of 70 feet found above 
(§ 803). And the tidal and rotational ellipticities estimated 
in §§ 800, 814, 813 would, on the supposition now made, 


be augmented each in the ratio of 1 to la ; or 55 to 49 for 


the case of earth and sea. The true correction for the attrac- 
tion of the sea, as altered by tidal disturbance, in the equi- 
librium theory of the tides, must be less than this, as the liquid 
does not cover more than about %4 of the surface of the solid. 
To find the true amount of the correction for the attraction of 
the water on itself when the whole solid is not covered, even 
if the arrangement of dry land and sea were quite symmetrical 
and simple (as, for instance, one circular continent and the rest 
ocean), belongs to the transcendental problem already referred 
to (§ 816). It can be practically solved, if necessary, by 
laborious methods of approximation ; but the irregular bound- 
aries of land and sea on the real earth, and the true kinetic 
circumstances of the tides, are such as to render nugatory any 
labours of this kind. Happily the error committed in neglect- 
ing altogether the correction in question may be safely esti- 
mated as less than 10 per cent. (aş being 12°3 per cent.), and 
may be neglected in our present uncertainty as to absolute 
values of causes and effects in the theory of the tides. 
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§ 799. 


818. But although the influence on the tides produced Loea infu. 


ence of high 


by the attraction of the water itself as it rises and falls is water on 


direction 


not considerable even in any one place; it is a manifest, of gravity. 


though not an uncommon, error to suppose that the moon’s 
disturbing influence on terrestrial gravity 1s everywhere in- 
sensible. It was pointed out long ago by Robison’ that the 
great tides of the Bay of Fundy should produce a very sensible 
deflection on the plummet in the neighbourhood, and that 
observation of this effect might be turned to account for 
determining the earth’s mean density. But even ordinary 
tides must produce, at places close to the sea shore, deviations 
in the plummet considerably excceding the greatest direct 
1 Mechanical Philosophy, 1804. See also Forbes, Proc. R. S. E., April 1849. 
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Attraction effect of the moon, which, as we have seen (§ 812), amounts 


of high water R 2 ; 
ona plum- tO sooo ee Of the unit angle (57°3). Thus, at a point on 
, at the 


seaside, or not many feet above the mean sea level, and 100 yards 
from low-water mark, a deflection, amounting to more than 
s000000 Of the unit angle on each side of the mean verti- 
cal, will be produced by tides of five feet rise and fall on each 
side of the mean, if the line of coast does not deviate very 
much from one average direction for 50 miles on either side, 
and if the rise and fall is approximately simultaneous and 


equal for 50 miles out to sea. For, a point placed as O in the 


Vertical 
section Youre op dg: Ces Ta F i 
through 0. A AN oR 2 ie: [ae Tk EERE T 4 
sketch will, as the water rises from low tide to high tide, ex- 
perience the attraction of a plate of water indicated in section 
by HKK'I'L. If we neglect the small part of the whole effect 
due to the long bar (extending along the coast) shown in section 
by HKL, we have only to find the attraction of the rectangular 
plate of water by hypothesis of 50 miles’ breadth from KZL, 
100 miles’ length parallel to the coast, 
and 10 feet thickness (KZ). This will 
not be sensibly altered if O is precisely 
in the continuation of the middle plane 
EE’ (instead of a few feet above it, as 
ona would generally be the case in a con- 
through 0. 


venient sea-side gravitation observatory), 
and the whole matter of the plate were 
condensed into its middle plane. But 
the attraction of a uniform rectangular plate on a point O has, 
for component parallel to AB, 

OA+AE).(OB-+BE).OE" 

p log {caf dE COB IPE OE (7) 
where p denotes the density of the water, and ¢ the thickness 
of the plate, by hypothesis a small fraction of OF. (We leave 
the proof as an exercise to the student.) Now, taking the 
nautical mile as 2000 yards, we have, according to the assumed 
data, very approximately 

AE OA OF’ l OA’ 

OE GET OB 710 and OE 


=1000,/ 2, 
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and B, B’ are at the same distances on one side of OE’ as AA’ 
on the other. Hence the preceding expression becomes 


2pt log 7 » which is equal to 13°5 x pt. 
i ‘ 4 ; : l 
The ratio of this to Z4 the earth’s whole attraction on O, is 


3X 13°4 pt ae 
z P; which (as — 
át or 


1 
3 100,000 TR by hypothesis, and £ = iS 


2 : 
about Re amounts to The plummet will therefore, 


1 
3,580,000 
at high tide, be disturbed from the position it had at low 

: ; 1 
tide, by a horizontal force of somewhat more than 4,000,000 
of the vertical force; and its deviation will of course be this 
fraction of 57°3, the unit angle. 

819. Recurring to the case of p=c, we learn from § 817 
that a homogeneous liquid in equilibrium under the influence 
of centrifugal force, or of tide-generating action, has 24 times 
as much ellipticity as it would have if mutual attraction between 
the parts of the fluid were done away with (§ 800), and gravity 
were towards a fixed interior centre of force. Fora homogeneous 
liquid of the same mean density as the earth, rotating in a time 
equal to the sidereal day, the ellipticity is therefore s3z, being 
24 times the result, x39, which we found in § 801. This 
agrees with the conclusion for the case of approximate spheri- 
city, which we derived (§ 775) from the theorem of § 771, 
regarding the equilibrium of a homogeneous rotating liquid. 
But even for this case Laplace’s spherical harmonic analysis is 
most important, as proving that the solution is unique, when 
the figure is approximately spherical; so that neither an 
ellipsoid with three unequal axes, nor any other figure than 
‘the oblate elliptic spheroid of revolution, can satisfy the hydro- 
static conditions, when the restriction to approximate sphericity 
is imposed. Our readers will readily appreciate this item of 
the debt we owe to the great French naturalist, when we tell 
them that one of us had actually for a time speculated on three 
unequal axes as a possible figure of terrestrial equilibrium. 

820. As another example of the result of § 817 for the case 
z= 2, let us imagine the earth, rotating with the actual angular 
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velocity, to consist of a solid centrobaric nucleus covered with 
a thin liquid layer of density equal to the true density of the 
upper crust, that is, we may say, half the mean density of the 


nucleus. The ellipticity of the free surface would be 
1 l l 
580 1—3x4’ 386 

Or, lastly, let it be required to find the density of a super- 
ficial liquid layer on a centrobaric nucleus which, with the 
actual angular velocity of roo; would assume a spheroidal 
figure with ellipticity equal to zz, the aema ellipticity of the 
sea level We should have 

l 580 

p 295 


o 


3 
v 
which gives p ='819 x ø. 
821. Bringing together the several results of §§ 801, 817, 819, 
for a centrobaric nucleus revolving with the earth’s angular 
velocity, and covered with a thin layer of liquid of density p, 
the mean density of the whole being ø, we have—- 


P 
(1.) for &=0, e=ghy, 


(2.) ,, fay, e=si7; 
(3.) 5 fa}, e=y55> 
U) n 2-919, este, 
an 


where e denotes the ellipticity of the free bounding surface of 
the liquid. The density of the earth’s upper crust may be 
roughly estimated as 4 the mean density of the entire mass, 
and is certainly in every part less than ‘812 of this mean 
density. The ellipticity of the sea level does not differ from 
z9s by more than 2 or 3 per cent., and is therefore decidedly 
too great to be accounted for by centrifugal force, and ellipticity 
in the upper crust alone, on the hypothesis that there is a rigid 
centrobaric nucleus, covered by only a thin upper crust with 
surface on the whole agreeing in ellipticity with the free liquid 
surface. It is therefore quite certain that there must be on the 
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whole some decree of oblateness in the lower strata, in the onservation 
. . ° ° SHOWS 8U 
same direction as that which centrifugal force would produce great an 
° r . A ellipticity 
if the mass were fluid. There is, as we shall see in later of sen evel 
. : : e . that there 
volumes, a great variety of convincing evidence in support of must be ob. 
. . lateness o 
the common geological hypothesis that the upper crust was the soha 
E Š not only in 
at one time all melted by heat. This would account for the its bounding 
. . surface, but 
general agreement of the boundary of the solid with that of aiso in in- 
terior layers 


fluid equilibrium, though largely disturbed by upheavals, and of equal 
shrinkings, in the process of solidification which (App. D.) has ca 
probably been going on for a few million years, but is not yet 
quite complete (witness lava flowing from still active volcanoes). 

The oblateness of the deeper layers of equal density which we 

now infer from the figure of the sea level, the observed density 

of the upper crust, and Cavendish’s weighing of the carth as 

a whole, renders it highly probable that the earth has been at 

one time melted not merely all round its surface, but either 
throughout, or to a great depth all round. 

822. We therefore, as our last hydrostatic example, proceed Equilibrium 
to investigate the conditions of a heterogeneous liquid resting spheroid of 
on a rigid spherical centrobaric core or nucleus, and slightly ous liquid, 
disturbed, as explained in § 815, by attracting masses fixed E 
either externally or in the core (among which, of course, fall to 
be included deviations, if any, from a rigorously centrobaric 
distribution in the matter of the core). 

For any point (r, 0, 4) in space let 
N be the potential due to the core, 


V 3 R undisturbed fluid, 
Q ‘3 fi disturbing force, 
U x 5 disturbance in the distribu- 


tion of the fluid. 

Thus the whole potential at the point in question is N+ V when 
the fluid is undisturbed, and V+ Q+ V+U when the disturbing 
force is introduced and equilibrium supervenes. Let also p be 
the density of the undisturbed fluid at (r, 6, $) (which of course 
would vanish if the point in question were situated in any other 
part of space than that occupied by the fluid); and let p+a be 
the altered density at the same point (r, 0, $) when the fluid 
rests under the disturbing influence. It is to be noticed that 
N, V, p are functions of r alone; while Q, U, a are functions of 


r, 0, ¢. 
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Let now ôr be an infinitely small variation of r. The density 


of the liquid at the point (r+ér, 0, >) will be pap Heto)s,, 
or simply 


dp 
pts +2 or, 
as æ is infinitely small by hypothesis. If we equate this to p we 
have dp, _ 
and deduce ô = Po 
men ~ dp ; “ j \ (1) 
dr 


for the equation expressing the deviation from the spherical 
surface of radius r, of the spheroidal surface over which the 
density in the disturbed liquid is p. The liquid being incom- 
pressible, the volume enclosed by this spheroidal surface must be 
equal to that enclosed by the spherical surface, and therefore, 
if do denote an element of the spherical surface, and /f integra- 
tion over the whole of it, 


Sf Srdc=0 (2). 
Hence, by (1), as is independent of 0, ¢, 
Made =0 (3). 


Now, as before for density, we have for the disturbed potential 
at (r+ôr, 0, $) 
N+Q+ VUEIO), 


or, because Q+ U is infinitely small, 
Nta+y+U+ E tO, 


And, therefore, to express that the spheroidal surface correspond- 

ing to (1), with r constant, is an equipotential surface in the 

disturbed liquid, we have 

SN +V) 

Z p "+N + V=F(r) (4), 
dr 

which (§ 750) is the equation of hydrostatic equilibrium. In this 

equation we must suppose IV and p to be functions of r, and Q a 

function of r, 0, $; all given explicitly: and from p we have, by 

putting ¢=0, in (15) and (16) of § 542, 


Vata f r'p' dr’ + T r'*p'dr’) (5), 


Q+U- 
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where p’ is the value of p at distance r’ from the centre, and r Eatin 
of rotating 


the radius of the outer bounding surface of the undisturbed fluid, spheroid 
and a that of the fixed spherical surface of the core on which it eerie 
rests. To find V+U, following strictly the directions of § 545, "9'4 
we add the potential of a distribution of matter with density p+a 
through the space between the spherical surfacea of radii a and 

r to that of the shell B of positive and negative matter there 
defined. Let the thickness of the latter at the point (r, 6, œ) be 

called h, being the value of ôr at the surface; and let g denote 

its density, being the surface value of p. Then, subtracting the 


undisturbed potential V, we have 


a'r’ ae 


Gap ALA ay es 


Part of the 
] (6), potential, 
due to ob- 
ë ; ` lateness : 
if as usual D denote the distance between the points (r, 0, œ), 


(r’, 0', $), and the accented letters denote the values of the 
corresponding elements in the latter; and if [] denotes surfaco 
values and integration. 

Let us now suppose the required deviation of the surfaces of 
equal pressure density and potential to be expressed as follows 
in surface harmonics, of which the term R, disappears because 
of (2) :— 


for the interior of the fluid, ôr = R, + R +R; +etc., l (7) 
and for the outer bounding surface, h= Ni +R +H &,+ etc. 


Hence by (1) 3= = TOR +R, +R, +ete. ) (8). 


Using this in (6) according to §§ 544, 542, 536, we have developed in 


harmonics. 
, = dp’ 7! — tira T dp’ Pee rt 
—t f —t i+ F 
Used f ntti a Rj dr ++ fr 2 T Ri dr + 98i 555} (9), 
where Rý denotes the value of R; for the point (r’, 6, p) instead 
of (r, 0, $). 
To complete the expansion of the hydrostatic equation (4) we 
may suppose the harmonic expression for Q to be either directly 
given, or to be found immediately by Appendix B. (52), or by 
(8) of § 539, according to the form in which the data are pre- 
sented. Thus let ua have 


ix=nm st 
Q=2 SAP coss -+ B” sin sh) @,” (10), Harmonic 
: i=0 s=0 development 
of disturbing 


according to the notation of App. B. (37) and (88), A;’, Bp potential 
2 U 
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Eel iior denoting known functions of r. Using now this and (8) in (4), 
spheroid » we have 
geneous i=o —d(N+V 
Hiquid. > S's 2 “(al ‘cossf+ Bi’ sin sd) of a i 
= s=0 
ij piti z —t-1 et 
ec a gp Bide +r fy dp Rider HR it) 
+4, +N+V=F(r) (11), 
where (=) denotes the value of = P for r=r. Hence: first, 
r r 
for the terms of zero order, 
Ay +N+V=F(r) (12), 
which merely shows the value of F(r), introduced temporarily in 
(4) and not wanted again : : and, by terms of order 2, 
= r 
TAER ERRE, r-t —t—1 ‘ite O a 
ap sat aes I Riar +r f rite"? Ridr' + it; ce 
=i 
Equation of =3(A" cossh-+ BM sins) o! (13). 
for pehea: sits 
henuonic Lastly, expanding R; (as above for the t term of Q) by App. B. 
term: 
(37), let us have 
s=i 
Ri=>(ul" cossp+v, sinsh\o, (14), 
s=0 
where u”, v” are functions of r, to the determination of which the 
problem is reduced. Hence equating separately the coefficients 
leading to of coss ©;”, etc., on the two sides, and using w; to denote any 
for general one of the required functions ul? v,, and A; any of the given 
anced functions A)’, Bọ’, and u/, nj the values of u; for r=r' and r=r 
e ali respectively, we have 
—d(N+V) 


tay Gp al e —dp' , 
ap u — aal" a ie waar +r f pite ui u; dr' +q w= as 
or, as it will be convenient k to write it, for brevity, o;(u;)=4; 


where o, denotes a determinate operation, involving definite in- 
tegrations, and such that o,(u) for u any function of r, continuous 
or discontinuous, necessarily disappears through any range of 
values of r, for all of which u=0. To reduce this to a differ- 
ential equation, divide by r‘, differentiate, multiply by r*'t+*, and 
differentiate again. If, for brevity, we put 


—d(N+V)_ 
oe D =ry (16), 


the result is 
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Z fates (r e phiri TEP ym F ppi T) (17), ne 
a linear differential equation, of the second order, for u; with of hetero- 
coefficients and independent term, known functions of r. The liquid. 
general solution, as is known, is of the form Paton es 
ui=CP+C'P’+a AS) ca 
where a is a function of r satisfying the equation 
ofa) =A; (19), 


C and C” are two arbitrary constants, and P and P’ two distinct 
functions of r. 

Equation (15) requires that C=0 and C’=0; in other words, 
ui, if satisfying it, is fully determinate. This is best shown by 
remarking that if, instead of (15), we have 

oil u)=Ai 4 Kr’ 4+ Kr} (20) 

where K, K’ are any two constants, these constants disappear in 
the differentiations, and we have still the same differential equa- 
tion, (17); and that the two arbitrary constants C and C” of the Demin 
general solution (18) of this are determined by (20) when any stants to 
two values are given for K and K’. In fact, the expression (18), de peqnirel 
used for u;, reduces (20) to ie 

Co P)+ Co, P’)=Kri+K'r- (21), 
which shows that o;(P) and o;(P’) must be distinct linear func- 
tions of 7° and r—*—!, and determines C and C’. 

Thus we see that whatever be A; we have, in the integration 
of the differential equation (19), and the determination of the 
arbitrary constants (14), the complete solution of our problem. 

Unless it is desired, as a matter of analytical curiosity, or for Fatro 
some better reason, to admit the supposition that W is any arbi- Newtonian 
trary function of r, it is unnecessary to retain both ¥ and p as een 
two distinct given functions. For the external force of the 
nucleus, or that part of it of which N is the potential, being by 
hypothesis symmetrical, relatively to the centre, it must in nature 


vary inversely as the square of the distance from this point; that 

13 to say, —dN _pB (22), 
dr č r’ 

p being a constant, measuring in the usual unit (§ 459) the 

mass of the nucleus, And by (5) 


m pr dr’ (23). 
a 


—_ 2 


dr r’ 


From this, with (22) and (17), we have 
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4m [" 1 7, P . 

of rotating y=] Prd + (24), 
spnerol 

f hetero- 
geneous which gives srp a ) nd 47 Po os —" 44 dy (25). 
liquid. dr 
I Using this last in an, and ee ps entation we have 
ee i 2 ae. 2 du (i—1)(t4+2) d(r-*Ai) 
Hee wot G gF 2(—7 T —)— dr a i= rips nant paite S o~ De } (26). 


force, ° 
eee form, convenient for cases in which the disturbing force 


is due to external attracting matter, or to centrifugal force of the 
fluid itself, if rotating, is got by putting, in (17), 

ru =e; (27), 
and reducing by differentiation. Thus 


ferential 
Ar d'e TH 19 Te y i+ hiag 2(1—1) dlogy ae psit ie e (28), 
proportion- dr? r r dr = oan dr 
ate devia- i . 
T With ii notation the intermediate integral, obtained from a 9) 
sphericity. 


by the first step of the process of differentiating executed in the 
order specified, gives 
r 2 —t A. 

oe eee 

Important conclusions, readily drawn from these forms, are 
that if Q is a solid harmonic function (as it is when the disturb- 
ance is due cither to disturbing bodies in the core, or in the space 
external to the fluid, or to centrifugal force of the fluid rotating 


aah nn as a solid about an axis); then (1.) e, regarded as positive, and 
cent as a function of r, can have no maximum value, although it might 
deviation have a minimum; and (2.) if the disturbance is due to disturb- 
P ing masscs outside, or to any other cause (as centrifugal force) 


which gives for potential a solid harmonic of order ¢ with only 
the rf term, and no term r—*—!, e; can have no minimum except 
at the centre, and must increase outwards throughout the fluid. 

To prove these, we must first remark that y necessarily 
diminishes outwards. To prove this, let n denote the excess of 
the mass of the nucleus above that of an equal solid sphere of 
density s equal to that of the fluid next the nucleus. Then 
we may put (24) under the form 


y= (=p r dr + (30). 


For stability it is necessary that n and s—p’ be each positive; 
and therefore the last term of the second member is positive, and 
diminishes as r increases, while the second term of the same is 
negative, and in absolute magnitude increases, and the first term 
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is constant. Hence ¥ diminishes as r increases. Again, when 


the force is of the kind specified, we must [App. B. (58)] have 
Aj=Kri+ K'r-*) (31), 
and therefore the second member of (28) vanishes. Hence if, 
for any value of r, de; 
eat), 
dr 
dèe _2(i—1) LAA 


for the same, e r dy 
and is therefore positive, which proves as Lastly, when the 
force is such as specified in (2.), we have A; = Ar‘ simply, and 
therefore the second member of (29) vanishes. This equation 
then gives, for values of r excceding a by infinitely little, 

de; _ diogy 

dr ar 
which is positive. Hence e; commences from the nucleus in- 
creasing. But it cannot have a minimum (1.), and therefore it 
increases throughout, outwards. 


823. When the disturbance is that due to rotation of the 
liquid, the potential of the disturbing force is 
= (a +y"), 
which is equal to a solid harmonic of the second degree with 
a constant added. From this it follows [§§ 822, 779] that 
the surfaces of equal density are concentric oblate ellipsoids of 


revolution, with a common axis, and with ellipticities diminish- 
ing from the surface inwards. 


We have, in (19) of last gee 
Q= = (a14+3")= = ree" +0”). 
This gives at once, by (7) and (14), 
r= AON 
Hence rdr=r(it+—O,’) 


=r[14+—(3—cos"6)] 


2u, 


=r(1—=4) (14-4 —sin?6) (1), 
neglecting terms of the second odes because w, and therefore 


u 
also =, are very small. 
r 


Equilibrium 
of rotating 
ae roid 

of hetero- 
geneous 
liquid, 


Proportion- 
ate deviation 
for case of 
centrifugal 
force, or of 
force from 
Without. 


Case of 
centrifugal 
force. 
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peat eran Thus the sphere, whose radius was r, has become an oblate 

spheroid ellipsoid of revolution whose ellipticity [§ 822 (27)] is 

of hetero- 

quid. pees (2). 

Case of r 

centrifugal , . E : 9u De 

foree: Its polar diameter is diminished by the fraction ao or a 
r 


and its equatorial diameter is increased by S; the volume re- 


maining unaltered. 

In order to find the value of u., we must have data or assump- 
tions which will enable us to integrate equation (15). These 
may be given in many forms; but one alone, to which we pro- 
ceed, has been worked out to practical conclusions. 


Laplace's 824. To apply the results of the preceding investigation to 


hypothetical 
awof den- the determination of the law of ellipticity of the layers of 


the eith equal density within the earth, on the hypothesis of its 
original fluidity, it is absolutely essential that we com- 
mence with some assumption (in default of information) as 
to the law which connects the density with the distance from 
the earth’s centre. For we have seen (§ 821) how widely 
different are the results obtained when we take two extreme 
suppositions, viz., that the mass is homogeneous; and that the 
density is infinitely great at the centre. In few measurements 
hitherto made of the Compressibility of Liquids (see Vol. IL, 
Properties of Matter) has the pressure applied been great 
enough to produce condensation to the extent of one-half per 
cent. The small condensations thus experimented on have 
been found, as might be expected, to be very approximately 
in simple proportion to the pressures in each case; but experi- 
ment has not hitherto given any indication of the law of com- 
pressibility for any liquid under pressures sufficient to produce 
considerable condensations, In default of knowledge, Laplace 
assumed as a hypothesis the law of compressibility of the 
matter of which, before its solidification, the earth consisted, 
assumed to be that the increase of the square of the density is proportional 


relation be- : i 5 

tween den- to the increase of pressure. This leads, by the ordinary equa- 

pressure. tion of hydrostatic equilibrium, to a very simple expression 
for the law of density, which is still further simplified if we 


assume that the density is everywhere finite. 


( 


ee reget see ae Barte f rt t Pari- “0 
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Neglecting the disturbing forces, we have ($$ 822, 752) ee M 
dp=pd( V+) (1). law of den- 
But, by the hypothesis of Laplace, as above stated, k being some ‘lis eats 
constant, dp=kpdp (2). 
Hence kp+C=V+N 
or, by § 822 (5), = 47 f ara 7 J ep dite E, 
T a 


Multiplying by r, and differentiating, we get 
EÉ (rp) +C= r|) r'p dr’ 


dL 
d —-—— (7 = = 
an dr? (rp) 
. år 1l 
If we write =. Fg? 


the integral may be thus expressed— 
rp=F sin(— +G). 


If we suppose the whole mass to be liquid, ż.e., if there be no 
solid core, or, at all events, the same law of density to hold from 
surface to centre, G must vanish, else the density at the centre 
would be infinite. Hence, in what follows, we shall take 
F. r 
PE a Law of 
aaa" (3). dčnsiy. 


With this value of p it is easy to see that 
r d 
14 ‘d oo == 2 2 4P 4 
J li p di K?) T? (4), 
the common value of these quantities being 
Fe*(sin ——cos—). 


We are now prepared to find the value of u, in § 823, upon tion of ellip- 


which depends the ellipticity of the strata. For (15) of § 822 aa 
becomes, by (23) of that section and the late equation (4), I 
dp 


r dr 
where p’ is the mass of fluid, following the density law (3), which 
is displaced by the core u. In the terrestrial problem we may 
assume p= p, and of course a =0. For simplicity put 
d 
rol =, (6), 
then divide by 7° and differentiate, and we have 
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hypothetical 
law of den- 
sity within 
the earth. 
Conse- 
quences 

as regards 
ellipticities 
of surfaces 
of equal 
density. 
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1 ‘3 A Fa 
£+an r vdr =0. 
Multiply by r*, and again differentiate ; the result is 
dv „1 6 
qa t (am oa v= (7). 


The integral of this equation is known to be 
v=C| 5 ——)ain(Z +0) —= cos (— T+) (8), 


so that u, is known from (6). Now we have already proved that 
u increases from the centre outwards, so that we must have 

| C’=0, 
for otherwise u, would be infinite at the centre. Thus we have 
finally 


3 r 3 
eL C eS (9) 
ro F a a l 
K K 


The constants are, of course, to be determined by the known 


values of the ellipticity of the surface and of the angular velocity 
of the mass. 


Now = ) becomes, at the surface, 
ye 
nf pr ‘artes 


We may next eliminate p, dp , and g by means of (3), (4), (6), 


P udr ==- 2 + oust (10). 


and (8), and substitute everywhere re, for u,. Also, if m be the 


ratio (y$) of centrifugal force to gravity at the equator, w is to 
be eliminated by means of the equation 


from which p is to be removed by (3). By the help of these 
substitutions (10) becomes transformed as follows :— 

4nFe TE s 4nrC 3 1.r 8 r 
a ea dr+ 5t f riCa zain — — cos— |dr 


4armF TE 4rF . r 
zr fi rsin = ar" resint. 


t r , : 
If we put tan-- = ż, and — = 0, the integrated expression, 
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Laplace's 
4rFe b Borolo nien 
= - » becomes law of den- 
5r sity within 
i—O 5) the carth. 


3 O2\4__ 96 = nes j=?” —6 3 atio o 
aeol 0) + 0? —6t0"| = ag! +O Ratio of 


ellipticity 
Hence at once 


divided by 


5(t—6)— 


of surface to 
i the fraction 
expressing 
5m 04+ O8t+ 0—20 centrifugal 
‘op (t—6)[(3 Gyt 30] . (11). force at i 
£ = —U")i— equator in 
terms of sur- 
I face gravity. 


If we put 1—z for £ , ie., for —— , this becomes somewhat 
: tan— 


simpler, and may be written 
5m _ 64 — 3263 +4 238 


A a Scat 12). 
2e z(3z— 0?) (12) 
The mean density is, of course, 
J, pr "dr Fe (sin p L008) 8F sin———cos— 
a rs a Tia 
fr dr 3 ( m ) 
Let g, be the mean density, and q, as before, the surface-density, 
2 8F sinf— 0 cos Mean 
q= Eg 0? ’ density. 
F. 
= Żsinð. 
1>: 
t—0 8z 
Hence PAT . (13). 


If we put f for this ratio of the mean density to the surface- 
density, a quantity which may be determined by experiment, Ratio of 


(13) gives t—0 a 
f= arr a ae density. 


From this equation 6 may be found by approximation, and then 
(12) gives e in terms of known quantities. In fact, it becomes 


p2 
ae a has f 3 (14). 


pra 


a A) A Ff 
From (13) and (14) the numbers in columns iv. and v. of the 
following tablo are easily calculated. Column vii. shows the 
ratio of the moment of inertia about a mean diameter, on the 
assumed law of density, to what it would be if the carth were 
homogeneous :— 


Laplace's 
hypothetical 
law of den- 
sity within 
the earth. 


Dynamical 
origin of 
Precession 
and Nuta- 
tion. 
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i ii iii iv. v vi vii 
Eie t-a, e 
8:91 | 140° 00335 | 843 
4-24 | 1425 00380 | 835 
461 | 145° | -00325 | 826 
504 | 147°5 00821 | -818 
553 | 150° 00815 | 810 
611 | 152°5 003809 | -801 


‘00304 


825. The phenomena of Precession and Nutation result 
from the Earth’s being not centrobaric (§ 526), and therefore 
attracting the Sun and Moon, and experiencing reactions from 
them, in lines which do not pass precisely through the Earth’s 
centre of inertia, except when they are in the plane of its 
equator. The attraction of either body transferred (§ 555) 
from its actual line to a parallel line through the Earth’s centre 
of inertia, gives therefore a couple which, if we first assume, 
for simplicity, gravity to be symmetrical round the polar axis, 
tends to turn the Earth round a diameter of its equator, in the 
direction bringing the plane of the equator towards the dis- 
turbing body. The moment of this couple is [§ 539 (14)] 
equal to 

8(C— A) sindcos6 

es 5 | aaa 

where S denotes the mass of the disturbing body, D its dis- 
tance, and 6 its declination; and C and A the Earth’s moments 
of inertia round polar and equatorial diameters respectively. 
In all probability (§§ 796, 797) there is a very sensible differ- 
ence between the moments of inertia round the two principal 
axes in the plane (§ 795) of the equator: but it is obvious, and 


(14), 
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will be proved in Vol. 11, that Precession and Nutation are the Dynamical 
same as they would be if the earth were symmetrical about an Precession 
axis, and had for moment of inertia round equatorial diameters, tivu. 
the arithmetical mean between the real greatest and least values. 

From (12) of § 539 we see that in general the differences of the 
moments of inertia round principal axes, or, in the case of 
symmetry round an axis, the value of C—-A, may be deter- 
mined solely from a knowledge of surface or external gravity, 

or [§§ 794, 795] from the figure of the sea level, without 


any data regarding the internal distribution of density. 


Equating § 539 (12) to § 794 (17), in which, when the 
sca level is supposed symmetrical, F,(0, p) becomes simply 
e we find 


$m) (4—cos?6) = 0), 


whence ea (15). 

Similarly we may prove the same formula to hold for the real 
case, in which the sea level is an ellipsoid of three unequal axes, 
one of which coincides with the axis of rotation; provided e de- 
notes the mean of the ellipticities of the two principal sections of 
this ellipsoid through the axis of rotation, and A the mean of the 
moments of inertia round the two principal axes in the plane of 
the equator. 


826, The angular accelerations produced by the disturbing Precession 


gives infor- 


couples are (§ 281) directly as the moments of the couples, mation as 
and inversely as the earth’s moment of inertia round an equa- tribution of 
torial diameter. But (Vol. 11.) the integral results, observed in case while 
Precession and Nutation, would, if the earth s condition varied, gravity does 
vary directly as C— A, and inversely as C. We have seen Pa 

(§ 794) that if the interior distribution of density were varied 

in any way subject to the condition of leaving the surface 

[and consequently (§ 793) the exterior] gravity unchanged, 

C—A remains unchanged. But it is not so with C, which 

will be the less or the greater, according as the mass is more 
condensed in the central parts, or more nearly homogeneous 

to within a small distance of the surface: and thus it is that a 
comparison between dynamical theory and observation of Pre- 

cession and Nutation gives us information as to the interior 


distribution of the earth’s density (just as from the rate of 
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Precession acceleration of balls or cylinders rolling down an inclined 
gives infor- ete š ; r 

mation as plane we can distinguish between solid brass gilt, and hollow 
O the ¢ = 


tribution of gold, shells of equal weight and equal surface dimensions) ; 

mass. while no such information can be had from the figure of the 
sea level, the surface distribution of gravity, or the disturbance 
of the moon’s motion, without hypothesis as to primitive fluidity 
or present agreement of surfaces of equal density with the sur- 
faces which would be of equal pressure were the whole de- 
prived of rigidity. 

Theconstant 827. But we shall first find what the magnitude of the 

fran la. terrestrial constant -s of Precession and Nutation would be, 


place’s law. 


if Laplace’s were the true law of density in the interior of 
the earth ; and if the layers of equal density were level for the 
present angular velocity of rotation. Every moment of inertia 
involving the latter part of this assumption will be denoted by 
a Saxon capital 


The moment of inertia about the polar axis is, by § 281, 


+= sor 
E=? f J 2 | " ortsinOdrdOdd.r*sin’8, 
0/0 0 


the first factor under the integral sign being an element of the 
mass, the second the square of its distance from the axis. 

For the moment of inertia about another principal axis (which 
may be any equatorial radius, but is here taken as that lying in 
the plane from which ¢ is measured), we have 


+5 poe: 
B=2 | j | : f pr*sin@drd6d¢.r*(1 —sin*Osin*¢). 
oJo Jo 
Now, by § 823, we have 
r=r[1+e,(4—cos*6)], 
where r denotcs the mean radius of the surface of equal density 
passing through r, 0, $; whence 


5 5 
r‘dr=} ode = rtdr + ore —cos*6)dr. 


Let f ertdr= x, 
BAT E 


te rox 
Then @=2 | : f sin'6d0d¢[ K + K,(4—cos*6)] 
0 0 
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Sor 
or C= z K nearly. (17). The constant 
4 T 
€—F =2/ gi sinOdéd¢[ K +E, (4 — cos 0) ](sin?0— 1 +sint sin? h) Prees law. 
o Jo 
8r 
=p č: (18). 


Now we have 
K= f pr'dr =F f rsin Zar, 
0 0 K 
T 
or, if we put as before 0=— > 
ee 6+ 367t-+60—6t). 
Again K= fos 3_(r*es) dratteg— f rte, Par, 
and this, by (10) of lest section, becomes 
=5r' eee 
K,=5t't f prdr— (19). 


=1(e—T)F x4 6?(t— 0)cosð. 


Thus, finally, 
€-A_1 hy 6*(t— 6) 


C 5 K = (¢ ey eee er 
=Q- (20). 
2+(1—— Sy 


From this formula the numbers in Column vi. of the table in 
§ 824 were calculated. By (18) and (19) we sce that 


gee ee tw? 
E-—g={('e iPr dr ee) 


oe ges m 
= Mr CE. 
which agrees, as it ought to do, with (15) of § 825. 


828. From the elaborate investigations of Precession and Comparison 

: : Z of Laplace's 

Nutation made by Le Verrier and Serret, it appears that the hypothesis 

with obser- 
vation. 


true value of <4 is, very approximately, 00327." This, ac- 


cording to the table of § 824, agrees with a -2 for f= 21, 


which gives p= 537. These are (§§ 792, 7 re 797) about the 
most probable values which we can assign to these elements 
1 Annales de UC Observatoire Impérial de Parts, 1859, p. 324. 


686 ABSTRACT DYNAMICS. 


Comparison by observation. Thus, so far as we have the means of testing 
of Laplace's Ə 


hypothesis jt, Laplace’s hypothesis is verified. 


with obser- r ‘ 
vation ; 829. But, as a further check upon Laplace’s assumption, it 


The com- ° . . . . 
pressibility 18 necessary to inquire whether the results involve anything 


inthe hypo- inconsistent with experimental knowledge of the compressi- 

ici bility of matter under such pressures as we can employ in the 
laboratory. For this purpose the first column has been added 
to the preceding table. From it may be deduced the compres- 
sibility of the upper stratum of liquid matter, which composed 
the crust of the earth, required by the assumed law of density, 
for the respective values of 6. In fact, the numbers in Col. i. 
are those by which the earth’s radius must be divided to find 
the lengths of the modulus of compression (§ 688) of the upper- 
most layer of fluid, according to the surface value of gravity. 

We have, by § 824 (3), 


1dq, 1 0 
whence, at the surface, ao woe >): 


The corresponding numbers for several different liquid and 
solid substances are as follows :— 


et Mi Alcohol, . ° . . . 37 
ility of lava 
required by Water, : : e ° ° 27 
ee Mercury, . : ; ; ; 27 
ypothesis, . 
et aka à Glass, . . ` . . 5:0 
with experi- ‘ 
mental data, Copper, . ° . . 81 
Tron 4-1 


Melted Lava, by Laplace’s law, with f=21, 442 

This comparison may be considered as decidedly not adverse 
to Laplace’s law, but actual experiments on the compressibility 

of melted rock are still a desideratum. 
emer 830. In § 276 it was proved that the tides must tend to 
ticity of | diminish the angular velocity of the earth’s rotation ; and it 
tidal fric- will be proved in a later volume that this tendency is not 
) counterbalanced to more than a very minute degree by the 
tendency to acceleration which results from secular cooling 
and shrinking, Since the printing of § 276, results of physical 
astronomy have become known to us which overthrow the con- 
clusion quoted in § 405, and so allow a practical importance 
to § 276 which that conclusion denied to it. The conclusion 
quoted in § 405 was drawn by Laplace from the agreement 
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between observation and his dynamics of the moon’s mean 
motion. In 1853 Adams pointed out an error in Laplace’s 
work, which had till then escaped the notice of physical astro- 
nomers; and showed that only about half of the observed 
acceleration of the moon’s mean motion relative to the angular 
velocity of the earth’s rotation, was accountable for by La- 
place’s theory. In 1859 he communicated to Delaunay his final 
result :—that at the end of a century the moon is 5”7 before 
the position she would have, relatively to a meridian of the 
earth, according to the angular velocities of the two motions, 
at the beginning of the century, and the acceleration of the 
moon’s motion truly calculated from the various disturbing 
causes then recognised. Delaunay soon after verified this re- 
sult: and about the beginning of 1866 suggested that the true 
explanation may be a retardation of the earth’s rotation by 
tidal friction. Using this hypothesis, and allowing for the 
consequent retardation of the moon’s mean motion by tidal 
reaction (§ 276), Adams, in an estimate which he has com- 
municated to us, founded on the rough assumption that the 
parts of the earth’s retardation due to solar and lunar tides are 
as the squares of the respective tide-genecrating forces, finds 22° 
as the error by which the earth would in a century get behind 
a perfect clock rated at the beginning of the century. If the 
retardation of rate giving this integral effect in a century were 
uniform (§ 35, b), the earth, as a timekeeper, would be going 
slower by ‘22 of a second per year in the middle, or ‘44 ofa 
second per year at the end, of the century. The latter is 
toovoooo of the present angular velocity; and if the rate of 
retardation had been uniform since ten million centuries back, 
the earth must have been then rotating faster by + than at 
present, and the centrifugal force greater in the proportion of 
64 to 49. If the consolidation took place then or earlier, the 
ellipticity of the upper layers of equal density must have been 
xu instead of about gs, as it certainly is. It is impossible to 
escape the conclusion that the date of the consolidation is con- 
siderably more recent than a thousand million years ago. In 
Appendix D., it is shown from the theory of the conduction of 
heat that the date of consolidation may be about a hundred 
million years ago, but cannot possibly have been so remote as 
five hundred million years. 
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831. From the known facts regarding compressibilities of 
terrestrial substances, referred to above (§ 829), it is most 
probable that even in chemically homogeneous substance there 
is a continuous increase of density downwards at some rate 
comparable with that involved in Laplace’s law. But it is not 
improbable that there may be abrupt changes in the quality of 
the substance, as, for instance, if a large portion of the interior 
of the earth had at one time consisted of melted metals, now 
consolidated. We therefore append a solution of the problem 
of determining the ellipticities of the surfaces of a rotating 
mass consisting of two non-mixing fluids of different densities, 
each, however, being supposed incompressible. 


Let the densities of the two liquids be p and p+p’, the latter 

forming the spheroid 

r=a' [1+ e(}—cos*0)] (1), 
and the former filling the space between this spheroid and the 
exterior concentric and coaxal surface 

r=a[1+e(4—cos*)] (2). 

Also let the whole revolve with uniform angular velocity w. The 
conditions of equilibrium are that the surface of each spheroid 
must be an equipotential surface. 

Now the potential at a point 7, 0, in the outer fluid is 

a [a grte(}—cos*0)] 
‘a's 75 

HP 4 ge (g cos*0)] @). 

+407? + 40’r*(4—co08*6). 
The first line is the potential due to a liquid of density p filling 
the larger spheroid, the second that due to a liquid of density p’ 
filling the inner.spheroid, the third is the potential (4w*r*sin?6) 
of centrifugal force arranged in solid harmonies. 

Substituting in (3) the values of r from (1) and (2) succes-- 
sively, neglecting squares, etc., of the ellipticities, and equating 
to zero the sum of the coefficients of (4—cos*6); we have two 
equations from which we find 

3w? 


15 

p+3p'(2+3%) 
a ‘ 1 3 r 4 n3 Sr 
(p+3p') (P+ SP) — spe g 
The corresponding value of ¢’ is to be found from the equation 


(p+ —sp'=e{ p+ip'(2-+8—,)}. 


(4). 


€ 
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Expressing w? in terms of the known quantity m we have 
3w? m a? 
psig oe aaa (5). 
aco PtP? a 
Also, to a sufficient approximation, we have 


C 


Er a's 
=--q? 2p 
pe et ai) 


dr a's 
M=—a' —--—p' 
ao WP) 
and the mean density is obviously 
p-r (7). 
The numerical values of the expressions (4) and (7) are approxi- 
mately known from observation and experiment, so that if we 


1 
a 

assume a value of — we can at once find p and p’, and, from 
a 


them, the value of oA. 


From the formule just given it is easy to show that results 
closely agreeing with observation as regards precession, ratio 
of surface density to mean density, and ellipticity of sea level, 
may be obtained without making any inadmissible hypotheses 
as to the relative volumes and densities of the two assumed 
liquids. But this must be left as an exercise for the student. 

832. These estimates, and all dynamical investigations 
(whether static or kinetic) of tidal phenomena, and of preces- 
sion and nutation, hitherto published, with the exception re- 
ferred to below, have assuined that the outer surface of the 
solid earth is absolutely unyielding. A few years avo,’ for 
the first time, the question was raised: Does the Earth retain 
its figure with practically perfect mgidity, or does it yield 
sensibly to the deforming tendency of the Moon’s and Sun’s 
attractions on its upper strata and interior mass? It must 
yield to some extent, as no substance is infinitely rigid: but 
whether these solid tides are sufficient to be discoverable by 
any kind of observation, direct or indirect, has not yet been 
ascertained. The negative result of attempts to trace their 
influence on ocean and lake tides, as hitherto observed, and 
on precession and nutation, suffices, as we shall sce, to disprove 


t “On the Rigidity of the Earth.” W. Thomson. Trans. R. S., May 1802. 
FX 
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the hypothesis, hitherto so prevalent, that we live on a mere 
thin shell of solid substance, enclosing a fluid mass of melted 
rocks or metals, and proves, on the contrary, that the Earth as 
a whole is much more rigid than any of the rocks that consti- 
tute its upper crust. 

833. The character of the deforming influence will be 
understood readily by considering that if the whole Earth 
were perfectly fluid, its bounding surface would coincide with 
an equipotential surface relatively to the attraction of its own 
mass, the centrifugal force of its rotation, and the tide-generat- 
ing resultant (§ 804) of the Moon’s and Sun’s forces, and their 
kinetic reactions." Thus (§§ 819, 824) there would be the full 
equilibrium lunar and solar tides ; of 24 times the amount of the 
disturbing deviation of level if the fluid were homogeneous, or 
of nearly twice this amount if it were heterogeneous with La- 
place’s hypothetical law of increasing density. If now a very 
thin layer of lighter liquid were added, this layer would rest 
covering the previous bounding surface to very nearly equal 
depth all round, and would simply rise and fall with that sur- 
face, showing only infinitesimal variations in its own depth, 
under tidal influences. Hence had the solid part of the earth 
so little rigidity as to allow it to yield in its own figure very 
nearly as much as if it were fluid, there would be very nearly 
nothing of what we call tides—that is to say, rise and fall of 
the sea relatively to the land; but sea and land together would 
rise and fall a few feet every twelve lunar hours. This would, 
as we shall see, be the case if the geological hypothesis of a 
thin crust were true. The actual phenomena of tides, therefore, 
give a secure contradiction to that hypothesis. We shall sce 
indeed, presently, that even a continuous solid globe, of the 
same mass and diameter as the earth, would, if homogeneous 


1 It will be proved in Vol. 11. that the “equilibrium theory ” of the tides for an 
ocean, Whether of uniform density or denser in the lower parts, completely cover- 
ing a solid nucleus, requires correction, on account of the diurnal rotation, but less 
and less correction the smaller this nucleus is; and that it agrees perfectly with the 
“í kinetic theory ” when there is no nucleus, always provided the angular velocity is 
not too great for the ordinary approximations ($ 794, 801, 802, 815) which require 
that there be not, on any account, more than an infinitely small disturbance from 
the spherical figure. It is interesting to remark that this proposition does not re- 
quire the tidal deformations to be small in comparison with the 70,000 feet devia- 
tion due to centrifugal force of rotation, : 
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and of the same rigidity (§ 680) as glass or as steel, yield in its 
shape to the tidal influences three-fifths as much, or one- 
third as much, as a perfectly fluid globe; and further, it will 
be proved that the effect of such yielding im the solid, accord- 
ing as its supposed rigidity is that of glass or that of steel, 
would be to reduce the tides to about 3 or % of what they 
would be if the rigidity were infinite. 

834. To prove this, and to illustrate this qnestion of elastic 
tides in the solid earth, we shall work out explicitly the solu- 
tion of the general problem of § 696, for the case of a homo- 
geneous elastic solid sphere exposed to no surface traction ; 
but deformed infinitesimally by an equilibrating system of 
forces acting bodily through the interior, which we shall ulti- 
mately make to agree with the tide-gencrating influence of the 
Moon or Sun. In the first place, however, we only limit the 
deforming force by the final assumption of § 733. 


Following the directions of § 732, we are to find, for the two 
constituents (‘a,‘B,‘y) and (a, 8, y,) for the complete solution ; 
of which the first, given by (6) and (7) of § 733, is as follows :— 

1 dW) 1 t dWias 
-airaa dr ment 80143) de 

r2i+5 A Waar) 
+ (i+ 3) (i+ 5) de (1), 
with symmetrical formule for `B and `y; which [§ 733 (6), 
Wi 

m+n’ 2) 

= : i— 3r Wizi j 
and, [§ 787 (28)], t= -A tatty f 
These, used in (29) of § 737 with ¿+2 for 2, give 


Spese {(m—n) Wey 2 ite HW), g), 


` 
a= - 


give ‘s=: — 


Rigidity of 
the earth. 


Flastic solid 


tides. 


Homogene- 
ous clastic 
solid globe 
free at suir- 
fave; de- 
formed by 
bodily har- 
monie foree. 


m+n 2:+5 dx 
which, reduced to harmonics by the proper formula [§ 737 (36)], 
becomes 
“7. —1 d a (2i + 5)m—n ; (0 ua —2i— =) 
P= ayama et OM a as —}(4). 


This and the symmetrical rai for ‘Gr and ‘#77, with r taken 
equal to a, express the components of the force per unit arca 
which would have to be balanced by the application from without 
of surface traction to the bounding surface of the globe, if the 
strain through the interior were exactly that expressed by (1). 
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Hence, still according to the directions of $ 732, we must now 
find (a, 8, y,) the state of interior strain which with no force 
from without acting bodily through the interior, would result 
from surface traction equal and opposite to that (4). Of this 
part of the problem we have the solution in § 737 (52), the par- 
ticular data being now 
Ai | m+ (i+1)n i ian, Ais (224+5)m—n pie U Wir) (5) 
aitl™ (2i4 3)(m+n) “de? ati ~ (2043) (204 3) (a tn) dx 
with symmetrical terms for B;, C;, and B;i42, Ci+42; but none of 
other orders than ¢ and ¿+2. Hence for the auxiliary functions 
of § 737 (50) 
Y, ,=0, i= Ee ny net ye. ) 
(6) 


(22-++3)(m-+n) 
F, _(i+2[(2i+5) m—njatt} 
(22+43)(m-+n) 
Now (52), with the proper terms for ¿+2 instead of ¢ added, is 
to be uscd to give us a,; and through the vanishing of W,;_, and 
Pis, it becomes 
l! att dPiit , A; hae mae —r)\q-i-1 dV i 41 
ni—1e2i(2it1) de `a begit): +1jm— (2i+3)n dx 
av} t+4)m—(2i4+3)n)  r%+5d(Ņ; r723 
i+1 ‘(2+ Ec eae Ja r 4 Anari} (7). 
To this we must add ‘a, given by (1), to obtain, according to 
§ 732, the explicit solution, a, of our problem. Thus, after 
somewhat tedious algebraic reductions in which m+n, appearing 
as a factor in the numerator and denominator of each fraction, is 
removed, we find a remarkably simple expression for a. This, 
and the symmetrical formule for B and y, are as follows :— 


2d Wiss a Wig) 
dx 


W, i+1) and P+ =0 


a=(€;4,0°— £5417") — Öp rte 


dx 
B= (Eind finr) Et girt art L(g), 
Y 
. dW; E ; LW; 21-3 
= (Eine finr) aparit El t ) | 
i i +N +3)m—n] 
where: E 2in{[2(¢+2)? +1 ]mn— (2i+3)n} 
f. (2.2)(2¢+5)m— (2¢+3)n (9) 
are 2(2i-+4+3)n [2 (¢+-2)?+1]m—( 2i-+3)n} a 
Si (1+1) 
O; 1 = 75° 


(2i +8)ni[2(i +2) + 1 ]m—(2i+3)n} 


The infinitely great value of ¢€;,, for the case i=0 depends on 
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the circumstance that the bodily force for this case, being uniform Homogene- 


ous elastic 


and in parallel lines through the whole mass, is not self equili- seid glube 


free at snr- 
brating, and therefore e a stress would be ered for equi- face; de- 

formed by 
librium. Dolly har- 


The case of ¿=l is that with which we are concerned in the ™e»ie ree 


tidal problem. In it the formule (9) for the numerical coeffi- 
cients become 


E= 


4m—n ; dln — ïn 5 2m 7 
d eee ihai , ------, (10), 
n(lym—5n) S7 ~ 10r(19m— Sn)’ T 5u(19m—5n) 

To prepare for terrestrial applications we may conveniently re- 
duce to polar co-ordinates (distance from the centre, r; latitude, 
l; longitude, A) such that 

x=recosleosA, y=rcoslsindA, z=rsinl (11); 
and denote by p, p, v, the corresponding components of displace- 
ment. The expressions for these will be precisely the same as 


those for a, B, y, execpt that instead of , as it appears in the 
dx 
pe d. k d. 
expression for a, we have ae the expression for p; 7 that 
r l 


for u, and a AX in that for v. Thus if we put 

Wi =Sigirt?? (12), 
so that S;,, may denote the surface harmonic, or the harmonic 
function of directional angular co-ordinates /, A, corresponding to 
Wi4i, we have 
p= (i+ l Ee — i(i ] ARS = (C+2) 054 Pa ae MSi4) 


) í AS; 

H= {Ein — (Fisi Cig) r qi (13), 
i dsi: 

v= (Cip m (fiim Cip) pr eos tdi. 


whence, for p, finally, by (9), 
SEDENC Dg ey ea vay (14). 


The expressions for u ‘oi v are more conveniently left as ex- 


hibited in (12) and (9). From (13) we have 
dp (i+1)?{ma*+[(¢4+2)m—n] (a? apes: „ig (15), 


dr ~ 2n{[2(7+2) + 1 ]m—(27+8) n? 
which is always positive when r<a; as 7 is at least equal to 1, 
and [§ 698 (1)] m necessarily (§ 694) exceeds 4n. But although 


p therefore always increases for the succcssive concentric sphe- 
roids outwards, we casily sec, by writing down the expression for 
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dt 


T 
wards, comes to a maximum at a certain distance, and diminishes 
thence to the surface. When :=1, we have 

__2(4m—n)a?—(3m—n)r*_, 16): 
=nimi S" ( ); 


» that £ » when 2 >1 increases first from the centre out- 


and therefore in this case © diminishes from the centre out- 
T 


wards to the surface ; and its extreme values are 


l n 
2(4m—n) a? 8a? 76m 
at the centr Pe ee ge 1 4 OO ™ YN 
i r n(i9m— 5n) TA _5 a) , 
19 m 
6 n (17); 
at the free surface L = Mama g _ Sat), 25m yg 
r  n(19m—5n) * 19 a 5a) f 
19 m 


When the disturbing action is the centrifugal force of uniform 
rotation with angular velocity w, we have as found above (§ 794) 
for the whole potential 

W=w{thw*r?+40'r?(4—cos*6)} (18), 
where w denotes the mass of the solid per unit volume. The 
effect of the term 4ww*r? is merely a drawing outwards of the 
solid from the centre symmetrically all round; which we may 
consider in detail later in illustrating properties of matter in our 
second volume. The remainder of the expression gives us ac- 
cording to our present notation 

W,=4r(x* +y’?— 22"); or S,=wr(4—cos*6) (19), 
where T= 40? (20). 
For tide-generating force the same formule (15) and (16) hold 
if (§§ 804, 808, 813) we take 


M 
T=} (21) 
and alter signs so as to make the strain-spheroids prolate instead 
of oblate. The deformed figure of each of the concentric spheri- 
cal surfaces of the sphere is of course an ellipsoid of revolution ; 


and from (15) and (17) we find for the extremes :— 


1 n 
ellipticity of central strain epheroids= 5- Sl eect any wr 
19m 
re (22). 
5a 95 m 
of free surface ae (1+ — 5a) -WT 
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From these results, (8) to (22), we conclude that Homogene- 
ous elastic 
A N e. e solid glo? 
835. The bounding surface and concentric interior spherical free at sur 
» ' . . . : . face; de- 
surfaces of a homogeneous elastic solid sphere strained slightly formed by 


. . ; i bodily har- 
by balancing attractions from without, become deformed into monie force. 


harmonic spheroids of the same order and type as the solid har- 
monic expressing the potential function of these forces, when 
they are so expressible: and the direction of the component 
displacement perpendicular to the radius at any point is the 
same as that of the component of the attracting force perpendi- 
cular to the radius. These concentric harmonic spheroids Case of 


._ second de- 

although of the same type are not similar. When they are of gree gives 
. . e “ elhptie de- 

the second degree (that is when the force potential is a solid formation, 
CUTIES Tage 


harmonic of the second degree), the proportions of the ellipti- trom ventre 
ss e . outwards :— 

cities in the three normal sections of each of them are the 

same in all: but in any one section the ellipticities of the con- 

centric ellipsoids increase from the outermost one inwards to 

the centre, in the ratio of 


A 
2(4m— 7) 


For harmonic disturbances of higher orders the amount of de- higher de- 
ae Se ; é grees give 
viation from sphericity, reckoned of course, in proportion to the greatest pro- 

. e . . . portionate 
radius, increases from the surface inwards to a certain distance, deviation 
> . rom spheri- 
and then decreases to the centre. The explanation of this re- city neither 
at centre 


markable conclusion is easily given without analysis, but we nor surface. 
shall confine ourselves to doing so for the case of ellipsoidal 
disturbances. 


836. Let the bodily disturbing force cease to act, and let Prahti 


the surface be held to the same ellipsoidal shape by such a AN 
distribution of surface traction (§§ 693, 662) as shall maintain at centre, 


. ‘ . : t for defor- 
a homogeneous strain throughout the interior. The interior mation of 
Con 


ellipsoidal surfaces of deformation will now become similar order. 
concentric ellipsoids: and the inner ones must clearly be less 
elliptic than they were when the same figure of outer boundary 
was maintained by forces acting throughout all the interior ; 
and, therefore, they must have been greater for the inner sur- 
face. And we may reason similarly for the portion of the 
whole solid within any one of the ellipsoids of deformation, by 
supposing all cohesive and tangential force between it and the 
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solid surrounding it to be dissolved ; and its ellipsoidal figure to 
be maintained by proper surface traction to give homogeneous ` 
strain throughout the interior when the bodily force ceases to 
act. We conclude that throughout the solid from surface to 
centre, when disturbed by bodily force without surface traction, 
the ellipticities of the concentric ellipsoids increase inwards. 

837. When the disturbing action is centrifugal force, or 
tide -venerating force (as that of the Sun or Moon on the Earth), 
the potential is, as we have seen, a harmonic of the second 
degree, symmetrical round an axis. In one case the spheroids 
of deformation are concentrice oblate ellipsoids of revolution ; 
in the other case prolate. In each case the ellipticity increases 
from the surface inwards, according to the same law [§ 834 (16)] 
which is, of course, independent of the radius of the sphere. 
For spheres of different dimensions and similar substances the 
ellipticities produced by equal angular velocities of rotation 
are as the squares of the radii. Or,if the equatorial surface 
velocity (V) be the same in rotating elastic spheres of different 
dimensions but similar substance, the ellipticities are equal. 
The values of the surface and central ellipticities are respec- 
tively 

3 View 


14 V?w 
11 2” 


383 2n 
for solids fulfilling Poisson’s hypothesis (§ 685), according to 
which m = 2n. 

For steel or iron the values of n and m are respectively 780 
x 10° and about 1600 x 10° grammes weight per square centi- 
metre, or 770 x 10° and about 1600 x 10° gramme-centimetre- 
seconds, absolute units (§ 223), and the specific gravity (w) is 
about 7°8. Hence a ball of steel of any radius rotating with 
an equatorial velocity of 10,000 centimetres per second will be 
flattened to an ellipticity (§ 801) of 7z. For a specimen of 
flint glass of specific gravity 2°94 Everett finds n = 244 x 10° 
grammes weight per square centimetre and very approximately 


m=2n. Hence for this substance = = 83 x 10° [being the 
length of the modulus of rigidity (§ 687) in centimetres]. But the 


. n . 
nunibers used above for steel give = = 100 x 10° centimetres ; 
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and therefore (§ 838) the flattening of a glass globe is = or 


13 times that of a steel globe with equal velocities. 

838. For rotating or tidally deformed globes of glass or 
metals, the amount of deformation is but little influenced by 
compressibility, as we see in a moment from (22) of § 834; 
because for such substances (§§ 684, 694), the value of m is 
either about equal to 2n, or still greater. Thus for any sub- 
stance for which m = 2n the surface ellipticity is diminished 
by three per cent. or by less than three per cent., and the 
centre ellipticity by # per cent., or less than $ per cent. if we 
suppose the rigidity to remain in any case unchanged, but the 
substance to become absolutely incompressible. For the sur- 
face ellipticity, § 834 (22) gives on this supposition 

ba'w 
~ 190 
or with n=770 X 10° as for steel (§ 837), 
a= 640 X 10°, the earth’s radius in centimetres, 
and w= 5'5, j „ mean density, 


(23), 


we have, in anticipation of § 839, 
=77 X 104.7 (24). 
839. If now we consider a globe as large as the Earth, and 
of incompressible homogeneous material, of density equal to 
the Earth’s mean density, but of the same rigidity as steel or 
glass; and if, in the first place, we suppose the matter of such 
a globe to be deprived of the property of mutual gravitation 
between its parts: the ellipticities induced by rotation, or by tide 
generating force, will be those given by the preceding formulæ 


[§ 834 (22)], with the same values of n as before ; with — = 0; 


with 640 x 10° for a, the earth’s radius in centimetres; and 
with 5°5 for w instead of the actual specific gravities of glass 
and steel. 

But without rigidity at all, and mutual gravitation between 
the parts alone opposing deviation from the spherical figure, 
we found before (§ 819), for the ellipticity 


a = 162 X 104.7 (25). 
2 g 


840. Hence of these two influences which we have con- 
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elliptieities 
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globes of 
metallie, 
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sidered separately :—on the one hand, elasticity of figure, even 
with so great a rigidity as that of steel; and, on the other hand, 
mutual gravitation between the parts: the latter is cousider- 
ably more powerful than the former, in a globe of such dimen- 
sions as the Earth. When, as in nature, the two resistances 
avainst change of form act jointly, the actual ellipticity of form 
will be the reciprocal of the sum of the reciprocals of the ellip- 
ticities that would be produced in the separate cases of one or 
other of the resistances acting alone. Fur we may imagine the 
disturbing influence divided into two parts: one of which alone 
would maintain the actual ellipticity of the sold, without 
mutual gravitation; and the other alone the same ellipticity 
if the substance had no rigidity but experienced mutual gravi- 
tation between its parts. Let r be the disturbing influence as 


measured by § 834 (20), (21); and let Tade be the ellipti- 


cities of the spheroidal figure into which the globe becomes 
altered on the two suppositions of rigidity without gravity and 
gravity without rigidity, respectively. Let e be the actual 
ellipticity and let r be divided into 7’ and 7” proportional to 
the two parts into which we imagine the disturbing influence 
to be divided in maintaining that ellipticity. We have 


totter” 
n 
+ = 
and c=—= —. 
t g 
m 
Whence -=r+ g, 
e 
1 
or ee s 
e T T 


which proves the proposition. It gives 


aTa F 5 (26). 
—+1 
gt 
By §§ 838, 839 we have 
9 _ 2 q 5h 
Pan and I=. (27), 


and 


E 19n _ W9n+g (28) 
~ 2gaw 2uw i 


as 
g 
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where n-g is the rigidity in grammes weight per square centi- Pipita 
es SpR we earth ; 
metre. For steel and glass as above (§§ 837, 839) the values 


oi are respectively 2'1 and ‘66. 


841. Hence it appears that if the rigidity of the earth, on 
the whole, were only as much as that of steel or iron, the earth untess 


as a whole would yield about one-third as much to the tide- that of steel 
venerating influences of the sun and moon as it would if it had Sethi 
no rigidity at all; and it would yield by about three-fifths of fnecuve in 
the fluid yielding, if its rigidity were no more than that of ina igure 
glass. SS 


842. To find the effect of the earth’s elastic yielding on the we 
tides, we must recollect (§ 819) that the ellipticity of level due 
to the disturbing force, and to the gravitation of the undisturbed 


globe, which [§§ 804, 808, (18), (19)] is Pid will be augmented 


by ĝe on account of the alteration of the globe into a spheroid balance 
e ee . of clastie 

of ellipticity e : so that if (§ 799) we neglect the mutual attrac- yielding of 
the solid 


tion of the waters, we have for the disturbed ellipticity of the ca onthe 
sea level (§ 785) liquid tides. 


at Be (29). 


The rise and fall of the water relatively to the solid earth will 
depend on the excess of this above the ellipticity of the solid. 
Denoting this excess, or the ellipticity of relative tides, by e, 
we have 


e=—t— $e (30), 
or by (26) and (27) 
a r 
= — T—— 31). 
ET: aa) 


Hence the rise and fall of the tides is less than it would be 
were the earth perfectly rigid, in the proportion that the resist- 
ance against tidal deformation of the solid due to its rigidity 
bears to sum of the resistances due to rigidity of the solid and 
to mutual gravitation of its parts. By the numbers at the end 
of § 840 we conclude that if the rigidity were as great as that 
of steel, the relative rise and fall of the water would be reduced 
by elastic yielding of the solid to 3, or if the rigidity were only 
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that of glass, the relative rise and fall would be actually re- 
duced to 2, of what it would be were the rigidity perfect. 

843, Imperfect as the comparisons between theory and 
observation as to the actual height of the tides has been 
hitherto, it is scarcely possible to believe that the height is 
in reality only two-fifths of what it would be if, as has been 
universally assumed in tidal theories, the earth were perfectly 
rigid. It seems, therefore, nearly certain, with no other evi- 
dence than is afforded by the tides, that the tidal effective 
rigidity of the Earth must be greater than that of glass. 

844. The actual distribution of land and water, and of 
depth where there is water, over the globe is so irregular, that 
we need not expect of even the most powerful mathematical 
analysis any approach to a direct dynamical estimate of what 
the ordinary semi-diurnal tides in any one place ought to be 
if the earth were perfectly rigid. In water 10,000 feet deep 
(which is considerably less than the general depth of the 
Atlantic, as demonstrated by the many soundings taken within 
the last few years, especially those along the whole line of the 
Atlantic Telegraph Cable, from Valencia to Newfoundland), the 
velocity of long free waves, as will be proved in Vol. IL, is 567 
feet per second.’ At this rate the time of advancing through 
57° (or a distance equal to the earth’s radius) would be only 
ten hours. Ience it may be presumed that, at least at all 
islands of the Atlantic, any tidal disturbance, whose period 
amounts to several days or more, ought to give very nearly the 
true equilibrium tide, not modified sensibly, or little modified, 
by the inertia of the fluid. Now such tidal disturbances (§ 808) 
exist in virtue of the moon’s and sun’s changes of declination, 
having for their periods the periods of these changes. 

845. The sum of the rise from lowest to highest at Teneriffe, 
and simultaneous fall from highest to lowest at Iceland, in the 
lunar fortnightly tide, would amount to 4°5 inches if the earth 
were perfectly rigid, or 3 inches if the tidal effective rigidity 
were only that of steel, or 1'8 inches if the tidal effective 
rigidity were only that of glass. The amounts of the semi- 
annual tide, whatever be the actual rigidity of the earth, would 
of course be about half that of the fortnightly tide. The amount 


' Airy, Tides and Wares, $ 170. 
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of either in any one place would be discoverable with certainty 
to a small fraction of an inch by a proper application of the 
method of least squares, such as has hitherto not been made, 
to the indications of an accurate self registering tide- gauge. 
For our present object, the semi-annual tide, though it may 
have the advantage of being more certainly not appreciably 
different from the true equilibrium amount, may be sensibly 
affected by the melting of ice from the arctic and antarctice polar 
regions, and by the fall of rain and drainage of land elsewhere, 
which will probably be found to give measurable disturbances 
in the sea level, exhibiting, on the average of many years, an 
annual and semi-annual harmonie variation. This disturbance 
will, however, be eliminated for any one fortnight or half year, 
by combining observations at well-chosen stations in dif- 
ferent latitudes. It seems probable, therefore, that a some 
what accurate determination of the true amount of the Earth’s 
elastic yielding to the tide-generating forces of the Moon 
and Sun may be deduced from good self-registering tide- 
gauges maintained for several years at such stations as lce- 
land, Teneriffe, Cape Verde Islands, Ascension Island, and 
St. Helena. It is probable also that the ratio of the Moon’s 
mass to that of the Sun may be determined from such observa- 
tions more accurately than it has yet been. It is to be hoped 
that these objects may induce the British Government, which 
has done so much for physical geography in many ways, to 
establish tide-gauves at proper stations for determining with 
all possible accuracy the fortnightly and semi-annual tides, 
and the variations of sea level due to the melting of ice in the 
polar regions, and the fall of rain and drainage of land over the 
rest of the world. 

846. More observation, and more perfect. reduction of obser- 
vations already made, are wanted to give any decided answer 
to the questions, how much the fortnightly tide and the semi- 
annual tide really are. “In the Philosophical Transactions, 
“1839, p. 157, Mr. Whewell shows that the observations of 
“high and low water at Plymouth give a mean height of water 
“increasing as the moon’s declination increases, and amounting 
“to 3 inches when the moon’s declination is 25°. This is the 
“same direction as that corresponding in the expression above 
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Scantiness of “to a high latitude. The effect of the sun’s declination is not 
eet ne “investigated from the observations. In the Philosophical 


fortnight ` ‘ š 
tides, hither- “ Transactions, p. 163, Mr. Whewell has given the observations 


fen olet “of some most extraordinary tides at Petropaulofsk, in Kams- 
TRAN “ chatka, and at Novo-Arkhangelsk, in the Island of Sitkhi, on 
“the west coast of North America. 
“From the curves in the Philosophical Transactions, as well 
“as from the remaining curves relating to the same places 
“ (which, by Mr. Whewell’s kindness, we have inspected), there 
“appears to be no doubt that the mean level of the water at 
“ Petropaulofsk and Arkhangelsk rises as the moon’s declina- 
“tion increases. We have no further information on this 
“ point.” —(Airy’s Tides and Wares, § 533.) 
Effect of 847. We intend, in our second volume, to give a dynamical 


elastic yield- 
ingon pre- Investigation of precession and nutation, in which it will be 


"nutation ! proved - that the earth’s elastic yielding influences these pheno- 
mena to the same proportionate degree as it influences the 
tides. We have seen already (§§ 825, 826, 796, 797) that the 
only datum wanted for a comparison between their observed 
amounts and their theoretical amounts on the hypothesis of 
perfect rigidity, to an accuracy of within one per cent., is a 
knowledge of the earth’s moment of inertia about any diameter 
within one per cent. We have seen (§ 828) that the best 
theoretical estimates of precession hitherto made are in re- 
markable accordance with the observed amount. But it is not 
at all improbable that better-founded estimates of the earth’s 

uot yet dis- moment of inertia (§ 826), and more accurate knowledge than 

observation: we yet have from observation, of the harmonic of the second 
degree in tle expression of external gravity (§§ 825, 795), may 
show that the true amount of precession (which is known at 
present with extreme accuracy) is somewhat smaller than it 
but might Would be if the rigidity were infinite. Such a discrepancy, 

Mritwhole if genuine, could only be explained by some small amount of 

inertia round deformation experienced by the solid parts of the earth under 

meter were lunar and solar influence. The agreement between theory, on 

known. . . «pe e 
the hypothesis of perfect rigidity, and observation as to pre- 
cession and nutation are, however, on the whole so close as to 
allow us to infer that the earth’s elastic yielding to the disturb- 


ing influence of the sun and moon is very small—much smaller, 
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for instance, than it would be if its effective rigidity were no 
more than the rigidity of steel. 

848. It is interesting to remark, that the popular geological 
hypothesis that the earth is a thin shell of solid material, 
having a hollow space within it filled with liquid, involves two 
effects of deviation from perfect rigidity, which would influence 
in opposite ways the amount of precession. The comparatively 
easy yielding of the shell must, as we shall see in our second 
volume, render the effective moving couple, due to Sun and 
Moon, much smaller than it would be if the whole interior 
were solid, and, on this account, must tend to diminish the 
amount of precession and nutation. But the effective moment 
of inertia of a thin solid shell containing fluid, whether homo- 
geneous or heterogeneous, in its interior, would be much less 
than that of the whole mass if solid throughout; and the 
tendency would be to much greater amounts of precession 
and nutation on this account. It seems excessively improb- 
able that the defect of moment of inertia due to fluid in 
the Earth’s interior should bear at all approximately the 
same ratio to the whole moment of inertia, that the actual 
elastic yielding bears to the perfectly easy yielding which 
would take place if the Earth were quite fluid. But we must 
either admit this supposition, improbable as it seems, or con- 
clude (from the close agreement of precession and nutation, 
with what they would be if the Earth were perfectly rigid) 
that the defect of moment of inertia, owing to fluid in the 


interior, is small in comparison with the whole moment of 


inertia of the Earth, about any diameter; and that the defor- 
mation experienced by the Earth, from lunar and solar influence, 
is small in comparison with what it would be if the Earth 
were perfectly fluid. It is, however, certain that there is some 


Geological 
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would make 
moment of 
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Probable 
conclusion 
that there is 
little of Anid 
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solid parts 


are rendered 


fluid matter in the interior of the Earth: witness eruptions of very rigid 


by great 


lava from volcanoes. But this is probably quite local, as has pressure. 


been urged by Hopkins, who first adduced the phenomena 
of precession and nutation to disprove the hypothesis that the 
solid part of the Earth’s mass is merely a thin shell. 

849. A curiously similar remark is applicable to the tides ; 
but only in virtue of the greater density in the deeper parts of 
the hypothetical fluid. The oblateness induced by the tide- 
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generating influence in the layers of equal density would 
(§ 815) augment the surface tidal ellipticity of level; and 
therefore, 1f owing to perfect rigidity of the containing shell 
the bounding surface were absolutely constant in figure, the 
tides would be greater than they would be if the earth were 
perfectly rigid throughout. 
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APPENDIX TO CHAPTER VII. Appendix C. 


(C.)— EQUATIONS OF EQUILIBRIUM OF AN ELASTIC SOLID DEDUCED 
FROM THE PRINCIPLE OF ENERGY. 


(a.) Let a solid composed of matter fulfilling no condition of 
= isotropy in any part, and not homogeneous from part to part, 
be given of any shape, unstrained, and let every point of its 
surface be altered in position to a given distance in a given 
direction. It is required to find the displacement of every point 
of its substance, in equilibrium. Let x, y, z be the co-ordinates 
of any particle, P, of the substance in its undisturbed position, and 
r+a, y+, z+y its co-ordinates when displaced in the manner Strain, not 


necessarily 


specified: that is to say, let a, B, y be the components of the small, speci- 


fied by six 


required displacement. Then, if for brevity we put elements. 
A=( 1) +(e) HE 
(Bye ey $a 
cmi i 
EE a4) | 


da dp ae 
b= Get) + E aetlget Ni 
da da , dB IB dy ty 
Org E ide ag E ar dy 
these six quantities A, B, C, a, b, c are proved [§ 190 (e) and 
§ 181 (5)] to thoroughly determine the strain experienced by the 
substance infinitely near the particle P (irrespectively of any 
rotation it may experience), in the following manner :— 

(b.) Let £, 7, ¢ be the undisturbed co-ordinates of a particle 
infinitely near P, relatively to axes through P parallel to those 
of x, y, z respectively; and let £, 7, ¢ be the co-ordinates 
relative still to axes through P, when the solid is in its strained 
condition. Then 

E +n,’ +E HAL + By? + CE + tanl+2beE+2c&m (2); 
and therefore all particles which in the strained state lie on 
spherical surface 

E tn HE Sr’, 
2Y 
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are in the unstrained state, on the ellipsoidal surface, 

A+ By? + CC? + 2an(+ 2b¢€ + 2eEn=r,,*. 
This ($$ 155-165) completely defines the homogeneous strain of 
the matter in the neighbourhood of P. 

(c.) Hence, the thermodynamic principles by which, in a paper 
on the Thermo-elastic Properties of Matter, in the first number 
of the Quarterly Mathematical Journal (April 1855), of which 
an account will be given in Vol. 111., Green’s dynamical theory 
of elastic solids was demonstrated as part of the modern dynami- 
cal theory of heat, show that if wdxdydz denote the work required 
to alter an infinitely small undisturbed volume, dxdydz, of the 
solid, into its disturbed condition, when its temperature is kept 
constant, we must have 

w=f(A, B, C, a, b, c) (3) 
where f denotes a positive function of the six elements, which 
vanishes when A—1, B—1, C—1, a, b, c each vanish. And if 
W denote the whole work required to produce the change actually 
experienced by the whole solid, we have 

W=///wdxdydz (4) 
where the triple integral is extended through the space occupied 
by the undisturbed solid. 

(d.) The position assumed by every particle in the interior of 
the solid will be such as to make this a minimum subject to the 
condition that every particle of the surface takes the position 
given to it; this being the elementary condition of stable equili- 
brium. Hence, by the method of variations 

SW=///Swdxdydz=0 
But, exhibiting only terms depending on ĉa, we have 
dw da dw da dw da,déa 
w= [275 JAZ dnt D+ aH Pe dy dz 
r da dw da ei da dda 
FUIR dy iy) da de de (tet MS ay 
dw da dw da a da dda 
VGC de" da dy db ae) ae 
+etce. 
Hence, integrating by parts, and observing that ĉa, 8G, dy vanish 
at the limiting surface, we have 


d 
W= -Mizil t F A 


(5). 


)5a-+ etc. } (6) 


si dôa 


where for brevity P, Q, R denote the multipliers of -z ; 
’ dy’? dz 
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respectively, in the preceding expression. In order that ôV may Appendix C. 
vanish, the multipliers of 5a, 5G, dy in the expression now found 
for it must each vanish, and hence we have, as the equations of 
equilibrium 

d ,.dw da dw da dw da Equations 


DAIR ra Goa EAS eee, des of internal 
ie dade) ab ae de ay esailibrium 
d dw da dw da dw da solid ex peri- 
dy dB ay a de a de ee 
d..dwda dw da dw da 
tal a6 dz t da dy * db as t= 
cte. etc. 


of which the second and third, not exhibited, may be written 
down merely by attending to the symmetry. 

(e.) From the property of w that it is necessarily positive when 
there is any strain, it follows that there must be some distribu- 
tion of strain through the interior which shall make ///wdxdydz 
the least possible subject to the prescribed surface condition; and 
therefore that the solution of equations (7) subject to this con- Their salu- 
dition, is possible. If, whatever be the nature of the solid as A 
to difference of elasticity in different directions, in any part, and surface wm 
as to heterogencousness from part to part, and whatever be the Mio e 
extent of the change of form and dimensions to which it is there cau be 
subjected, there cannot be any internal configuration of unstable euvilibrium : 
equilibrium, nor consequently any but one of stable equilibrium, 
with the prescribed surface displacement, and no disturbing force 
on the interior; then, besides being always positive, w must be 
such a function of A, B, etc., that there can be only one solution 
of the equations. This is obviously the case when the unstrained hence Ente 
solid is homogeneous. for a homo- 

(f.) It is easy to include, in a general investigation similar to lie 
the preceding, the effects of any force on the interior substance, 
such as we have considered particularly for a spherical shell, of 
homogeneous isotropic matter, in §§ 730...737 above. It is also 


easy to adapt the general investigation to superficial data of force, Extension 


instead of displacement. lysis to in- 
A clude bodily 

(g.) Whatever be the general form of the function f for any force, and 
ata of sur- 


part of the substance, since it is always positive it cannot change face force, 
in sign when 4—1, B—1, C—1, a, b, c, have their signs changed; “””” 
and therefore for infinitely small values of these quantities it must 

be a homogeneous quadratic function of them with constant co- 
eficients. (And it may be useful to observe that for all values of 
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the variables 4, B, cte., it must therefore be expressible in the 
same form, with varying coefficients, each of which is always 
finite, for all values of the variables.) Thus, for infinitely small 
strains we have Green’s theory of elastic solids, founded on a 
homogencous quadratic function of the components of strain, ex- 
pressing the work required to produce it. Thus, putting 

A—1=2e, B—1=2f, C—1=29 (8) 
and denoting by 4(e, 6), 4(f,f),.--(e, f),---(e, @),-.. the coeff- 
cients, we have, as above (§ 673), 


=} (ee) +A SIS +9,9) +(a,a)a*+(b,b)b? + (c,6)c7} 


+(e, f)ef +(e, ghegt(e, a)eat+(e,b)eb +(e,c)ec 
HEDHI l eo 
+(9,4)ga+ (g,b)gb +(g,e)ge 
+ (a,b)ab+(a,c)ac 
+ (b, c)be 
dw da 
dA dx’ 


ete., are cach infinitely small, of the second order. We 


(h.) When the strains are infinitely small the products —— 


dw da 
db dz’ 
thercfore omit them; and then attending to (8), we reduce 


(7) to 


ie de \ dy ile de db 
d dw d dw d dw 


d dw d dw d dw ‘ | 
dx de dy df © dz du | 
0 


(10), 
d dw d dw d dw 


dx db ' dy da‘ dz dg 
which are the equations of interior equilibrium. Attending to 


(9) we see that Fa a -F are linear functions of e, f, g, a, 
e da 


b, c the components of strain. Writing out one of them as an 
example we have 


=(e,e)je+ (e, f)f+(e,g)g+(e,a)ja+ (e, b)b+ (e, c)e (11). 
And, a, B, y denoting, as before, the component displacements of 


any interior particle, P, from its undisturbed position (x, y, z) 
we have, by (8) and (1) 


_da , dB  _dy 

aay oe f= dy? J dz T 
ayi gp ge dp oe 
dz‘ dy’ — dr az’ cet oe 
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It is to be observed that the coefficients (e, e) (e, f), ete., will be Appendix c. 
i 1 ~ ; x Case of in- 
in general functions of (x, y, z), but will be each constant when finitely awali 
the unstrained solid is homogeneous. strains :— 


(i.) It is now easy to prove directly, for the case of infinitely 
small strains, that the solution of the equations of interior equi- 
librium, whether for a heterogeneous or a homogencous solid, sointion 
subject to the prescribed surface condition, is unique. For, let iiras 


a, B, y be components of displacement fulfilling the equations, ae 


' , Fo Ax x 1 is homo- 

and let a’, B’, y denote any other functions of =, Ys 2; having ae 

the same surface values as a, B, y, and let e’, f’,..., wW” denote ene 
vus, when 


functions depending on them in the same way as e, f,..., w de- surface dis- 


pend on a, 8, y. Thus by Taylor's theorem, A e 
, dw, die, pp py DO, dw, y PW Qo, 
w w=; I+7G S'N + dg g)+ ant a)+ Te b)+ Wel +H, 


where M denotes the same homogeneous quadratic function of 
e’—e, etc., that w is of e, ete. If for e’ —e, ete., we substitute 
their values by (12), this becomes 


; dw d(a’—a) dw d(a’—a) dw d(a'— a 
O — O= Te s de tas a * de ote IL 
Multiplying by dzdydz, integrating by parts, observing that 

a’—a, B’— B, y’— y vanish at the bounding surface, and tak- 

ing account of (10), we find simply 

Wf (w — w)dxdydz=//fHdxdydz (13). 

But H is essentially positive. Therefore every other interior 
condition than that specified by a, B, y, provided only it has the 

same bounding surface, requires a greater amount of work than 

w to produce it: and the excess is equal to the work that would 

be required to produce, from a state of no displacement, such a 
displacement as superimposed on a, B, y, would produce the 

other. And inasmuch as a, f, y, fulfil only the conditions of 
satisfying (11) and having the given surface values, it follows 

that no other than one solution can fulfil these conditions. 

(j.) But (as has been pointed out to us by Stokes) when the put not 

surface data are of force, not of displacement, or when force acts M°cs"1¥ 


go When the 
from without, on the interior substance of the body, the solution Surface data 
is not in gencral unique, and there may be configurations of 
unstable equilibrium even with infinitely small displacement. 
For instance, let part of the body be composed of a stcel-bar 
magnet; and let a magnet be held outside in the same line, and 
with a pole of the same name in its end nearest to one end of the 


inner magnet. The equilibrium will be unstable, and there will 


dy 
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be positions of stable equilibrium with the inner bar slightly in- 
clined to the line of the outer bar, unless the rigidity of the rest 
of the body exceed a certain limit. 

(k.) Recurring to the general problem, in which the strains are 
not supposed infinitely small; we see that if the solid is isotropic 
in every part, the function of A, B, C, a, b, c which expresses 
w, must be mercly a function of the roots of the equation 
[$ 181 (11)] 

(A—$?)(B—S?)(C—$?)—a?(A— 2°) — P(B) 2 C— $7) 2abe==0 (14) 
which (that is the positive values of ¢) are the ratios of elonga- 
tion along the principal axes of the strain-ellipsoid. It is un- 
necessary here to enter on the analytical expression of this 
condition. For the case of A—1, B—1, C—1, a, b, c each 
infinitely small, it obviously requires that 
(c.e\=(AS)=(9,9); (AN=(He)=leS); sjend 
(e, a)=( f, b)=(9,c)=0; (b, c)=(c, a)=(a,b)=0; and (15). 
(e, b)=(e,c)=(f,c)=(f a)=(9,a)=(g,b)=0. 

Thus the 21 coefficients are reduced to three— 

(e, e) which we may denote by the single letter À, 


(J, g ) ” ” ? ” $, 
(a, a) ” ” 9 ” n. 
It is clear that this is necessary and sufficient for insuring cubic 
isotropy ; that is to say, perfect equality of elastic properties 
with reference to the three rectangular directions OX, OY, OZ. 
But for spherical isotropy, or complete isotropy with reference to 
all directions through the substance, it is further necessary that 
A— =n (16); 
as is easily proved analytically by turning two of the axes of 
co-ordinates in their own plane through 45°; or geometrically 
by examining the nature of the strain represented by any one of 
the elements a, b, c (a “simple shear ”) and comparing it with the 
resultant of c, and f=—e (which is also a simple shear). It is 
convenient now to put 
A+ ¥%=2m; so that A=m-+n, B=m—n (17); 
and thus the expression for the potential energy per unit of 
volume becomes 
2w=m(e +f +g) +H neH t y?—2fy— 2ge—2ef+ a? + b+ e) (18). 
Using this in (9), and substituting for e, f, g, a, b, c their values 
by (12), we find immediately for the equations of internal equi- 
librium, equations the same as (6) of § 698. 
(/.) To find the mutual force exerted across any surface within 
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the solid, as expressed by (1) of § 662, we have clearly, by con- Appendix c. 
sidering the work done respectively by P, Q, R, S, T, U (§ 662) 
on any infinitely small change of figure or dimensions in the 


solid, 
dw dw dw dw dw dw 
A a a a a er ge 


° o a quired for 
Hence, for an isotropic solid, (18) gives the expressions a We infinitely 


have used above, (12) of § 673. see ia 
(m.) To interpret the cocfficients m and n in connexion with 
elementary ideas as to the elasticity of the solid; first let 
a=b=c=0, and e=f=g= 45: in other words, let the substance Moduli of 
experience a uniform dilatation, in all directions, producing an PR oA 
expansion of volume from 1 to 14-5. In this case (18) becomes fivmity, 
w=}(m—}n)ô; 
and we have 
dw 
dô 
Hence (m — }n)ô is the normal force per unit area of its surface 
required to keep any portion of the solid expanded to the amount 
specified by 6. Thus m — 4n measures the elastic force called 
out by, or the elastic resistance against, change of volume: and 
viewed as a modulus of elasticity, it may be called the elasticity 
of volume. [Compare §§ 692, 693, 694, 688, 682, and 680.] 
What is commonly called the “compressibility ” is measured by 
1 
m—in- 
And let next e=f=g=b=c=0; which gives 
w=4na’*; and, by (19), S=na. 
This shows that the tangential force per unit area required to 
produce an infinitely small shear (§ 171), amounting to a, is na. 
Hence n measures the innate power of the body to resist change 
of shape, and return to its original shape when force has been 
applied to change it: that is to say, it measures the rigidity of 


the substance. 


=(m — }n)ô. 


(D.)—-ON THE SECULAR COOLING OF THE Eartu.' 


(a.) For eighteen years it has pressed on my mind, that Dissipation 
energy, 

essential principles of Thermo-dynamics have been sverlookéd disregarded 

by those geologists who uncompromisingly oppose all paroxysmal feiewers of 


hypotheses, and maintain not only that we havc examples now "Ut" 


1 Transactions of the Royal Society of Edinburgh, 1862 (W. Thomson). 
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before us, on the earth, of all the different actions by which its 
crust has been modified in geological history, but that these 
actions have never, or have not on the wholc, been more violent 
in past time than they are at present. 

(b.) It is quite certain the solar system cannot have gone on, 
even as at present, for a few hundred thousand or a few million 
years, without the irrevocable loss (by dissipation, not by anni- 
hilation) of a very considerable proportion of the entire energy 
initially in store for sun heat, and for Plutonic action. It is 
quite certain that the whole store of energy.in the solar system 
has been greater in all past time than at present; but it is con- 
ceivable that the rate at which it has been drawn upon and dis- 
sipated, whether by solar radiation, or by volcanic action in the 
earth or other dark bodies of the system, may have been nearly 
equable, or may even have been less rapid, in certain periods of 
the past. But it is far more probable that the secular rate of 
dissipation has been in some direct proportion to the total amount 
of energy in store, at any time after the commencement of the 
present order of things, and has been therefore very slowly 
diminishing from age to age. 

(c.) I have endeavoured to prove this for the sun’s heat, in an 
article recently published in AZacinillan’s Magazine (March 1862), 
where I have shown that most probably the sun was sensibly 
hotter a million years ago than he is now. Ifence, geological 
speculations assuming somewhat greater extremes of heat, more 
violent storms and floods, more luxuriant vegetation, and hardier 
and coarser grained plants and animals, in remote antiquity, are 
more probable than those of the extreme quietist, or ‘“ uniformi- 
tarian” school. A “middle path,” not generally safest in 
scientific speculation, seems to be so in this case. It is probable 
that hypotheses of grand catastrophes destroying all life from 
the earth, and ruining its whole surface at once, are greatly in 
error; it is impossible that hypotheses assuming an equability 
of sun and storms for 1,000,000 years, can be wholly true. 

(d.) Fourier’s mathematical theory of the conduction of heat 
is a beautiful working out of a particular case belonging to the 
gencral doctrine of the “ Dissipation of Energy.”! A character- 
istic of the practical solutions it presents is, that in cach case a 
distribution of temperature, becoming gradually equalized through 


1 Proceedings of Royal Soc. Edin., Feb. 1852. “On a Universal Tendency in 


Nature to the Dissipation of Mechanical Energy.” Also, ‘On the Restoration of 
Energy in an Unequally Heated Space,” Phil. Mag., 1853, first half-year. 
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an unlimited future, is expressed as a function of the time, which Appendix D. 
is infinitely divergent for all times longer past than a definite 
determinable epoch. The distribution of heat at such an epoch 

is essentially znztcal—that is to say, it cannot result from any 

previous condition of matter by natural processes. It is, then, 

well called an “arbitrary initial distribution of heat,” in Fourier’s Mathema- 


great mathematical poem, because it could only be realized by ty yin? 


action of a power able to modify the laws of dead matter. In an pipin, 


article published about nineteen years ago in the Cambridge Hs signiti- 


Mathematical Journal, I gave the mathematical criterion for an criterion 


essentially initial distribution; and in an inaugural essay, “ De Oni 


Motu Caloris per Terree Corpus,” read before the Faculty of the “imitimi” 
distribution 


University of Glasgow in 1846, I suggested, as an application ef heat ina 


am solid : 

of these principles, that a perfectly complete geothermie survey 

would give us data for determining an initial epoch in the pro- now applied 

blem of terrestrial conduction. At the meeting of the British $ (Sty 
re . . oF = a earth’s eon- 

Association in Glasgow in 1855, I urged that special geothermie orton 

surveys should be made for the purpose of estimating absolute nak 

dates in geology, and I pointed out some cases, especially that pakrana 

- : f É .  . temperature. 

of the salt-spring borings at Creuznach, in Rhenish Prussia, in 

which eruptions of basaltic rock seem to leave traces of their vame of 

° ote e; 2 ° ° rat local geo- 

igneous origin in residual heat.? I hope this suggestion may yet gemf 


be taken up, and may prove to some extent useful; but the dis- surveys, 
’ ? for estima- 


turbing influences affecting underground tempcrature, as Pro- Ee 
fessor Phillips has well shown in a recent Inaugural address to in geology. 
the Geological Society, are too great to allow us to expect any . 
very precise or satisfactory results. 

(e.) The chief object of the present communication is to esti- 
mate from the known general increase of temperature in the 
earth downwards, the date of the first establishment of that con- 
sistentior status, which, according to Leibnitz’s theory, is the 
initial date of all geological history. i 

(f.) In all parts of the world in which the earth’s crust has tnerense of 
been examined, at sufficiently great depths to escape large in- (™Pcraiure 


downwards 


fluence of the irregular and of the annual variations of the super- i» earth's | 


ficial temperature, a gradually increasing temperature has becn reais 
found in going deeper. The rate of augmentation (estimated at oye 
only 25th of a degree, Fahr., in some localities, and as much 
as yth of a degree in other, per foot of descent) has not been 
observed in a sufficient number of places to establish any fair 


1 Feb, 1844.—-** Note on Certain Points in the Theory of Heat.” 
2 See British Association Report of 1855 (Glasgow) Meeting. 
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average estimate for the upper crust of the whole earth. But 
pth is commonly accepted as a rough mean; or, in other words, 
it is assumed as a result of observation, that there is, on the 
whole, about 1° Fahr. of elevation of temperature per 50 British 
feet of descent. 

(g.) The fact that the temperature increases with the depth 
implies a continual loss of heat from the interior, by conduction 
outwards through or into the upper crust. Hence, since the 
upper crust does not become hotter from year to year, there 
must be a secular loss of heat from the whole earth. It is pos- 
sible that no cooling may result from this loss of heat, but only 
an exhaustion of potential energy, which in this case could 
scarcely be other than chemical affinity between substances 
forming part of the earth’s mass. But it is certain that either 
the earth is becoming on the whole cooler from age to age, or 
the heat conducted out is generated in the interior by temporary 
dynamical (that is, in this case, chemical) action. To suppose, 
as Lyell, adopting the chemical hypothesis, has done,! that the 
substances, combining together, may be again separated electro- 
lytically by thermo-electric currents, due to the heat generated 
by their combination, and thus the chemical action and its heat 
continued in an endless cycle, violates the principles of natural 
philosophy in exactly the same manner, and to the same degree, 
as to believe that a clock constructed with a sclf-winding move- 
ment may fulfil the expectations of its ingenious inventor by 
going for ever. 

(h.) It must indeed be admitted that many geological writers 
of the “ Uniformitarian” school, who in other respects have 
taken a profoundly philosophical view of their subject, have 
argued in a most fallacious manner against hypotheses of violent 
action in past ages. If they had contented themselves with 
showing that many existing appearanccs, although suggestive of 
extreme violence and sudden change, may have been brought 
about by long-continued action, or by paroxysms not more in- 
tense than some of which we have experience within the periods 
of human history, their position might have been unassailable ; 
and certainly could not have been assailed except by a detailed 
discussion of their facts. It would be a very wonderful, but not 
an absolutely incredible result, that volcanic action has never 
been more violent on the whole than during the last two or three 


1 Principles of Geology, chap. xxxi. ed. 1853. 
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centuries; but it is as certain that there is now less volcanic Appendix D. 
energy in the whole earth than there was a thousand years ago, 

as it is that there is less gunpowder in a “ Monitor ” after she 

has been seen to discharge shot and shell, whether at a nearly Secular 


E arte dimiuution 
eqnable rate or not, for five hours without receiving fresh sup- of whole 
: an o ` «amount of 
plies, than there was at.the beginning of the action. Yet this volanie 


truth has been ignored or denied by many of the leading geolo- Cue 0" 


gists of the present day, because they believe that the facts within but not 


° e . e : itherto 
their province do not demonstrate greater violence in ancicnt admitted 


changes of the earth’s surface, or do demonstrate a nearly equable ae 
action in all periods. PEV'SEIRE 
(i.) The chemical hypothesis to account for underground heat 
might be regarded as not improbable, if it was only in isolated 
localities that the temperature was found to increase with the 
depth; and, indeed, it can scarcely be doubted that chemical 
action exercises an appreciable influence (possibly negative, how- 
ever) on the action of volcanoes; but that there is slow uniform 
“ combustion,” eremacausis, or chemical combination of any kind 
going on, at some great unknown depth under the surface every- Chemical 
where, and creeping inwards gradually as the chemical affinities p7pothesis 
in layer after layer are successively saturated, seems extremely trienoend 
improbable, although it cannot be pronounced to be absolutely Secale bat 
impossible, or contrary to all analogies in nature. The less very impro- 
hypothetical view, however, that the earth is merely a warm 
chemically inert body cooling, is clearly to be preferred in the 
present state of science. 
(j.) Poisson’s celebrated hypothesis, that the present under- 
ground heat is due to a passage, at some former period, of the 
solar system through hotter stellar regions, cannot provide the 
circumstances required for a paleontology continuous through Poisson's 
that epoch of external heat. For from a mean of values of the el 
conductivity, in terms of the thermal capacity of unit volume, of aeatrictial 
the earth’s crust, in three different localities near Edinburgh, *'* 
deduced from the obscrvations on underground temperature 
instituted by Principal Forbes there, I find that if the sup- 
posed transit through a hotter region of space took place 
between 1250 and 5000 years ago, the temperature of that sup- 
posed region must have been from 25° to 50° Fahr. above the 
present mean tempcrature of the earth’s surface, to account for 
the present general rate of underground increase of temperature, 
taken as 1° Fahr. in 50 fect downwards. Human history nega- 


tives this supposition. Again, geologists and astronomers will, 
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I presume, admit that the earth cannot, 20,000 years ago, have 
been in a region of space 100° Fahr. warmer than its present 
surface. But if the transition from a hot region to a cool region 
supposed by Poisson took place more than 20,000 years ago, the 
excess of temperature must have been more than 100° Fahr., and 
must thercfore have destroyed animal and vegetable life. Hence, 
the further back and the hotter we can suppose Poisson’s hot 
region, the better for the geologists who require the longest 
periods; but the best for their view is Leibnitz’s theory, which 
simply supposes the earth to have been at one time an incan- 
descent liquid, without explaining how it got iuto that state. If 
we suppose the temperature of melting rock to be about 10,000° 
Fahr. (an extremely high estimate), the consolidation may have 
taken place 200,000,000 years ago. Or, if we suppose the 
temperature of melting rock to be 7000° Fahr. (which is more 
nearly what it is generally assumed to be), we may suppose the 
consolidation to have taken place 98,000,000 years ago. 

(k.) These estimates are founded on the Fourier solution de- 
monstrated below. The greatest variation we have to make on 
them, to take into account the differences in the ratios of con- 
ductivities to specific heats of the three Edinburgh rocks, is to 
reduce them to nearly half, or to increase them by rather more 
than half. <A reduction of the Greenwich underground observa- 
tions recently communicated to me by Professor Everett of 
Windsor, Nova Scotia, gives for the Greenwich rocks a quality 
intermediate between those of the Edinburgh rocks. But we are 
very ignorant as to the effects of high temperatures in altering 
the conductivitics and specific heats of rocks, and as to their 
latent heat of fusion. We must, therefore, allow very wide 
limits in such an estimate as I have attempted to make; but I 
think we may with much probability say that the consolidation 
cannot have taken place less than 20,000,000 years ago, or we 
should have more underground heat than we actually have, nor 
more than 400,000,000 years ago, or we should not have so much 
as the least observed underground increment of temperature. 
That is to say, I conclude that Leibnitz’s epoch of ‘ emergence ” 
of the consistentior status was probably between those dates. 

(2) The mathematical theory on which these estimates are 
founded is very simple, being, in fact, merely an application of 
one of Fourier’s elementary solutions to the problem of finding 
at any time the rate of variation of temperature from point to 
point, and the actual temperature at any point, in a solid extend- 


a 
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ing to infinity in all directions, on the supposition that at an Appendix D. 
initial epoch the temperature has had two different constant 

values on the two sides of a certain infinite plane. The solution 

for the two required elements is as follows :— 


dv y -£ Mathemati- 
4 es ae es € ‘tnt cal Seu 
a sion for 
j af wKl interior 
temperature 
near the sur- 


I 
-A f= 2 
v=V + -J OV Kl dze™* face ofa hot 
a TI 0 


solid eom- 
mencing to 
where x denotes the conductivity of the solid, measured in terms “""’ 
of the thermal capacity of the unit of bulk; 
V, half the difference of the two initial temperatures ; 
Vo, their arithmetical mean ; 
t, the time; 
x, the distance of any point from the middle plane; 
v, the temperature of the point x at time £; 


and, consequently (according to the notation of the differential 


calculus), - the rate of variation of the temperature per unit of 
dx 


length perpendicular to the isothermal planes. 

(m.) To demonstrate this solution, it is sufficient to verify— 
(1.) That the expression for v fulfils the partial differential 
equation, dv B dr 

dt dx? 
Fourier’s equation for the “linear conduction of heat;” (2.) 
That when ¢=0, the expression for v becomes v+ V for all proved. 
positive, and v,— V for all negative values of x; and (8.) That 


? 


i dv . ; : E : 
the expression for a 8 the differential coefficient with reference 
x£ 


to x, of the expression for v. The propositions (1.) and (3.) are 
proved directly by differentiation. To prove (2.) we have, when 
t= 0, and x positive, 


2 E 
vat | dze—® 


or according to the known value, },/7, of the definite integral 


L 


dze -®, v=v + h; 


0 
and for all values of ¢, the second term has equal positive and 
negative values for equal positive and negative values of x, so 
that when ¿= 0 and x negative, 


r=v— V. 
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1 & On the Periodical Variations of Underground Temperature.” 
Soc. Edin., March 1860. 
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The admirable analysis by which Fourier arrived at solutions in- 
cluding this, forms a most interesting and important mathematical 
study. It is to be found in his Théorie Analytique de la Chaleur. 
Paris, 1822. 

(n.) The accompanying diagram (page 719) represents, by two 


curves, the preceding expressions for a and v respectively. 


(o.) The solution thus expressed and illustrated applies, for a 
certain time, without sensible error, to the case of a solid sphere, 
primitively heated to a uniform temperature, and suddenly ex- 
posed to any superficial action, which for ever after keeps the 
surface at some other constant temperature. If, for instance, 
the case considered is that of a globe 8000 miles diameter of 
solid rock, the solution will apply with scarcely sensible error for 
more than 1000 millions of years. For, if the rock be of a 
certain average quality as to conductivity and specific heat, the 
value of «, as found in a previous communication to the Royal 
Society,! will be 400, for unit of length a British foot and unit of 
time a year; and the equation expressing the solution becomes 

do Vd se, 

dx 35°4 t 
and if we give ¢ the value 1,000,000,000, or anything less, the 
exponential factor becomes less than e—5:* (which being equal to 
about yy, may be regarded as insensible), when x exceeds 
3,000,000 feet, or 568 miles. That is to say, during the first 
1000 million years the variation of temperature does not become 
sensible at depths exceeding 568 miles, and is therefore con- 
fined to so thin a crust, that the influence of curvature may be 
neglected. 

(p.) If, now, we suppose the time to be 100 million years from 
the commencement of the variation, the equation becomes 

do ama. 

dx 354000 
The diagram, therefore, shows the variation of temperature which 
would now exist in the earth if, its whole mass being first solid 
and at one temperature 100 million years ago, the temperature of 
its surface had been everywhere suddenly lowered by V degrees, 
and kept permanently at this lower temperature: the scales used 
being as follows :— 
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OPQ curve showing excess of temperature above that of the surface. 
AP R curve showing rate of augmentation of temperaturo downwards. 
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(1.) For depth below the surface,—scale along OX, length a, 
represents 400,000 feet. 

(2.) For rate of increase of temperature per foot of depth,— 
scale of ordinates parallel to OY, length b, represents yz7559 Of 
V per foot. If, for example, V=7000°, this scale will be such 
that b represents ;,-, of a degrce per foot. 

(3.) For excess of temperature,—scale of ordinates parallel to 


OY, length b, represents me , or 7900°, if V=7000°. 


Thus the rate of increase of temperature from the surface 
downwards would be sensibly ;!, of a degree per foot for the 
first 100,000 fect or so. Below that depth the rate of increase 
per foot would begin to diminish sensibly. At 400,000 feet it 
would have diminished to about ;}, of a degrec per foot. At 
800,000 feet it would have diminished to less than », of its 
initial value,—that is to say, to less than 574, of a degree per 
foot; and so on, rapidly diminishing, as shown in the curve. 
Such is, on the whole, the most probable representation of the 
earth’s present temperature, at depths of from 100 feet, where 
the annual variations cease to be sensible, to 100 miles; below 
which the whole mass, or all except a nucleus cool from the 
beginning, is (whether liquid or solid), probably at, or very 
nearly at, the proper melting temperature for the pressure at 
each depth. 

(q.) The theory indicated above throws light on the question 
so often discussed—Can terrestrial heat have influenced climate 
through long geological periods? and allows us to answer it very 
decidedly in the negative. There would be an increment of 
temperature at the rate of 2° Fahr. per foot downwards near the 
surface, 10,000 years after the beginning of the cooling, in the 
case we have supposed. The radiation from earth and atmo- 
sphere into space (of which we have yet no satisfactory absolute 
measurement) would almost certainly be so rapid in the earth’s 
actual circumstances, as not to allow a rate of increase of 2° Fahr. 
per foot underground to augment the temperature of the surface 
by much more than about 1°; and hence I infer that the general 
climate cannot be scnsibly affected by conducted heat at any time 
more than 10,000 years after the commencement of superficial 
No doubt, however, in particular places there 
might be an elevation of temperature by thermal springs, or by 
eruptions of melted lava, and everywhere vegetation would, for 
the first three or four million years, if it existed so soon after 
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the epoch of consolidation, be influenced by the sensibly higher 
temperature met with by roots extending a foot or more below 
the surface. 

(r.) Whatever the amount of such effects is at any one time, 
it would go on diminishing according to the inverse proportion of 
the square roots of the times from the initial epoch. Thus, if at 
10,000 years we have 2° per foot of increment below ground, 


At 40,000 years we should have 1° per foot. 
”? 160,000 99 ?) y 9 
”? 4,000,000 13 ”? io 2) 
2) 100,000,000 ” ” 0 2) 


It is therefore probable that for the last 96,000,000 ycars the 
rate of increase of temperature under ground has gradually 
diminished from about 75th to about ,1,th of a degree Fahrenheit 
per foot, and that the thickness of the crust through which any 
stated degree of cooling has been experienced has gradually 
increased in that period from 3th of what it is now to what it is. 
Is not this, on the whole, in harmony with geological evidence, 
rightly interpreted? Do not the vast masses of basalt, the 
general appearances of mountain-ranges, the violent distortions 
and fractures of strata, the great prevalence of metamorphic 
action (which must have taken place at depths of not many miles, 
if so much), all agree in demonstrating that the rate of increase 
of temperature downwards must have been much more rapid, and 
in rendering it probable that volcanic energy, earthquake shocks, 
and every kind of so-called plutonic action, have been, on the 
whole, more abundantly and violently operative in geological 
antiquity than in the present age ? 

(s.) But it may be objected to this application of mathematical 
theory—(1), That the earth was once all melted, or at least 
melted all round its surface, and cannot possibly, or rather can- 
not with any probability, be supposed to have been ever a uni- 
formly heated solid, 7000° warmer than our present surface 
temperature, as assumed in the mathematical problem; and (2), 
No natural action could possibly produce at one instant, and 
maintain for ever after, a seven thousand degrees’ lowering of 
the surface temperature. Taking the second objection first, I 
answer it by saying, what I think cannot be denicd, that a large 
mass of melted rock, exposed freely to our air and sky, will, after 
it once becomes crusted over, present in a few hours, or a few 


days, or at the most a few weeks, a surface so cool that it can be 
2 2 
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walked over with impunity. Hence, after 10,000 years, or, 
indeed, I may say after a single year, its condition will be sensibly 
the same as if the actual lowering of temperature experienced by 
the surface had been produced in an instant, and maintained 
constant ever after. I answer the first objection by saying, that 
if experimenters will find the latent heat of fusion, and the varia- 
tions of conductivity and specific heat of the earth’s crust up to 
its melting point, it will be easy to modify the solution given 
above, so as to make it applicable to the case of a liquid globe 
gradually solidifying from without inwards, in consequence of 
heat conducted through the solid crust to a cold external medium. 
In the meantime, we can see that this modification will not make 
any considerable change in the resulting temperature of any 
point in the crust, unless the latent heat parted with on solidifi- 
cation proves, contrary to what we may expect from analogy, to 
be considerable in comparison with the heat that an equal mass 
of the solid yields in cooling from the temperature of solidifica- 
tion to the superficial temperature. But, what is more to the 
purpose, it is to be remarked that the objection, plausible as it 
appears, is altogether fallacious, and that the problem solved 
above corresponds much more closely, in all probability, with the 
actual history of the earth, than does the modified problem sug- 
gested by the objection. The earth, although once all melted, or 
melted all round its surface, did, in all probability, really become 
a solid at its melting temperature all through, or all through the 
outer layer, which had been melted; and not until the solidifica- 
tion was thus complete, or nearly so, did the surface begin to 
cool. That this is the truc view can scarcely be doubted, when 
the following arguments are considered. 

(¢.) In the first place, we shall assume that at one time the 
earth consisted of a solid nucleus, covered all round with a very 
deep ocean of melted rocks, and left to cool by radiation into 
space. This is the condition that would supervene, on a cold 
body much smaller than the present earth mecting a great number 
of cool bodies still smaller than itself, and is therefore in accord- 
ance with what we may regard as a probable hypothesis regarding 
the earth’s antecedents. It includes, as a particular case, the 
commoner supposition, that the carth was once melted through- 
out, a condition which might result from the collision of two nearly 
equal masses. But the evidence which has convinced most geolo- 
gists that the earth had a fiery beginning, goes but a very small 
depth below the surface, and affords us absolutely no means of 
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distinguishing between the actual phenomena, and those which Appendix D. 
would have resulted from either an entire globe of liquid rock, 


or a cool solid nucleus covered with liquid to any depth Brees: Primitive 
heating may 

ing 50 or 100 miles. Hence, irrespectively of any hypothesis have been 

as to antecedents from which the earth’s initial fiery condition ae a 


may have followed by natural causes, and simply assuming, as Samrin 


rendered probable by geological evidence, that there was at one Yer of uo 


time melted rock all over the surface, we need not assume the depth than 
depth of this lava occan to have been more than 50 or 100 miles; ee. 
although we need not exclude the supposition of any greater depth, 
or of an entire globe of liquid. 

(u.) In the process of refrigeration, the fluid must [as I have 
remarked regarding the sun, in a recent article in Macmillan’s 
Magazine (March 1862), and regarding the earth’s atmosphere, in 
a communication to the Literary and Philosophical Socicty of 
Manchester] be brought by convection, to fulfil a definite law of “Convective 


equilibrium 


distribution of temperature which I have called “ convective equi- of tempera- 
t- 


librium of temperature.” That is to say, the temperatures at fined : 
different parts in the interior must differ according to the different 

. pressures by the difference of temperatures which any one portion 
of the liquid would present, if given at the temperature and pres- 
sure of any part, and then subjected to variation of pressure, but 
prevented from losing or gaining heat. The reason for this is must havo 


ap- 
the extreme slowness of true thermal conduction ; and the conse- Presi ately 


ltilled 


quently preponderating influence of great currents throughout a until solidi- 
eation com- 


continuous fluid mass, in determining the distribution of tem- menced. 
perature through the whole. 

(v.) The thermo-dynamic law connecting temperature and 
pressure in a fluid mass, not allowed to lose or gain heat, in- 
vestigated theorctically, and experimentally verified in the cases 
of air and water, by Dr. Joule and myself,’ shows, therefore, 
that the temperature in the liquid will increase from the surface 
downwards, if, as is most probably the case, the liquid contracts 


1 Proceedings, Jan. 1862. ‘On the Convective Equilibrium of Temperature in 
the Atmosphere.” 

2 Joule, ‘On the Changes of Temperature produced by the Rarefaction and Con- 
densation of Air,” Phil. Mag. 1845. Thomson, ‘On a Method for Determining 
Experimentally the Heat evolved by the Compression of Air; Dynamical Theory 
of Heat, Part IV.,” Trans. R. S. E., Session 1850-51 ; and reprinted Phil. Mag. 
Joule and Thomson, “On the Thermal Effects of Fluids in Motion,” Trans. R. S. 
Lond., June 1853 and June 1854. Joule and.Thomson, “On the Alterations of 
Temperature accompanying Changes of Pressure in Fluids,” Proccedings R. S. 
Lond., June 1857. 
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in cooling. On the other hand, if the liquid, like water near its 
freezing-point, expanded in cooling, the temperature, according 
to the convective and thermo-dynamic laws just stated (§§ u, v), 
would actually be lower at great depths than near the surface, 
even although the liquid is cooling from the surface; but there 
would be a very thin superficial layer of lighter and cooler liquid, 
losing heat by true conduction, until solidification at the surface 
would commence. 

(w.) Again, according to the thermo-dynamic law of freezing, 
investigated by my brother,! Professor James Thomson, and 
verified by myself experimentally for water,? the temperature of 
solidification will, at great depths, because of the great pressure, 
be higher there than at the surface if the fluid contracts, or lower 
than at the surface if it expands, in becoming solid. l 

(x.) How the temperature of solidification, for any pressure, 
may be related to the corresponding temperature of fluid con- 
vective equilibrium, it is impossible to say, without knowledge, 
which we do not yet possess, regarding the expansion with heat, 
and the specific heat of the fluid, and the change of volume, and 
the latent heat developed in the transition from fluid to solid. 

(y.) For instance, supposing, as is most probably true, both 
that the liquid contracts in cooling towards its freezing-point, 
and that it contracts in freezing, we cannot tell, without definite 
numerical data regarding those elements, whether the. elevation 
of the temperature of solidification, or of the actual temperature 
of a portion of the fluid given just above its freezing-point, pro- 
duced by a given application of pressure, is the preater. If the 
former is greater than the latter, solidification would commence 
at the bottom, or at the ccntre, if there is no solid nucleus to 
begin with, and would proceed outwards; and there could be no 
complete permanent incrustation all round the surface till the 
whole globe is solid, with, possibly, the exception of irregular, 
comparatively small spaces of liquid. 

(z.) If, on the contrary, the elevation of temperature, produced 
by an application of pressure to a given portion of the fluid, is 
greater than the elevation of the freczing temperature produced 
by the same amount of pressure, the superficial layer of the fluid 
would be the first to reach its freezing-point, and the first actually 
to freeze. 


1 « Theoretical Considerations regarding the Effect of Pressure in lowering the 
Vreezing-point of Water,” Trans. R. S. E., Jan. 1849. 


2 Proceedings R. S. E., Session 1849-50. 
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(aa.) But if, according to the second supposition of § v, the Appendix D. 
liquid expanded in cooling near its freezing-point, the solid would 
probably likewise be of less specific gravity than the liquid at its 
freezing-point. Hence the surface would crust over permanently 
with a crust of solid, constantly increasing inwards by the freez- 
ing of the interior fluid in consequence of heat conducted out 
through the crust. The condition most commonly assumed by 
geologists would thus be produced. 

(bb.) But Bischof’s experiments, upon the validity of which, Importance 
so far as I am aware, no doubt has ever been thrown, show that penta 
melted granite, slate: and trachyte, all contract by something freotime, 


of contrac- 

; ; a tion or ex- 

about 20 per cent. in freezing. We ought, indeed, to have more pansion of 
1 i 1 i i i 1g melted rocks 
experiments on this most important point, both to verify Bischof’s melty rock 


results on rocks, and to learn how the case is with iron and other tion. 
unoxydised metals. In the meantime we must consider it as pro- 
bable that the melted substance of the earth did really contract 

by a very considerable amount in becoming solid. 

(cc.) Hence if, according to any relations whatever among the 
complicated physical circumstances concerned, freezing did really 
commence at the surface, either all round or in any part, before 
the whole globe had become solid, the solidified superficial layer 
must have broken up and sunk to the bottom, or to the centre, 
before it could have attained a sufficient thickness to rest stably pischor’s 
on the lighter liquid below. It is quite clear, indeed, that if at ‘xvefiment* 


yrovin 
any time the earth were in the condition of a thin solid ehell of, contraction 
let us suppose 50 feet or 100 feet thick of granite, enclosing a probable 
continuous melted mass of 20 per cent. less specific gravity in its ouio was 
upper parts, where the pressure is small, this condition cannot jowed to 


have lasted many minutes. The rigidity of a solid shell of super- soliditiea- 
ficial extent so vast in comparison with its thickness, must be as re nearly 
nothing, and the slightest disturbance would cause some part to miete ie 
bend down, crack, and allow the liquid to run out over the whole i»terior. 
solid. The crust itself would in consequence become shattered 
into fragments, which must all sink to the bottom, or to meet in 
the centre and form a nucleus there if there is none to begin 
with. 

(dd.) It is, however, scarcely possible, that any such continuous 
‘crust can ever have formed all over the melted surface at one 
time, and afterwards have fallen in. The mode of solidification 
conjectured in § y, seems on the whole the most consistent with 
what we know of the physical properties of the matter concerned. 
So far as regards the result, it agrees, I believe, with the view 
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adopted as the most probable by Mr. Hopkins.’ But whether 
from the condition being rather that described in § z, which 
seems also possible, for the whole or for some parts of the hetero- 
geneous substance of the earth, or from the viscidity as of mortar, 
which necessarily supervenes in a melted fluid, composed of in- 
gredients becoming, as the whole cools, separated by crystallizing 
at different temperatures before the solidification is perfect, and 
which we actually see in lava from modern volcanoes ; it is pro- 
bable that when the whole globe, or some very thick superficial 
layer of it, still liquid or viscid, has cooled down to near its tem- 
perature of perfect solidification, incrustation at the surface must 
commence. 3 

(ee.) It is probable that crust may thus form over wide extents 
of surface, and may be temporarily buoyed up by the vesicular 
character it may have retained from the ebullition of the liquid 
in some places, or, at all events, it may be held up by the 
viscidity of the liquid; until it has acquired some considerable 
thickness sufficient to allow gravity to manifest its claim, and 
sink the heavier solid below the lighter liquid. This process 
must go on until the sunk portions of crust build up from the 
bottom a sufficiently close ribbed solid skeleton or frame, to allow 
fresh incrustations to remain bridging across the now small areas 
of lava pools or lakes. 

(ff) In the honey-combed solid and liquid mass thus formed, 
there must be a continual tendency for the liquid, in consequence 
of its less specific gravity, to work its way up; whether by masses 
of solid falling from the roofs of vesicles or tunnels, and causing 
earthquake shocks, or by the roof breaking quite through when 
very thin, so as to cause two such hollows to unite, or the liquid of 
any of them to flow out freely over the outer surface of the earth ; 
or by gradual subsidence of the solid, owing to the thermo- 
dynamic melting, which portions of it, under intense stress, must 
experience, according to views recently published by Professor 
James Thomson.2 The results which must follow from this 
tendency seem sufficiently great and various to account for all 
that we sce at present, and all that we learn from geological 
investigation, of earthquakes, of upheavals, and subsidences of 
solid, and of eruptions of melted rock. 


1 See his Report on ‘ Earthquakes and Volcanic Action.” British Association 


Report for 1847. 


3 Proceedings of the Royal Society of London, 1861, ‘On Crystallization and 


Liquefaction as influenced by Stresses tending to Change of Form in Crystals.” 


OF THE EARTH. 727 


(gg.) These conclusions, drawn solely from a consideration of appendix D. 
the necessary order of cooling and consolidation, according to 
Bischof’s result as to the relative specific gravitics of solid and 
of melted rock, are in perfect accordance with §§ 832...849, 
regarding the present condition of the carth’s interior,—that it 
is not, as commonly supposed, all liquid within a thin solid crust 
of from 30 to 100 miles thick, but that it is on the whole more 
rigid certainly than a continuous solid globe of glass of the same 
diameter, and probably than one of steel. 
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